


Spectrum of electromagnetic waves. 

Wavelength (m) Frequency (Hz) Classification Applications 

JQ IS 

w - 12 

(A) 10 10 

(nm) 10 ') 

(11m} 10 (> 

(mm) 10 3 

(cm) 10 2 

10 l 

(m} I 

10 

101 

(km} 103 

104 

105 

(Mm) 106 

107 

108 

1024 

y-rays hwd 1rrad1a11on. 
1011 cancer thcrap} 

1 
X-rays Medical thagmh1s 

1018 (EH7} 

Ultraviolet Stcnh7at1C\n 

10 15 (PH7) \ 'Nble hghl 

Infrared (';1gh1 "''on 

1012 (THz) mm wave 

EHF (30 300 GH7) Radar. space cxrlorauon 

--Radar. ,a1Cill1c SHF (3- 30 GHz) commun1cat1on 

109 (GH1} UHF (300 3000 MHz) Radar, TV. na•1ga1ron 
--------VHF (-30 300 MH?) - rv. fM. police. moh1lc 

106 (MHz) 

103 (kHz} 

60 (Hz) 

I (Hz) 

radio. air traffic control 

HF (-3 __ 30 MHz) fac,,1m1T1c. SW radio. 
c1111cn·~ band 

MF (300 3000 kH 
-) -·\"1. maritime radio, 

- Z d1rccuon finding 

LF (30-300 kHz) ~gulion, -
ratho hcawn -- --

VLF (3 30 kHz} f'o,av1ga11on, ,on1u 

ULF (300- 3000 Hz) 

SLF (30- 300 Hz) 

ELF (3-30 Hz) 

Telephone audio range 

( ommumcauon \lollh -ubmerg~ 
,ubmannc. cle.:tnc power 
l:5c1cc11nn or6Urleer 
metal ubJCCh 

Wavelength range of human vision: 720(nm)- 380(nm) 
(Deep red) (Violet) 



--- ---

Fundamentals of 
Engineering 
Electromagnetics 

---



This book is in the 
Addison-Wesley Series in Electrical Engineering 

Sponsoring Ediror: Eileen Bernadet tc :vtoran 
Production Supervisor: Helen Wythe 
Production Coordinaror: Amy Willcutt 
Technical An Supervisor: Joseph K. Vetere 
Illustration: Tech-Graphics 
Composition: Doyle Graphics Limited 
Arr Coordi11ator: Alena Konecny 
foterior Desig 11er: Sally Bindari, Designworks. Inc. 
Corer Designer: Peter Blaiwas 
Manufacturing Manager: Roy Logan 

Library of Congress Cataloging-in-Publication Data 

Cheng. David K. (Oa\id Keun) 
I' undamentals of engineering electromagnetic~ David K. Cheng. 

p. cm. 
Include> bibliographical n:ferences and indexes. 
ISB!'\ 0-201-56611-7 
1. Electric engineering. 2. flectromagn..:usm . I. Title. 

TK \ 53.C442 \993 
6'.! 1.3 dc20 

Copyright < 1993 by Addison-We~lcy Publishing Company, In c. 

92-2~490 

CIP 

All rights re~erved . No part of this publication may be reproduced. , tored in a 
retrieval system, or transmitted. in any form or by any means, electronic, mechanical. 
photocopying. recording, or otherwise. without the prior written permission of the 
publisher. Printed in the United Stales of America. 

1 2 3 4 5 6 7 8 9 10-00-95949392 



ERRATA SHEET 
Fundamentals of Engineering Electromagnetics by David K. Cheng 

This errata sheet is inserted in this initial printing of Fundamentals of Engineering Electromagnetics by David K. 
Cheng IO maintain Dr. Cheng's and Addison-Wesley's high standards of accuracy. These changes were 

inadvertently omitted during the final stages of production due to postal problems with the compositor abroad. 

Page number Location 

18 Caption for Fig. 2--6 

52 Margin note. line 3 

68 P. 2-13 

68 P. 2-14 

69 P. 2-19, line 3, part a) 

69 P. 2-23 b) 

89 Lower Fig. 3-7 

99 Fig. 3-12 

123 Fig. 3-22 

139 Fig. 3-28 

Fig. 3-28 

141 Fig. 3-29 

149 Fig. 3-35(b) 

224 Eq. (5-135) 

462 Eq. (10-85) 

475 P. 2-13 

476 P. 3-2 d) 

476 P. 4-5, line 2 

477 P. 5-1 

477 P. 6-5 

478 P. 7-15 a) 

b) line 2 

479 P. 7-19 a) line 3 

line 4 

479 P. 7-25 

480 P. 8-17, line 2 

480 P. 9-3 

480 P. 9-3 

480 P. 9-5 

481 P. 9- 15 

Change from To 

x x 
surface source 

(Add) at (r1• <P 1, z 1) after vector A 

(Add) at (RI• 8 I• </J 1) after E 

da aa ( 2 places) 

Insert the word "find" before 'V · A . 

Po Po 
P.'i Ps 
p Pv 

cPe) (Pe) (2 places) 

(Pi) (Pi) 

fiPe Pt (2 places) 

Pt Pe 
µ/ µI 

4µr 4Jrr 

1 f +Ir . 
ee(lr/2) ::::: /(0) -Ir l(z)e1fk dz. 

1 f +Ir 
ee(!r/2) = /(0) - Ir /(z)dz. 

a) A_1. sin <P (r/~) A.I' sin ¢1 

b) Change to: (ARrl +A8 .:: 1)1~ 
e € 

7 

b) Change to: i = 0.104 sin (I OOm - 65.6°) (A). 

Change to: 8 = 6.3 (cm), T/c = 3.96 + }3.96 (Q). 

b) Delete CO). 

x 
+5.1° 
-3.40 

2 ') ') 
(1 + ri +xT)-

c) B11 

c) line 3 f3 

b) Change to: 544 + }390. 

-5.1° 

+3.40 

') .., 2 
( l - rt-xi-) 

B1 (3 places) 

f31 

a) Change to: 3.3 (GHz); 3.3 (GHz); none. 

b) Change to: 5.3 (W); 10.7 (W). 



Preface 

This book is designed for use as an undergraduate text on engineering 
electromagnetics. Electromagnetics is one of the most fundamental subjects 

in an electrical engineering curriculum. Knowledge of the law governing 

electric and magnetic fields is es ential to the understanding of the principle 
of operation of electric and magnetic instrument , and machines, and mastery 

of the basic theory of electromagnetic waves is indispcn iblc to explaining 

action-at-a-distance electromagnetic phenomena and ystem . 

Because most electromagnetic variables arc functions of three­
dimcn ional space coordinates a well as of time. the subject matter i 

inherently more involved than electric circuit theory, and an adequate 

coverage normally require a sequence of two semester-cour cs, or three 
courses in a quarter system. However. some electrical engineering curricula 
do not schedule that much time for electromagnetics. The purpose of this 

book is to meet the demand for a textbook that not only presents the 

fundamental of electromagnetism in a concise and logical manner. but also 

include important engineering application topics ·uch as electric motors, 

transmission lines, waveguides, antennas, antenna arrays, and radar systems. 

I feel that one of the basic difficulties that student have in learning 

electromagnetics i. their failure to grasp the concept of an electromagnetic 

model. The traditional inductive approach of starting with experimental laws 

and gradually synthesizing them into Maxwell's equations tends to be 

fragmented and incohesive; and the introduction of gradient, divergence, and 

curl operations appears to be ad hoc and arbitrary. On the other hand, the 
extreme of starting with the entire set of Maxwell's equations, which are of 

considerable complexity. as fundamental postulates is likely to cause con­

sternation and re. istance in tudents at the out et. The question of the 

necessity and sufficiency of these general equations is not addressed. and the 

concept of the electromagnetic model is left vague. 
This book builds the electromagnetic model using an axiom(lt ic 
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approach in .\tep., t tir ·t for static electric tield~. lhen for static magnetic 
fieltL and final!) for timc-\arying fields leading to Ma\well\ equations. The 
mathematical basis for each tep is Helmholtz's theorem, which states that a 
vector field is determrned to within an additive con~tant 1fboth ib divergence 
and it curl arc pecified everywhere. phy ical justifica1ion of thi theorem 
ma) be ba ed on the fact that the divergence of a vector field i a measure of 
the strength of it now source and the curl of the field i a mea urc of the 
trength of it vortex ·ourcc. When the . trcnglh of both the flov. ·ource and 

the vortex '>Ource arc spt:cified, the vector field is determined. 
For the development of the electro. ta tic model in free space, it i only 

necessary to define a single vector (namely, the electric field inten. ity EJ by 
pecifying it · divergence and its curl a postulates II other relation.., in 

electrostatics for free pace. including Coulomb's law and Gauss\ law. can be 
derived from the mo rather 'iimple postulates. Relations Ill material media 
can be de\eloped through the concept of equivalent charge distrihutions of 
polarized dielectrics. 

imilarly, for the magnctostatic model in free pace it i · neces ary to 
define only a single magnetic flux den..,ity 'ector B by specifyrng it divergence 
and its curl a. po tulates: all other formulas can be derived from these two 
postulates. Relations in material media can be developed through the concept 
of equivalent current densities. Of cour e. Lhe valiJiLy of the postulate lie in 
their ability to yield results that conform with e:-perimcnt~il evidcm:c. 

For time-varying fields. the electric and magnetic field intensities arc 
coupled. The curl E postulate for the electrostatic model mu t be modified to 
conform \\-ith F-arada) \ law. In addition. the curl B postulate for the 
magnetostatic model must also he modified in order to be consistent with the 
equation of continuity. We have, then, the four Maxwell's equations that 
constitute the electromagnetic model. I believe that th1" gradual development 
of the electromagnetic model ba ·ed on Helmholt/s theorem is novel, 
sy.' tematic, pedagogically ound. aml more easily a cepted by tudents. 

A short Chapter I of the book pro\ ides ome motivation for the stud) 
of electromagnetism. Il also rntroduccs the ource function\. the fundamental 
field quantities. and the three universal constants for free space in the 
electromagnetic model. Chapter 2 re\ iew the ba 1cs of vector algebra, \CCtor 
calculus. and the relations of Cartesian, cylindrical. and spherical coordinate 
!)) ·tern . Chapter 3 develops the governing laws and methods of solution of 
electrostatic problems. Chapter 4 is on steady electric current field-. and 
rc~istancc calculat1on\. Chapter 5 deals\\ ith static magnetic field .. Chapter 6. 
on time-\'ar)ing electromagnetic fields. tarts with raraday\ law of 

'D. K Cht:ng. "An a l1crna11\c approach for <levclnping intro<lucwry dc1.:tnimagncuc,:· tr.1-:1: 
.4111e111ra.1 '"'" Pmpt1</<1llm1 S11, 1en ' "" -' 11!11,.,-, pp. 11 11. fch. 19, J 



electromagnetic induction, and Jead.s to Maxwell's equations and wave 

equations. The characteristics of plane electromagnetic waves are treated in 

Chapter 7. The theory and applications of tran mission line arc studied in 

Chapter 8. Further engineering applications of electromagnetic fields and 

waves are discussed in Chapter 9 (waveguides and cavity resonators) and 

Chapter 10 (antennas, antenna arrays, and radar systems). Much of the 
material has been adapted and reduced from my larger book, Field and Wave 
Elec1romag11ericst, but in this book I have incorporated a number of 

innovative pedagogical features. 

Each chapter of this book starts with an overview section that provides 

qualitative guidance to the topics to be discussed in the chapter. Throughout 

the bo.ok worked-out examples follow important formulas and quantitative 

relations to illustrate methods for solving typical problems. Where appro­

priate, simple exercises with answers arc included Co test students' ability to 

handle related situations. At irregular intervals, a group of review questions 
are inserted after several related section . These questions serve to provide an 

immediate feedback of the topic just discussed and to reinforce students' 
qualitative understanding of the material. Also, a number of pertinent 

remarks usually follow the review questions. These remarks contain some 

points of special importance that the students may have overlooked. When 

new definitions, concepts. or relations are introduced, hort notes are added 

in the margins to emphasize their significance. At the end of each chapter 

there is a summary with bulleted items summarizing the main topics covered 

in the chapter. I hope that these pedagogical aids will prove to be useful in 
helping students learn electromagnetics and its applications. 

Many dedicated people. besides the author. are involved in the 
publication of a book such as this one. l wish to acknowledge the interest and 
support of Senior Editor Eileen Bernadette Moran and Executive Editor 

Don Fowley since the inception of this project. I also wish to exprc ·s my 

appreciation to Production Supervisor Helen Wythe for her friendly as­

sistance in keeping the production on chedule, as well as to Roberta Lewis, 

Amy Willcutt, Laura Michaels, and Alena Konecny for their contributions. 
Jim and Rosa Sullivan of Tech-Graphic were responsible for the il­

lustrations. To them I olfer my appreciation for their fine work. Above all. J 
wi h to thank my wife, Enid. for her patience, understanding and encourage­

ment through all phases of my challenging task of completing this book. 

D.K.C. 

'D. K . heng. Field and W<we l:'/ectr011w11ne1in. 2nd ed., Addison-Wesley, Reading. Mass .. 1989. 
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An Introductory Note 
to the Student 

Tha::. book i your guide a:. }OU cmb<trk on the 1ourncy of learning engineering. 

electromagnet1cs. Two 4ue ttons may immediately come to mind: What i 
ekuromagnet1c:. and -»h} 1s it important'.' A hon an wer to the fir I que tion 

1s thc.1L electromagne11cs is the study of the effect of electric charges at rest or 
1n motion. It is important because elcl:tromagnet1c theory i c ential 111 

expla1n1ng del.tromagnet1c phenomena and in under tanding the principle of 
nperation and the characteristics of electric, magnetic, and electromagnetic 
c:ngineenng device . ontemporary ·o iety relies heavily on electromagnetic 
de\ ice and ystem Thmk. for example. of microwave oven . cathode-ray 
oscilloscopes. radio television. radar. satellite communication. automallc 
1n trument-landing ) tern . and electromagnetic energy conver ·ion (motors 
c.1nd generators). 

The ba ic principle of elcctromagneti m have been known for over one 
hundred fifty )Car . To tud} a mature scientific subject in an organi:zed and 
logical way 1t i' necessary to establish a valid theoretical model , which usual I} 
con i-;t of a few basic quantities and orne fundamental po tulate (hypoth­
c e . or axioms). Other relation and con equencc · are then developed from 
these po tu late . For in tance. the study of clas ical mechanic i based on a 
theoretical model that define the quantities mas . velocity. acceleration, 
force. momentum. and energy. The fundamental po tulates of the model are 

ev.ton·:, law of motion. con errntion of momentum. and consenation of 
energy. The e postulate cannot be derived from other theorem ; but all other 
relation and formula in non-relativistic mechanic~ (situation where the 
velocity of motion i negligible compared to the velocity of light) can be 
de,cloped from thc ·e p stulate . 

Similarly. 111 our tud) of electromagnetic we need fir t to establi h an 
electromagnetic m del. hapter I of this book define. the ba ic quantities of 
our electromagnetic model. The fundamental po tulates are introduced in 
gradual step as they arc needed v.hen we deal with tatic electric field . tatic 



magnetic field. and llme-\ar~ing field in separate chapters. Vanous 
theorems and other results arc then derived from these postulate . Fnginccr­
ing applicauon of the principles and method de\ eloped throughout the tc.\t 
are explored further in the last several chapters. 

In order to expre . our pm.tulatc. and derive u cful result. in 'iLICCinct 
forms. we must have the proper mathematical tools. In electromagnetics we 
mo. t often encounter vector-;. quuntitie that have both a magnitude and a 
direction . Hen e. we mu the proficient 1n vector algehra and vector calculu.,,. 
The care covered in hapter 2 on Vector Analysis. We mu t not only acquire 
a facility in manipulating \ector-.. but al-;o understand the ph) ical meaning 
of the various operations involving vectors. A deficiency in vector analysi in 
the study of dectromagnctism i.., similar to a deficiency in algebra and 
calculus in the study of phy ics. Prnficiency 111 the use of mathematical tool 1s 
cs. ential for obtaining fruitful rc.-.ults. 

Mot likel.>. )OU have alread) tud1cd circuit theory. Circuit theory 
deals with lumped-parameter . y. tern consi ting of components charactcr-
17ed by lumped parameters a res1'itancc .. inductances. and capacitances. 
Voltages and current. arc the muin ystem variable-,. For d-c circuits the 
y tem variable. arc con tunts. and the governing equations are algebraic 

equations. The -..y ·tcm variables in a-c circuit~ arc time-dependent: they are 
·calar quantities and are independent of space coordinate . The governing 
equation arc ordinary difTerent1al equations. On the other hand. most 
electromagnetic variables arc functions of tune as v.cll a of :pace coor­
dinate . Man) are \'ectors. Even in !>ta tic ca c · the governing equation. are. in 
general, partial differential equations. But partial differential equations can be 
broken up into ordinar_y differential equations. which you ha\c encountered 

in courses on physics and linear sy. tern analysis. In imple situations where 
-,ymmetrie exi t. partial ditrercntial equations reduce to ordinar) differential 
equations. The eparation of time and space dependence is achieved by the 
use of phasor-,. 

Becau e of the need for defining. more quantitic~ anJ u~ing more 
mathematical manipulations in electromagnetic , you may initially get the 
impre i n that electromagnetic theory i ab tra t. In fact. electromagnetic 
theory i no more abstract than circuit theory in the sense that the validity of 
both can be verified b) expenmcntall) mea ured rc:,ult . We imply have to 
do more work in order to develop a logical and complete theory that can 
explain a wider variety of phenomena. The challenge of electromagnetic 
theory is not in the abstractne of the ·ubject matter but rather in the process 
of mastering the electromagnetic model and the a sociated rules of operation. 

You will find that each chapter ofthi book tarts with an OVERVll: W 
section that introduces the topic to be di ·cus ed in the chapter. As new 
definition , concept , or relations arc introduced. short nore appear in the 
margin to draw your attention to them. At the end of some related ections. 
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at irregular interval , arc RE IEW Q ESTION , \ hich ervc to provide an 

immediate feedback of the topics ju t discussed and to reinforce your 

qualitative under tanding of the material. You should be able to an wcr the c 

questions> ith confidence. If not. you ·hould go back to these sections and 

clear up your doubt . A REMARKS box u ually follows the review 

que lions. It contain ome point of specia l importance thcit you may have 

overlooked, but that you should under tand and remember. At the conclu-

ion of each chapter there i · a UM MARY ection that itemi7es the more 

important resul t · obtained in the chapter. rt function i to empha ize the 

significance of these re ult. without repeating the mathematical formulas. 

Throughout the book new terms and important tatements are printed 

in boldface italic, and the more imp rtant formulas are boxed. Worked-out 

examples are provided to illu trate methods for solving typical problems. 
Where appropriate, simple exerci es with an wcr arc included. You -.hould 

do these cxerci cs a the occur. o that you can see if you have mastered the 

basic quantitative skill just presented. The problems at the end of a chapter 

a re u ed to extend what you have learned from the chapter and to test your 

abi lity in tackling new situations. An wers to odd-numbered problems, 

included at the end of the book, give you a self-check and reassurance on your 

progress. 

The learning of electromagnetic i an intellectual journe ; thi book is 

your guide. but you mu t bring along your dedication and perseverance. A 
yo u explore the territory of engineering clectromagnctics, we hope you will 

have a timulating and rewarding experience. 

The auth r. 



Learning is not attained by chance; 

it must be sought for with ardor and attended to with diligence. 

- Abigail Adams 
(in letter to John Quincy Adams, 1780) 
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OVERVIEW Electromaynetics is the st ud y of the electric and 

magnetic phenomena cau ed by electric charges at rest or in motion . The 

existence of electric charges was discovered more than two and a half milleniums 

ago by a Greek astronomer and philosopher Thale of Miletu . He noted that an 

amber rod, after being rubbed with silk or wool, attracted traw and small bits of 

paper. He attributed this mysterious property to the amber rod. The Greek word 

for amber is 1'lekt1·on. from which was derived the words electron, elecrronics, 

electricity, and so on. 

From elementary physics we know that there are two kind of charges: 

positive and negative. Both positive and negative charges a re so urces of an 

electric fie ld . Moving charges produce a current, which gives rise to a magnetic 

field. Here we tentatively speak of electric field and magnetic field in a general 

way; more definitive meanings will be attached to the ·c term later. A field is a 

spatial djstribution of a quantity, which may or may not be a function of time. A 

time-varying electric field is accompanied by a magnetic field, and vice versa. In 

other word , time-va rying electric and magnetic fields are coupled, re ulting in an 

electromagnetic field. Under certain conditions, time-dependent electromagnetic 

fields produce waves that radiate from the ource. 

The concept of fields and waves is c en ti al in the explanation of action at a 

distance. For instance, we learned from elementary mechanics that masse attract 

each other. This is why objects fall toward the Earth's surface. But since there are 

no elastic strings connecting a free-falling object and the Earth, how do we 



The Electromagnetic Model 

Circuit theory 
cannot explain 
mobile phone 
communication . 

Constructing a 
model 

explain this pheomenon? We explain thi action-at~a-distance phenomenon by 

postulating the existence of a gravitational field. Similarly, the possibilities of 

satellite communication and of receiving signals from space probes millions of 

mile away can be explained only by postulating the existence of electric and 

magnetic fields and electromagnetic waves. In this book , Fundamentals of 

Engineering Electromagnet ics, we study the fundamental laws of electromag­

netism and some of their engineering applications. 

A simple situation will illu trate the need for electromagnetic-field concept . 

Figure 1-1 depicts a mobile telephone with an attached antenna . On transmit, a 

source at the base feeds the anlenna with a message-carrying current at an 

appropriate carrier frequency. From a circuit-theory point of view, the source 

feeds into an open circuit because the upper tip of the antenna is not connected to 

anything physically; hence no current would Row, and nothing would happen. 

Thi viewpoint, of course, cannot explain why communication can be established 

between moving telephone units. Electromagnetic concept. must be used. We 

·hall ce in Chapter I 0 that when the length of the antenna is an appreciable part 

of the carrier wavelength. a nonuniform current will Aow along the open-ended 

antenna. This current radiates a time-varying c!cctromagnetic field in ·pace, 

which propagate as an electromagnetic wave and induces current in other 

antennas at a di tance. The message is then detected in the receiving unit. 

In this first chapter we begin the task of constructing an electromagnetic 

model. from which we shall develop the subject of engineering clectromagnetics. 

3 
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\111 .:1111.1 

D 
t:J D 

Tran-;mit/reccivc unil 

FIGURE 1- 1 A mobile telephone. 
----------

1-2 THE ELECTROMAGNETIC MODEL 

Inductive and 
deductive 
approaches 

Steps for developing 
a theory from an 
idealized model 

The circuit model 

There are two approaches in the development of a scien tific subject: the 

inducti ve approach and the deductive approach. Using the inductive 

a pproach, one follows the historical development of the subject, sta rting with 

the o bservations of some simple experiments and inferring from them law 

a nd theorems. It is a process of reasoning from particular phenomena to 

general principles. The deductive approach, on the other hand, postulates a 
few fu ndamental relations for an idealized model. The postulated relations 

are axioms, from which particular laws and theorems can be derived. The 

validit y of the model and the axiom is verified by their ability to predict 

consequences that check with experimen tal observations. fn this book we 
prefer to use the deductive or axiomatic approach because it is more concise 

and enables the development of the subject of clectromagnctics in an orderly 

way. 
Three essential step are involved in building a theory based on an 

idealized model. 

sn .P l Define some basic quantities germane to the subject of stud y. 

STEP 2 Specify the rules of operation (the mathematics) of these quantities. 

SH P J Postulate omc fundame ntal relations. (These postulates or laws are 
usua ll y ba ed on numcrou. experimental observatio ns acquired under 
controlled conditions and synthesized by brilliant minds.) 

A fami liar example is the circuit theory built on a cirrnil model of ideal 

sources and pure rcsi tanccs, inductances, and capacitances. In this ca e the 

ba ·ic quantities are voltages (V). currents(/), re istances (R), inductances {L), 

and capacitances (C); the rules of operations are those of algebra, o rdinary 

differential equat ions, and Laplace transformation; and the fundamental 

postulate are Kirchhoff's voltage and current laws. Many relations a nd 

for mul as can be derived from this basically rather imple model, and the 
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respon es of very elaborate networks can be determined . The validity and 
value of the model have been amply demon trated . 

Jn a like manner. an electromagnetic theory can be built on a suitably 
cha en electromagnetic model. In this section we shall take the fir t step of 
defining the ba. ic quantities of electromagnetic . The second tep, the rules of 
operation. encompasses vector algebra. vector calculu. , and partial dif­
ferential equations. The fundamentals of vector algebra and vector calculus 
will be discussed in Chapter 2 (Vector Analysis), and the techniques for 
solving partial differential equations will be introduced when these equations 
ari ·e later in the book. The third step. the fundamental postulates, will be 
presented in three ' Ubstcps as we deal with static electric fields, static 
magnetic fields, and electromagnetic fields, re. pcctively. 

The quantities in our electromagnetic model can be divided roughly 
into two categories: source quantities and field quantities. The source of an 
electromagnetic field is in va riabl y electric charges at rest or in motion . 
However, an electromagnetic Acid ma y cause a redistribution of charges. 
v,hich will, in turn, change the field, hence the eparat1on between the cause 
and Lhe efTect i not alway · so distinct. 

We use the symbol q (sometimes Q) to denote electric charge. Electric 
charge i a fundamental property of matter and exists only in positive or 
negative integral multiple~ of the charge nan electron, - e. 

I e = 1.60 x 10 l 
9 

(C), I ( 1- 1) 

where C is the abbreviation of the u111t of charge, coulomb. t lt 1s named after 
the French ph ysici st Charles A. de Coulomb, who formulated Coulomb's law 

in 1785. (Coulomb's law will be discu:scd 1n Chapter J) A coulomb is a very 
large unit for electric charge; it takes 1/ (1 .60 x t 0 1 

', ) or 6.25 million trillion 
electrons to make up - J(C). In fact two 1-(C) charges l(m) apart will exert a 
force of approximately 1 million tons on each other. Some other physical 
constant for the electron arc listed in Appendix B 2. 

The principle of conservatio11 of electl'ic charge, like the principle of 
conservation of energy, is a f undamcntal postulate or law of physics. It states 
that electric charge i. con erved; that i , it can neither be created nor be 
destroyed. This is a law of nature and cannot be derived from other principles 
or relation . 

Electric charges can move from one place to another and can be 
redistributed under the influence of an electromagnetic field; but the algebraic 
sum of the positive and negative charges in a closed (isolated) system remai ns 

t The system o f units will be discu%c<l 10 St:t:llon I 3. 
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unchanged. Tiie principle of consen •ation of electric charge m11st be satisfied at 
all times and under any cfrcumst<urces. Any formulation or solution of an 
electromagnetic problem that viola tes the principle of conservation of electric 
charge must be incorrect. 

Although. in a microscopic ·ense. electric charge cit her does or does not 
exist at a point in a discrete manner. these abrupt variation on an at mic 
scale are unimportant when we consjder the electromagnetic effects of large 
aggrega tes of charges. In con ·tructing a macroscopic or large-scale theory of 
electromagnetism we find that the use of ·moothcd-out average density 
functions yields very good results. (The same approach is used in mechanic 
where a smoothed-ou t mass density function is defined. in pite of the fact 
that mass is as ocia ted only with elementary particles in a discrete manner on 
an atomic sca le.) We define a t•o/ume charge de11sity. p,. as a -;ource quantity 
as follows: 

( 1-2) 

where tlq is the amoun l of charge in a very small volume /J.r. How small 
hould tit• be? It sho uld be mall eno ugh to represent an accurate variation of 

p .. but large enough to contain a very large number of discrete charges. For 
exam ple, an elemental cube with ides as smal l a · 1 micron (IO " m or 1 pm) 
has a volume of JO 18 (m-'). which will still contain about 10 11 (100 billion) 
atom ·. A moothed-out function of space coordinates, p,, defined with such a 

small t' i. expected to yield accurate macroscopic results for nearly all 
practical purposes. 

In some physical sit uations an amount of charge t.q may be identified 
with an element of surface t.s. or an clement of line t.t. In ~uch casc..:s it will be 
more appropriate to define a s111face clial'ge de11sity. p,, or a lirz e c/1<1,.ge 
density. p1 : 

I
. !J.q 

p, = Im -
,i., - o t.s 

1
. t.c1 

Pt = 1m 
.v - o.11 

( 1-3) 

(C,'m). ( 1-4) 

Except for certain special situations, charge densities vary from point to 
point: hence p, p_. . and p1 are. in general, pui111.fi111uiom of space coordinate:-. 

Current is the ra te of change of charge with respect to time; that is. 

dlj 
I = 

dr 
(Cs or AJ. ( 1-5) 

where f ihclf may be time-dependent. The unit of current is coulomb per 
eco nd (Cs). which i~ the same as ampere (A). A current must llov. through a 
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finite area (a conducting wire of a finite cross section, for instance); hence it is 

not a point function. Jn electromagnetics we define a vector point function 

current density, J. which measures the amount of current nowing through a 
unit area normal to the direction of current Aow. The boldfaced J is a vector 

whose magnitude is the current per unit area (A/ rn 2
) and those direction is the 

direction of current flow. 

There are four fundamental 1iec·tor field quantities in clectromagnetics: 

electric field inte11sity E, electric flux density (or electric displacement) D , 
magnetic flux density B, and magnetic .field intensity H . The definition and 

physical significance of these quantities will be explained fully when they are 

introduced later in the book. At thi time we want only to establish the 

following. Electric field intensity E is the only vector needed in discussing 
electrostatics (effect of stationary electric charges) in free space; il is defined 

as the electric force on a unit test charge. Electric displacement vector D is 

useful in the study of electric field in material media, as we shall see in 
Chapter 3. Similarly. magnetic Aux density B is the only vector needed in 

discussing magnetostatics (effects of steady electric currents} in free space and 

is related lo the magnetic force acting on a charge moving with a given 

velocity. The magnetic field intensity vector H is useful in the study of 

magnetic field in material media. The definition and significance of B and H 
will be discussed in Chapter 5. 

The four fundamental electromagnetic field quantities, together with 

their units, are tabulated in Table 1-1. In Ta hie 1-1 , V / m is volt per meter, and 

T stands for tesla or volt-second per square meter. When there is no lime 

variation (as in static. tcady, or tationary case ), the electric field quantities 
E and D and the magnetic field quantities Band H form two separate vector 

pair . In lime-dependent cases, however, electric and magnetic field quantities 

TABLE 1-1 FUNDAMENTAL ELECTROMAGNETIC FIELD 0UANTITIES 

Symbols and Units 
for Field Quantities 

I 
Field Quantity Symbol Unit 

--

I Electric field intensity E V/m 

Electric 

Electric flux density D Cjm l 
(Electric displacement) 

Magnetic Hux density B T 
Magnetic 

Magnetic field intensity H Am 
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arc coupled; that is, time-varying E and D will give rise to Band H. and vice 
versa. All four quantities are point functions. Material (or medium) properties 
determine lhc relation · between E and D and between B and H. These 
relations are called the constitutive relations of a medium and will be 
examined later. 

The principal objective of studying electromagnetism i to understand 
the interaction between charges and currents at a distance based on the 
electromagnetic model. Fields and waves (time- and space-dependent field ) 
are basic conceptual quantities of this model. Fundamental po tulate , to be 
enunciated in later chapters, will relate K D, 8, H and the source quantities; 
and derived relations will lead to the explanation and prediction of 
ele(;tromagnetic phenomena. 

1-3 SI UNITS AND UNIVERSAL CONSTANTS --

The SI. or MKSA. 
units 

A measurement of any phy ical quantity must be expressed a a number 
followed by a unit. Thu. we may talk about a length of three meter. a mas of 
two kilogram , and a time period of ten cconds. To be useful. a unit system 
should be based on some fundamental units of convenient (practical) size . In 
mechanics, all quantities can be expressed in terms of three basic units (for 
length. ma s, and time). In elcctromagnctics a fourth basic unit (for current) is 
needed. The SI (lntemational System of Units) is an M KSA SJ'stem built from 
the four fundamental unit listed in Table 1-2. All other units u cd in 
electromagnetic. , including tho c appearing in Table 1-1, are derived unit 
expressible in terms of meters. kilograms, seconds, and amperes. For example, 
the unit for charge, coulomb (C). i ampere- econd (A· s); the unit for electric 
field intensity (V /m) is kg· m/ A· s3

; and the unit for magnetic flux density, 
tesla (T). is kg/ A· s2

. More complete tables of the units for various quantities 
are given in Appendix A. 

In our electromagnetic model there are three universal constant., in 
addition to the field quantities listed in Tabk l-1. They relate to the 

TABLE 1 -2 FUNDAMENTAL SI UNITS 

Quantity Unit Abbreviation 

Length meter m -
Mass ~ilogram kg 

Time second <; 

Current ~mpere A 
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properties of the free space (vacuum). They are as follows: velocity of 

electromagnetic wave (including light) in free space, c: permittivity of free 
. pace, E0; and permeability of free pace, ti 0 . Many experiments have been 
performed for precise measurement of the velocity of light, to many decimal 
place . For our purpose it is sufficient to remember that 

._I _t_~ __ x_ J0_
8
_-' __ (_m_l_J_. _,, (in free pace) (l-6) 

The other two con tant . Eo and p 0, pertain to electric and magnetic 
phenomena, respectively: Eo is the proportionality constant between the 
electric ilux den ity D and the electric field intensity E in free pace, such that 

I D = E0E; I (in free space) (l-7) 

11 0 is the proportionality con tant between the magnetic flux density B and 
the magnetic field intensity H in free space, such that 

EB (in free pace) (l-8) 

The values of E0 and tLo are determined by the choice of the unit system, 
and they are not independent. In the S J system. which is almost universally 
adopted for electromagnetic work. the permeability of free , pace is cho en to 
be 

l'o = 4n 10 7 (H/ m), (in free pace) ( 1-9) 

where H/m stands for henry per meter. With the values of c and µ0 fixed in 
Eq . ( 1- 6) and ( 1-9) the value of the permittivity of free pace is then derived 
from the following relation hips: 

or 

(m/s), 

1 I 
Eo = -- ~ -- X IQ 9 

c2 J.io - 36rc 

(in free pace) 

~ 8.854 x 10 12 (F/m}, 

( 1-10) 

(in free space) (I - I I) 
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TABLE 1-3 UNIVERSAL CONSTANTS IN SI UNITS 

L nivcrsal Coni>tants 

Velocity of light in free ~pace 

Permeability of free spacl! 

Permittivity of free space 

Symbol 

(' 

Value 

3 x 108 

4n x I 0 7 

- x 10 -<) 
36n 

nit 

mis 

H/m 

F tm 

where F m is the abbreviation for farad per meter. The three universal 
con tants and their value · arc summarized in Table 1-3. 

ow that we have defined the basic quantities and the universal 
constants of the electromagnetic model, we can develop the various subjects 
in clectromagnetics. But. before we do that. we must be equipped with the 
appropriate mathematical tools. In the following chapter we discuss the basic 
rules of operation for vector algebra and vector calculus. 

SUMMARY 

This chapter laid the foundation for our study of engineering electromagnet­
ism. We ad0pt a deductive or axiomatic approach and construct an 
electromagnetic model. Basic source quantities (charge. charge densities. 
current den ity) and field quantities (E. D, B, HJ are defined. the unit system 
(SI) is specified. and the three universal constants for free space (1t 0 , c, i;0 ) arc 
given. With this framework we can develop the various topic · by introducing 
the fundamental postulate:. in sub equcnl chapters. We shall do this gradu­
ally, in steps. But first we need to be familiar with the mathematics that will be 
usl:d to relate the diITeren l quantities. A ecurc knowledge of vector analysi is 
essential. Chapter 2 presents the required material on vector algebra and 
vector calculus. 

R I::\' IE W Q l ' Es TI 0 '\ S 

Q.1- 1 Whal is electromagnctics? 

Q . J-.2 Describe two phenomena or situation~. other than the mobile telephone 
depicted in Fig. 1-1, that cannot be adequately explained by circuit theory. 

Q.1 -J What are the three essential steps in building an idealized model for the study 

of a scientific ubject? 

Q.1-4 What are the source quantities in the electromagnetic model? 
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Q.1-5 Whal is meant by a poi Ill Ju11c1 ion? I ~ charge density a point function? Is current 
a point function? 

Q.1-6 Whal are the four fundamental SI units in electromagnctics? 

Q.1-7 What are the four fundamental field quantities in the electromagnetic model? 
What are their units? 

Q.1-8 What a re the three univer ·al co nstants in the electromagnetic model , and what 
are their relation ·.1 
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2 - 1 0 V E R V I E W In our electromagnetic model some of the quant-

ities (such as charge. current, and energy) are scalars; and some other (such as 

electric and magnetic field intens1tie ) are vectors. Both scalars and vectors can be 

function~ of time and po it10n. At a given time and position, a scalar is completely 

specified by its magmtude (pos1uve or negative, together with its unit). Thus we 

can pecify. for in lance. a charge of - I (;.LC) at a certain location at I = 0. The 

pecification of a vector at a given location and time, on the other hand, require 

both a magnitude and a direction. How do we ·pecify the direction of a vector? In 

a thrcc-d1mens1onal ~pace. thrc1.: number are needed, and these numbers depend 

on the choice of a coordinate system. 

lt 1~ 1mpottant to nute that physical laws and theorem relating various 

calar and vector quant1t1es must hold irrespective of a coordinate system. The 

general e.\ pre~s1011 .\ c?/ I he la\\' of e/ectro111ag11e1 ism do 1101 require 1 he specifical ion 

t?f' a coordinate sy te111. A particular coordtnatc sy tern is cho en only when a 

problem of a given geometry is to be analyzed. For example, if we are to 

determine the magnetic field at the center of a current-carrying wire loop, it is 

more convenient to use rectangular coordinates if the loop is rectangular, wherea 

polar coordinates will be more appropriate if the loop is circula r in shape. The 

b<1~i<.: electromagnetic relation governing the solution of ·uch a problem is the 

amc for both geometrics. 



Vector Analysis 

Because many electromagnetic quantities are vectors. we must be able to 

handle (add . . ubtract. and multiply) them with ca e. In order to express pecific 

results in a three-dimensional pace. we mu t choose a uitable coordinate system. 

In this chapter we will diseu s the three most common orthogonal coordinate 

y terns: Cartesian, cylindrical. and spherical coordinates. We will ee how to 

re olve a given vector into components in these coordinate , and how to transform 

from one coordinate ystem to another. 

The use of certain differential operators enable us lo express the funda­

mental postulate and other formulas in electromagnetics in a succinct and 

general manner. We will discus the significance of gradient, divergence, and curl 

operation and prove divergcn<.:e and Stoke 's theorems. 

Thi . chapter on vector analysis deals with three main topics: 

I. Vector algebra addition. ubtraction. and multiplication of vectors. 

2. Orthogonal coordinate y. terns- Cartesian, cylindrical. and spherical 
coordinates. 

3. Vector calculus diffen.:ntiation and integration of vectors; gradient, 
divergence, and curl operations. 

We also prove two important null identities involving repeated applications 

of differential operators. 

13 
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2-2 VECTOR ADDITION AND SUBTRACTION 

Finding the unit 
vector from a vector 

Distinguishing marks 
for vectors 

We know that a vector has a magnitude and a direction. A vector A·can be 

written as 

A= aAA, (2-1) 

where A is the magnitude (and has the unit and dimension) of A: 

A =\A\, (2-2) 

which is a scalar. aA is a dimensionless unit vector having a unity magnitude; 
it specifies the direction of A. We can find aA from the vector A by dividing it 

by its magnitude. 

(2-3) 

The vector A can be represented graphically by a directed straight-line 
segment of a length \Al = A with its arrowhead pointing in the direction of 
aA , as shown in Fig. 2-1. 

Two vectors are equal if they have the same magnitude and the same 
direction, even though they may be displaced in space. Since it is difficult to 
write boldfaced letters by hand, it is a common practice, in writing, to use an 
arrow or a bar over a letter (A or A) or a wiggly line under a letter (A) to 
distinguish a vector from a scalar. This distinguishing mark, once chosen, 

should never be omitted whenever and wherever vectors are written. 

Two vectors A and B, which are not in the same direction nor in 
opposite directions, such as given in Fig. 2-2(a), determine a plane. Their sum 
is another vector C in the same plane. C = A + B can be obtained graphically 
in two ways: 

1. By the parallelogram rule: The resultant C is the diagonal vector of the 

FIGURE 2-1 Graphical representation of vector A. 
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(a) Two vectors, A and B. (b) Parallelogram rule. (c) Head-to-tail rule, ( d) Head-to-tail rule, 
B + A. 

• EXERCISE 2.1 

A +B. 

FIGURE 2-2 Vector addition, C = A + B = B + A. 

parallelogram formed by A and B drawn from the same point, as shown 
in Fig. 2-2(b). 

2. By the head-to-tail rule: The head of A connects to the tail of B. Their 
sum C is the vector drawn from the tail of A to the head of B; and 
vectors A, B, and C form a triangle, as shown in Fig. 2-2(c). 
C = A + B = B + A, as illustrated graphically in Fig. 2-2(d). 
Vector subtraction can be defined in terms of vector addition in the 

following way: 

A - B = A + ( - B), (2-4) 

where - B is the negative of vector B. This is illustrated in Fig. 2-3. 

NOTE: It is meaningless to add or subtract a scalar from a vector, or to add or 
subtract a vector from a scalar. 

Three vectors A, B, and C, drawn in a head-to-tail fashion; form three sides of a 
triangle. What is A + B + C? What is A + B - C? 

ANS. 0, -2C. 

FIGURE 2-3 Vector subtraction, D =A - B =A+ (-B). 

1 -
(a) Two vectors, 

A and B. 

A 

(b) Parallelogram rule. (c) Head-ta-tail rule. 



2-3 VECTOR MULT I PLICATI ON 

Multiplication of a vector A by a positive scalar k changes the magnitude of 

A by k times without changing it!:> direction (k can be either greater or less 

than I). 

(2-5) 

It is not sufficient to ay " the multiplication of one vector by another" 

or "the product of two vectors" because there are two di tinct and very 

different types of products of two vectors. They are (I) the scalar or dot 

product. and (2) the vector or cros product. The e will be defined in the 

following subsection . 

2-3.1 SCALAR OR DOT PRO DUCT 

Definition of scalar 
or dot product of 
two vectors 

The scalar or dot product of two vectors A and B is denoted by A· B 
("A dot B"). The result of the dot product of two vecto r is a scalar. lt i equal 

to the product of the magnitude of A and B and the co inc of the angle 

between them. Thus. 

[ A·B ~ ABcosOAB· (2-6) 

In Eq. (2-6) the symbol ~ ignific ··equal by definition." and 0118 i the 

smaller angle between A and B and is le than n radians (180 "), a indicated 

in Fig. 2-4. 

From the definition in Eq. (2-6) we ee that the dot product of two 

vector ( I ) is le s than or equal to the product of their magnitudes: (2) can be 

either a positi ve or a negative quantity, depending on whether the angle 

between them is smaller or larger than n/2 radian (90 ); (3) i equal to the 

product of the magnitude of one vector and the projection of the other vector 

FIGURE 2-4 lllu trating the dot product of A and B. 

I 
I 
I 
I 
L - - __ ...___. _____ .,.A 

~~A---+ 
I 

B co~ e, 13 
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upon the first one; and (4) is zero when the vectors are perpendicular to each 

other. 
From Eq. (2-6) we can sec that 

A· B = B·A. (2-7} 

Thus the order of the vectors in a dot product is not important. (The dot 

product i commutative.) Also. 

(2-8) 

or 

(2-9) 

Equation (2-9) enable · us to find the magnitude of a vector when the 

expres ion of the vector is given in any coordinate sys1em. We simply form 

the dot product of the vector with it ·elf. (A· A), and take the positive quare 

root of the calar re ult. 

e vector to prove the law of co ines for a triangle. 

SOLUTIO:'\ 

The law of cosines is a scalar relation ship that expresses the lengt h of a side of 

a triangle in terms of the lengths of the two other sides and the angle between 
them. For Fig. 2-5 the law of co ine states that 

C = A 2 + B2 
- 2ABcosct. (2-10) 

We prove this by considering the ide as vectors; that is, 

C = A+B. 

FIGURE 2-5 Illustrating Example 2-1. 
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In order to find the magnitude of C we take the dot product of C with itself. as 
in Eq. (2-8). 

C 2 = C · C =(A + B) · (A + B) 

= A · A + B · B + 2A · B 

= A1 +B2 +2ABco, Ow . 

Since OA 8 is, by definition. the smaller an~le between A and Band is equal to 
( 180' - ::x) we know that co 0.18 = co. ( 180 ::x) = - cos x. Therefore, 

C2 = A 2 + 8 1 
- 2ABco. ::x. (2-J J) 

The square root of both sides of Eq. (2-1 J) gives the law of cosine · 111 Eq. 

(2-10). Note that no coordinate system needs to be specified in this problem. 

2-3.2 VECTOR OR C ROSS PRODUCT 

Definition of vector 
or cross product of 
two vectors 

A second kind of vector multiplication is the vector or cross product. Given 

two vectors A and B. the cross product. denoted by A x B ("A cross B'·J. 1s 

a nother vector defined by 

(2-12) 

where(;) AB is the smaller angle between the vector A and B ( ~ n:), and an i · a 

unit vec tor normal (perpendicular) to the plane containing A and B. The 

d irecti on of a,. follows that of the thumb of a riyht hand when the fingers 

ro tate from A to B through the angle 0 18 (the right-hand rule). Thi is 

illustra ted in F ig. 2-6. From the figure we can see that B sin H.rn is the height of 

the parallelogram formed by the vectors A and B. We abo recognize that the 

FIGURE 2-6 Cross product of A and B. A x B. 

\ X B 

A .\ 

(a) A X B = a,, /\B sin 048. (hl The right-lwnJ rule . 
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quantity AB sin 8 AB• which is nonnegative (positive or 0), i numerically equal 

to the area of the parallelogram. Thus the cro s protluct A x B results in 

anothe r vector, whose direction an is obtained by the right-hand rule in 

rotating from A to B. and whose magnitude is equal to the area of the 

pa rallelogram found by A and B. 
Using the definition in Eq. (2-12) and following the right-hand rule, we 

find that 

Bx A= - Ax B. (2-13) 

Hence the cross product is not commutative; and reversing the order of two 

vectors in a cross product changes the sign of the product. 

2-3.3 PRODUCTS OF THREE VECTORS 

Heigh! = A• a
11 

a 

Area= IB x cl 

There are two kinds of products of three vectors: (I) scalar triple product, and 

(2) vector triple product. 

I. Scalar triple product. This is the dot product of one vector with the 
result of the cross product of two other vectors. A typical form of this is 

A ·(Bx C), 

where A, B, and C arc three arbitrary vectors, as illustrated in Fig. 
2-7(a). 

According to Eq. (2-12), the cross product B x C has a magnitude 
BC in a, which is equal to the area of the shaded parallelogram formed 
by side B and C. The direction of B x C is an , a unit normal vector 
perpendicular to the p lane contai ning B and C. as shown. The given 
triple product is then 

A. (B x C ) = (A. an)BC in IX. (2- 14) 

FIGURE 2-7 fllu trating scalar triple product . 

B 

,,..,,..II ,,..,,..,,.. II 
Arca= lex Al l ,,..r - - - - - - - - --:,, 71 

L-:'.:_ - !-----;_,..,,.. / 
, I I I 
' I I L _________ ? 

' . I ,,.. 
C ',, I ,,,,,.. 

--~ 
',, 1,,.. Hci11ht = B •a' . 

~-------~' ~ /1 

a' 
" 

B 

(a) A • (Bx C). (b) B• (CXA). 
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In Eq. (2-14), (A· a,,) is a scalar whose magnitude is the projection of A 
in the directio n of the unit normal vector a,,. Thus (A · a,,) is numerically 
equal to the height of the parallelepiped formed by the vectors A. B. 
and C. and the given scalar triple product is equal to the volume of 

the parallelepiped. 

2. Vector triple product. This is the cross product of one vector with the 
result of the cross product of two other vectors. A typ ical form of thi · i 

Ax (Bx C). 

This ca c is more complicated. and we will not attempt a general 
derivation here. However. it can be expanded quite simply when a 
coo rdin ate system is giwn. (See Problem P.2-9.) We will di scuss its use 
when the occasion arises in tht.: future. 

Given three vectors A. B. and C. prove the following relation for scalar triple 

products: 

I A. (B x C) = B. (C x A) = c. (A x B}. (2-15) 

SOLLTION 

We ha ve found that the first scalar triple product A· (B x C) a expressed in 

Eq. (2-14) is equa l to the volume of the parallelepiped formed by the three 

vectors A, B, and C. Let us now examine the econd scalar triple product 

B·(C x A). We have, from Fig. 2-7(b) and Eq. (2-12), 

B · (C x A)= (B · a;,)CA sin {J. (2-16) 

where a;, and C-1 sin fl represent. respectively, the direction and the mag­

nitude of the cro s product C x A. Now visualize the parallelepiped formed 

by the three vectors A, B, and C as standing on the shaded base with an area 

equal to IC x Al = CA sin {J. The height of the parallelepiped is (B · a ~). Hence 

the sca lar triple product in Eq. (2-16) has a magnitude equal to the volume of 

the paralle lepiped, which is the same as that given by Eq. (2-14). Thus. 

B· (C x A)= A·(B x C). (2-17) 

Similar arguments apply to the third scalar triple product in Eq. (2- 15). 

C ·(A x B), ince all three forms yield the volume of the parallelepiped. 

C \L TIO': The equalities in Eq. (2-15) require that the order of the vector. in 

the scalar trip le product be kept in cyclic permutation . This means that the 

eq uence fA. B, q . [B. C. Ai. or [C. A. s: mu ·t be maintained when taking 
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the dot product of the first vector with the re. ult of the cross product of the 
second and third vectors. B · (A x C), which doe no t foll o w the cyclical 
sequence, is not the same as (bu t is the negative of) B · (C x A) in Eq. (2- 16). 

REVIEW Ql.IESTIO ·s 
Q .2-1 Under what conditions can the dot product of two vectors be nega ti ve? 

Q.2~2 Write down the results of A · B and A x B if (a) A II B. a nd (b) A .l B. 

Q .2-3 Is (A · B)C equal to A( B · C)? Explain. 

Q.2-~ Given two vectors A a nd B. how do you find (a) the com po nent of A in the 

direction of B, and (b) the componen t of B in the direction o f A? 

Q.2-5 Does A· B = A· C imply B = C? Explain. 

Q .2-6 Does A x B = A x C imply B = C? Explain . 

REMARKS --------

• EXERCISE 2.2 

• EXERCISE 2.3 

1. In writing a vector, never leave out the mark that d i tinguishes it from 
a calar. 

2. Do not add or ubtract a vector from a scalar, or vice versa. 

3. Division by a vector is not defined . Do not a ttempt to d ivide a 
qua ntity by a vector. 

4. Two vectors are perpendicular to each other if thei r dot product is 
zero, and vice ve rsa. (8 = n/2, cos e = 0 Eq. 2-6.) 

5. T wo vector are para llel to each o ther if their cros product is zero 
and vice versa. (0 = 0 sin 0 = 0- Eq. 2- 10.) 

Compare the values of the following scalar tr iple prod ucts o f vecto rs: 
(a) (A x C) · B. (b) A ·(C x B ), (c) (A x B)· C. and (d) B· (aA x A). 

Which of the following expres. ions do not make sense? 
(al A x B/ IBI. (b) C · D / (A x B). (c) AB/CD, (d) A x B/(C · D ), 
(e) ABC. (f) A x B x C. 

2 -4 OR THOGON AL COORD INATE SYSTE M S 

We have indicated before that although the laws o f electromagnetism are 
invariant with coordinate sys tem, so lution of practical problems requires that 
the relation derived from these law. be expressed in a coo rdina te system 
appropria te to the geometry of the given problems. For exa mple, to 
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c oo rd inate systems 
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determine the electric field at a certain point in space. we at least need to 
de cribe the po · it ion of the ourcc and the location of this point with respect 

to a coordinate ystem. ln a three-dimensional space a point can be located as 
the intersection of three urfaces. Assume that the three families of surface 
are described by u 1 =constant. 11 2 =con tant. and u3 =constant, where the 
u' need not all be length . and some may be angle . (In the familiar Cartesian 

or rectangular coordinate system, Iii. u2 , and 11 3 correspond to x, y, and .:. 
re pectively.) When these three surfaces are mutually perpendicular to one 

another, we have an orthogonal coordi11ate system. 

Many orthogonal coordinate system exist; but we shall be concerned 
only with the three that arc most common and most useful: 

1. Cartesian (or rectangular) coordinates.t 

2. Cylindrical coordinate . 

3. Spherical coordinates. 

The c will be di cus. ed separately in the following subsections. 

2-4.1 CARTESIAN COORDINATES 

A point P(x 1, y 1 • :i) in Cartesian coordinate is the intersection of three 

planes specified by x = x 1• y = J 1, and:= : 1• a shown in Fig. 2-8. We have 

(u 1• u2 , u3 ) = (x, y, .:). 

The three mutually perpendicular unit vector .. ax. ay• and a=, in the 
three coordinate directions are called the base vectors. For a right-handed 

system we have the following cyclic properties: 

a)' x a== ax 

a= x ax= a} .. 

The following relations follow directly. 

and 

(2- I 8a) 

(2- l 8b) 

(2-18c) 

(2-19) 

(2-20) 

The position vector to the point P(x 1• y 1,.: 1) is the vector drawn from 

1The Ierm "Carte~ian coon.linatc> .. i> preferred beca11se the term "rectangular coordinates .. is 
customarily assm;iated \\ith tMJ-<l1111en,ional geometry. The adJeCtivc ··cartes1an .. 1s used in 

honor of French philosopher and mathematician Rcnatus Cartesius (LatiniLed form for Rene 
Descartes 1596- 1650). who initiated anal) tic geometr) . 
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- = : 1 plane 

/ 
/ 

I 
I 

)-_ 
/ 0 --­

/ 

.1 == x 1 plane 

.1 = x 1 plane 

(a) 

(b) 

y = y 1 plane 

FJGURE 2-8 Cartesian coordinates. (a) Three mutually perpendicular planes. (b) 
Intersection of the three planes in (a) specifies the location of a point P. 

23 

the origin 0 to P; its components in the ax, a>" a= directions are, respectively, 

X1, Yi· and =1t· 

--I-

OP= a.~x 1 + a)' yL + a=z 1. (2-21) 

'Jn writin •vector~ in thi book we stick lo the convention or alway writing the direction (or a 
unit vector) first, followed hy the magniwde. 
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Vector A in Cartesian 
coordinates 

Vector differential 
length in Cartesian 
coordinates 

A differential volume 
in Cartesian 
coordinates 

Scalar product of A 
and B in Cartesian 
coordinates 

Vector product of A 
and B in Cartesian 
coordinates 
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A vector A in Carte ian coordinates with components A_,. Ay, and A= can be 
written as 

(2-22) 

The expression for a vector differential length is 

(2-23) 

A differential volume is the product of the differential length change in the 

three coordinate directions: 

I chi= dxdydz I (2-24) 

The dot product of A m Eq. (2-22) and another vector 

B = a, Bx + ayBy + a=B= is 

A. B =(ax Ax+ a).AY + a:A:l. (aXB< + a).B)' + azB:l. 

or 

(2-25) 

in view of Eqs. (2-19) and (2-20). 
The cross product of A and B is 

A x B = (axAx + ayAr + a=A=) x (axBx + aYBr + a=B=) 

= a_,(Ay B: - A:B) + ay(A= Bx - Ax B=) + a ,(A., B), - AyB_,). 

(2-26) 

in view of Eqs. (2- l 8a, b, and c). Equation (2-26) can be conveniently written 

in a determinant form for easy memory: 

ax a.r a= 

A x B= Ax A)' A= . (2-27) 

Bx Br B= 
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Given a vector A = - a., + a)'2 a=2 in Cartesian coordinate . find 

a) its magnitude A = JA\. 
b) the expression of the unit vector a 1 in the direction of A. and 

c) the angle that A makes with the :-axis. 

SOLLTIO 

a) We find A by using Eq . (2-8) and (2-9) and noting Eqs. (2-19) and (2-20). 

A· A= (-a,+ a.12 - a=2)·( - ax + a,.2 - a~2) 

= ( - 1 )( I) + (2)(2) + ( - 2)( - 2) 

= 1+4+4 = 9. 

Thus. 

A= + , 'A·A = +"' 9 = 3. 

b) The unit vector a.1 i obtained by using Eq . (2-3). We have 

A I 
a. = - = - (-a,+ a 1.2 - a _2) 

-~ A 3 . · -

1 2 .., 
= - ax 3 + a .I' 3 a= 3. 

c) To find the angle O= that A makes with the +: axis. we take the dot 
product of A with the unit vector a=. From Eq. (2-6) we have 

A·a= = AcosO=· 

( - a, + a ,.2 - a=2)·a= = -2 = 3cos0=. 

from which we obtain 

/]==co l ( ~2) = 180 - 48.2 = 131.8. 

Qul':STIO"'i: Why is thi answer not -48.2 or 228.2 (180 + 48.2 )'? 

a) A· B. 

b) A x B. and 

C) (}AB· 
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SOLUTION 

a) From Eq. (2-25) we find 

A· B = (5)( - 3) + ( - 2)(0) + (I )(4) = - 11. 

b) From Eq. (2-27) we have 

ax a>, a_ 

A x B= 5 - 2 = - ax8 - a>'23 - a=6. 

-3 0 4 

c) We can find eAB• the angle between vectors A and 8 , from the definition 
of A· B in Eq. (2-6). The magnitude A of A and B of B are: 

A = IAI = + j5 2 + (-2)2 + i 2 = + 30 

and 

B = JBJ = + ( - 3)2 + 42 = 5. 

From Eq. (2-6), 

A·B - 11 
COS849 = - - = -- = -0.402. 

. AB 5 30 

Hence, 

()Afj =cos 1( - 0.402) = 180 - 66.3 = 113.7 . 

a) Write the ex press ion of the vector going from point Pi( I, 3, 2) to point 
P 2(3. - 2, 4) in Cartes ian coordinates. 

b) Determine !he length of !he line P 1 P2 • 

c) Find the perpendicular distance from the origin to this line. 

SOLlJTION 

a) From Fig. 2-9 wc ee that 

~ 

P 1P2 = OP2 - OP1 

= (ax3 - ay2 + a=4) - (ax+ a>'3 + a=2) 

= ax2 - a,5 + a=2. 
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I 
I 
I 
I 
I 
I 
I // 
!.::: ..... 

..... 

.\ 

f-IGURI ~ -9 Tllustrating faamph:: 2-5. 

b) The length of the line P 1P 2 is 

P1 P2 = IP 1 P2 / 
~---

= ,/ 22 + ( - 5)2 + 2l 
~ 

= "' 33. 
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·' 

c) The perpendicular (shortest) di ·ta nee from the origin 0 to the line is 

~ 

/ON /, which equals /OP 2 1 sin :x = /OP2 x aP ,Pil- Thus, 

~ /OP, x P,P, / 
/ON/= -===J -

IP1P2I 
/(a_,3 - a,.2 + a=4) x (a,_2 - a,.5 + a=2) 

'\ '33 
_/a_ .. _l 6_+_a~_,_2 __ a_=_I I_/ = , 381 = 3.40. 

'\ 33 '\ 33 

Non: Unit · have been omitted in this example for simplicity. 

Given a vector B = a, 2 a,6 a=:i, !incl 

a) the magnitude of R 

b) the expres!>iOn for a 11 , 

c.;) the angles thi:lt B ma!-es with the .\, I'. and : axeh. 

A s. (a) 7, (b) a 8 = a_,0.296 - a,.0.857 + a=O.-l29. (cl 7:i.4, 149.0 , 64.6 . 
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• EXERCISE 2.5 

CHAPTFR 2 VECTOR ANAU SIS 

Given two points P 1 (I. 2, 0) and P 2( - 3. 4. 0) in Carte ian coordinates with origin 0. 
find 

-4 ----t 
a) the length of the projection of 0 P 2 on 0 P, . and 

b) the area of the triangle 0P 1P2 • 

ANS. (a} 2.236. (b} 5. 

2-4.2 CYLINDRICAL COORDIN ATES 

Metric coefficient 

Vector differential 
length in cylindrical 
coordinates 

ln cylindrical coordinate a point P(r 1, <Pt> :::i) is the intersection ofa circular 

cylindrical surface r = r 1, a half-plane with the z-axis a an edge and making 

an angle ¢ = ¢ 1 with the xy-plane, and a plane parallel to the xy-planc at 

z = ::: 1• We have 

As indicated in Fig. 2-10, r i the radial distance mea ured from the ::-axis, 

and angle ¢ is measured from the positive x -axis. The ba e vector a <I> i 

tangential t the cylindrical surface. The directions of both a , and a <I> change 

with the location of the point P. The fo ll owing right-hand relation hold for 

a, , aq,, and a =: 

(2-28a) 

(2-28b) 

(2-28c) 

Two of the three coordinate , rand::: (u 1 and u3 ) , are them elve length . 

But, ¢(u 2 ) is an angle, requiring a multiplying coefficient (a merric coefficient) 
r to convert a differential angle changed¢ to a differential length change. This 
is illustrated in Fig. 2-11. 

The metric coefficient for dr and d::: arc unity. Denoting the three 

metric coefficients in the three coordinate directions a., aq,. and a= by h 1, h2 , 

and '1 3 , respectively, we have for cylindrical coordinates h, = I, '1 2 = r, 
h3 = I. These are listed in Table 2-1. The metric coefficients in Cartesian 

coordinates in all three coordinate directions are unity ('1 1 = h2 = '1 3 = I). 

because all three coordinates (x, y, :::) are length themselves. 

The general expression for a vector differential length in cylindrical 

coordinates is the vector sum of the differential length changes in the three 

coordinate direction . 

dt = a,dr + a,pr d</> + a= d:::. (2-29) 



r = r 1 cylinder 

Differential volume 
in cylindrical 

coordinates 

2-4 ORTHOGONAL COORIJI ' ATE SYSTEMS 29 
~~~~~~~~~~~~~~~~~ 

/ 
/ 

_.---r-- --
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/ 

I 
lo 
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/ 
(al 

:: = ~ 1 plane 

__________ \' 

<b = </J
1 

half-plane 

(b) 

FIGURE 2-10 Cylindrical coordinates. (a) A circular cylindrica l urface; a half­
plane with the .::-axi:-. as an edge. and a plane perpendicular to the ::-axis. (b) 
Inter ection of the cylindrical surface and the two planes in (a) specifies the 
location of a point P. 

A differential volume is the product of the differential length changes in the 

three coordinate directions. In cylindrical coordinates it is 

dr = rdrdcJ>d: . (2-30) 
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Vector A in 
cylindrical 
coordinates 
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,. 

FIGURE 2-11 A differential volume element in cylindrical coordinates. 

Cylindrical coordinates are important for problems with long line charges or 

currents, and in place where cylindrical or circular boundarie exi t. 

A vector in cylindrical coordinates is written as 

TABLE 2-1 THREE BASIC ORTHOGONAL COORDINATE SY STEMS 

Cartesian Cylindrical 
Coordinates Coordinates 
(x, y, :) (r. </>, z) 

au, a , a, 

Base Vectors a u 1 a;. a"' 

au, a= a= 

Metric Coefficients ,. 

Differential Volume cir tlx dy d: rdrd<f>d: 

Spherical 
Coordinates 
(R, 8, </>) 

l 

R 

R sin II 

(2-31) 

R1 inOdRdOd<f> 
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Vectors given in cylindrical coordinates can be transformed and expressed in 
Cartesian coordinates, and vice versa. Suppose we want to express 

A= a,A, + aq,Aq, + a=A= in Cartesian coordinates; that is, we want to write 

A as a_,A ., + a>AY + a=A= and determine Ax, A.1., and A=. First of all, we note 
that A=, the .:-component of A, is not changed by the transformation from 

cylindrical to Cartesian coordinates. To find A .. , we equate the dot products 
of both expression of A with a ... Thus 

Ax=A·ax 

= A,a, ·a .. + Aqia<J> ·a ... 
(2-32) 

The term containing A= disappears here because az ·ax = 0. Referring to Fig. 

2-12, which shows the relative po itions of the base vectors ax, aY, a,, and a</> 

in the xy-plane, we see that 

a ·a =co "' , " 'I-' 

and 

a<l> ·ax = cos(i +</>)=-sin¢. 

Substituting Eqs. (2-33) and (2-34) into Eq. (2-32), we obtain 

A,=A,co </J-Aq.sincp. 

(2-33) 

(2-34) 

(2-35) 

Similarly, to find A.1,, we take the dot products of both expressions of A 
with a.I': 

Ar= A· a_,. 

= A,a, ·as + Aq,a<1> · ar 

From Fig. 2-12 we find that 

a,· a.I'= cos(~ - efJ) =si n</> 

FIG RE 2-12 Relations among a..,, a" a, , and a"' . 

_\ 

(2-36) 
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and 

a<J> · a.r = cos cf>. (2-37) 

It fo llows that 

A ... = A, sin c/J + Aq, cos </> . (2-38) 

It i convenient to write the relations between the component · of a vector in 

Cartesian and cyli ndrical coordinates in a matrix form: 

['] lco ¢ 

-sin</> 

m~J ~: = ~in¢ cos c/> (2-39) 

0 

From Fig. 2-12 we see that the coordina tes of a point in cyl indrical 
coord in ates (r, ¢.::)can be transformed into those in Cartesian coordi nates 
(x, y. :) as follows: 

x = rcos </>, 

_1· = r sin cjJ. 

(2-40,1) 

(2-40b) 

(2-40c) 

Assuming a vector field expressed 111 cylindric:il coordinate to be 

A = a,(3co r/J) - a<P 2r + a==· 

a) what is the field a l the point P(4. 60 . 5)'? 

b) E:.xpress the field A,, at P in arte ·ian coordinates. 

c) Expre~s the location of the point Pin Carte ian coordinates. 

SOLUTIO.'-

a) At point P(r = 4, c/J = 60 . :: = 5) the field is 

A 1, = a,(3 cos 60 ) - aq, (2 x 41 + a=5 

= a,(3 2) - a<1> 8 + a=5. 

b) ing Eq. (2-39), we have 

- sin 60 

co · 60 

0 
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ll /? - ' 3,2 

= ' ~3 '> I 2 ' ,-
0 0 

01l3, 2~ l 7.68] 0 - 8 = -2.70. 

I 5 5 

Thus, 

Ap = ax7.68 - ay2.70 + a =S. 

c) U. ing Eqs. (2-40a, b, and c). we obtain the Carte ian coordinates of the 

point Pas (4cos60 ', 4sin60 ', 5), or (2, 2vfi, 5). 

-----} 

Expres the position vector OQ from the origin O to the point Q(3, 4, 5) in cylindrical 
coordinates. 

The cylindrical coordinates of two points P1 and P 2 arc: P 1(4.60 .1) and 
P1(3. 180. - l). Dercrmine the distance berween these two points. 

ANS. , 41. 

2-4.3 SPHERICAL COORDINATES 

a. and a, are very 
different . 

A point P(R 1> fJ 1, ¢ 1 ) in spherical coordinates is pecifled as the intersection of 

the following three surfaces: a spherical surface centered at the origin with a 

radius R = R 1: a right circular cone with its apex at the origin, its axis 

coinciding with the +.:-ax is and having a half-angle 0 = 01; and a half-plane 

with the z-axis as an edge and making an angle¢= </> 1 with the xz-plane. We 
have 

(111, ll2. U3) = (R. 0, (/>). 

The three intersecting surfaces are shown in Fig. 2-13. Note that the base 
rector aR at P 1s radialji'om the oriyin and is q11ite d!ff'erenrfrom a, in cylindrical 
coordinates, the latter heiny perpendicular to the z-axis. The base vector 3 0 lies 
in the </> = </> 1 plane and i. tangential to the spherical surface, whereas the 

base vector aq, is the same as that in cylindrical coordinates. These are 

illustrated in Fig. 2-11 . For a right-handed system we have 

3R x 3 8 = 3q, , 

a 11 x 3 .p = aR. 

aq, x aR = 3 0 . 

(2-4la) 

(2-41 b) 

(2-41 c) 

Spherical coordinates are important for problems involving point sources 

and regions with pherical boundaries. When an observer is very far from a 
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(a) 

------,. 

(b) 

FIGURE 2-13 (a) A spherical surface. a right circular cone. and a half-plane 
containing the ::-axis. (b) Intersection of the sphere. the cone. and the half-plane in 
(a) specifies Lh e point P. 



Vector A in spherical 
coordinates 

Vector differential 
length in spherical 
coordinates 

:!-4 0RTHOGO'\.AL CoORDlNATE SYSTEMS 35 

·' 

rlGURE 2-14 A differential \Olume element in spherical coordinates. 

ource region of a flnite extent. the source could be considered approximately 

as a point. It could be cho en as the origin ofa spherical coordinate system so 

that suitable implifying approximations could be made. Thi i the reason 

that spherical coordinate. are used in solving anten na problems in the far 

field. 
A vector in spherical coordinates is written as 

(2-42) 

Jn phcrical coordinate . only Risa length. The other two coordinates, 

0 and ¢ are angles. Referring to Fig. 2-14, in which a typical differential 

volume element is shown, we ec that metric coefficients h2 = R and 

'1 3 = R sin 0 are required to convert dO and d</J, respectively, into differential 
length · (R)dO and (R sin f:J)d</J. The general expression for a vector differential 
length is 

(2-43) 
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A differen tial volume is the product of differential length change in the three 
coordinate directions: 

ch= R2 sinOdRd0d¢. (2-44) 

The base vectors, metric coefficients, and expression for differential 
volume for the three basic orthogonal coordinate systems are shown in 
Table 2-1. 

Figure 2-15 shows the interrelationship of the space variables (x. y. ;:;), 
(r, c/J, ::). and (R, 0, c/J) that specify the location of a point P. The following 
equations transform the coordinate variable in pherical coordinates to 
those in Cartesian coordinates. 

x = R in 0 cos</>, 

y= R inO in¢. 

:: = R co 0. 

Transform Cartesian coordinate (4, - 6, 12) into spherical coordinates. 

ANS. (14. 31 , 303.T ). 

(2-45a) 

(2-45b) 

(2-45c) 

FIGURE 2-15 Showing interrelationship of space variables (x. y. :), (r, </>,:),and 
(R, 0. <PJ. 

r=R'>ine 

. = U co~ (} 

\ ' 

x 
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Express the unit vector a= in spherical coordinates. 

SOLUTION 

First of all, we must not be tempted by Eq. (2-45c) to write a= as aR R cos f) or 

aR cos(:) because both the direction (a= # aR) and the magnitude (I # R cos e 
or cos 0 for all 0) would be incorrect. Since the base vectors for spherical 

coordinate arc aR , a6 and a4>, let us proceed by finding the components of a= 

in thee directions. From Figs. 2-13 and 2-14 we have 

Thu, 

a=·aR = COSfJ. 

a=· a0 = - in (:), 

a=· a"'= 0. 

(2-46a) 

(2-46b) 

(2-46c) 

(2-47) 

Assuming that a cloud of electrons confined in a region between two spheres 
of radii 2 and 5 (cm) has a charge den ity of 

- 3 x 10 
R4 

find the total charge contained in the region. 

SOL TION 

We have 

3 x io - s 
1 

p,, = - R.i cos-¢. 

Q = f p, ,d1·. 

The given conditions of the problem obviou ly point to the use of spherical 

coordinates. Using the expression for di: in Eq. (2-44), we perform a triple 

integration: 

I 2n f" J(l.05 
Q = p,.R 2 infJdRdOd<f; . 

o o 0 .02 
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Two things are of importance here. Fir t, incc p,. i given in units of 
coulombs per cubic meter, the limits of in tegration for R must be conv~rted to 

meter . Second. the full range of integration for 0 i from 0 torr radian . 1101 

from 0 to 2rr radian . A little reflection will convince u that a half-circle (not a 
f u ll-circlc) rotated about the :-axis through 2rr radians (</> from 0 to 2rr) 

generate a sphere. We have 

Q =-3x10 f 2n f" f o.o5 t 8 
2 cos 2 <f>s inOdRdOdcf> 

o o o 02 R 

= - 3 x 10 J2"J"( I I ) s o o - 0.05 + 0.02 sin 0 c/O cos2 </> rl<P 

f 2n ,~ 
= -0.9 x 10 - 6 ( - cos{)) cos 2 q){/</> 

0 () 

(
</> sin 2¢)12" = - 1.8 x I 0 6 

2 
+ -

4
-

0 
= - l.8rr (11C). 

• EXE RCISE 2.9 Derive the formula for the surface of a sphere with a radiu R0 by integrating the 
differential surface area in spherical coordinates. 

A'\; . 4nR~. 

R EVIEW QUEST IO'\S 

Q.2-7 What makes a coordinate system (a) orthogonal? and (b) right-handed? 

Q.2-8 What are metric coefficients? 

Q.2-9 Write tit and cit' (a) in Carte ian coordinates. (b) in C)'lindrical coordinate . . and 

(c) in spherical coordinates. 

Q.2- IO Given two point Pi(l. 2. 3) and P 2( - l. 0. 2) in Cartesian coordinates. write 
.. -----+ 

the expressions of the vector P 1P 2 and P 1 P 1• 

Q.2-11 What are the expressions for A · B and A x B in Cartesian coordinates? 

REMARKS 

1. Proper metric coefficients mu t be used in converting angle-changes to 
length-changes. 

2. Do not confu e cylindrica l dista nce, r, measured from the ;:-axis with 
spherical dista nce, R. mea ured from the o rigin. 

3. C ros product of ba e vecto r in each coo rdina te sy ·tern fo llow the 
right -hand rule in cycl ic order. 
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2-5 GRADIENT OF A SCALAR FIELD 

1 n electromagnetics we often deal with quantities that depend on both time 

and position. Since three coordinate variables are involved in a three­

dimensional space, we expect to encounter scalar and vector fields that are 

functions of four variables: (I, 11 1 .11 2. u3 ). In general. the fields may change as 

any one of the four variables changes. We now address the method for 

describing the space rate of change of a scalar field at a given time. Partial 

derivatives with respect to the three space-coordinate variables arc involved, 

and, since the rate of change may be dilTerent in dilTerent directions. a vector 

i · needed to define the space rate of change of a scalar field a t a given point 

and al a given time. 

Let us consider a calar function of space coordinates V(u 1, u 2, 11 3). 

which may represent, say. the temperature distribution in a building. the 

altitude of a mountainous terrain. or the electric potential in a region. The 

magnitude of V. in general, depends on the position of the point in space, but 

it may be constant along certain lines or surfaces. Figure 2-16 shows two 

surfaces on which the magnitude of V is constant and has the values Vi and 

V1 + d V, respectively, where d Vindicates a small change in V We should note 

that constant-V surfaces need not coincide with any of the surfaces that define 

a particular coordinate system. Point P 1 is on surface 111 ; P2 is the 

correspondi ng point on surface V1 + dV along the normal vector dn; and P3 

is a point close to P2 along another vector dt =I dn. For the same change dV 
in V, the space rate of change. c/V/dl, is obviously greatest along dn because 

FIGURE 2-16 Concerning gradient of a sca lar. 
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dn is the shortest distance between the two surfaces.t Since the magnitude of 
dV/dl depends on the direction of di, dV/dl' is a directional derivative. We 
define the vector that represents both the magnitude and the direction of the 

maximum space rate of increase of a scalar as the gradient of that scalar. We 
write 

6 dV 
grad V = a,, d;"". (2-48) 

For brevity it is cu tomary to employ the operator de!, reprc cnted by the 
symbol V,1 and write VV in place of grad V. Thus, 

6 
dV 

VV = a,, -
1
- . 

t.n 
(2-49) 

We have a sumed that dV is positive (an increa e in V); if dV is negative (a 
decrease in V from P 1 to P 2 ). VV will be negative in the a,, direction. 

The directional derivative along di is 

dV JV dn dV 
di = dn di = dn cos '.1. 

dV 
=-

1
-a,,·a1 = (VV)·a1 . 

( /1 

(2-50) 

Equation (2-50) states that the space rate of increase of Vin the a1 direction is 
equal to the projection (the component) of the gradient of Vin that direction. 
We can al o write Eq. (2-50) as 

I dV = (VV) ·dt I (2-5 l) 

where dt = a1 di. Now, d Vin Eq. (2-51) is the total differential of Vas a result 
of a change in po ition (from P 1 to P3 in Fig. 2-J6); it can be expre ed a : 

i1V iW cV 
dV = -., - di,+ - di 2 + .,- di 3 , 

cf, Cf 2 <'1 3 

(2-52) 

where di 1, di 2 , and df 3 are the components of the vector differential 
displacement dt in a cho en coordinate system. In Cartesian coordinates, 

t in a more formal treatment. changes 6 l' and D.f "'ould be used. and the ratio 6 V, D.f woulJ 
become the derivative dV.'dl as t!.f approache ?ero. We avoid this formality in favor of 
si mplicity. 
1V is ~ome t ime a lso called the nnblu operator. 
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(11 1• 11 2• t1 _, ) = ( \'. y. : ). and di 1• di 1. and c/13 arc respectively. d1::. dy. and d:: ( ee 
_q. 2-~3) . We can write di in Eq. (1-52) a the dot product of two vectors, as 

follow ·: 

dV = a ~ +a,.- + a=- ·(a. dx + a ,.dJ' + a ._ d:) ( 
· r cT cl') 

'"tx dy ?: ... 

( 
i' I' c v ? v) 

= a.-~ +a ,.-~-+ a =-~- ·dt. 
(' \' ( y c: 

(2-53) 

Comparing Eq. (2-53) with Eq. (2-51). we obtain 

iT iT ti 
Vr = a -+ a - +a -

·' r x ·'' Cy = t: 
(2-54) 

or 

( (, 

I ' = a .-. ·' ~ l.\ 
(2-55) 

Jn \iew of Eq . (2-55). it is convenient to c n ider ~in Carte ian coordinate. a 
a vector differential operator. 

0 t 11 

V = a, ~+ a,~+ a,.T · (2-56) 
( x ( .\' ( : 

Jn general orthogonal coordinates (11 1• uJ. 11 3 ) with metric coefficient 
(h 1. '1 2.h 3 ) we can define as 

(2-57) 

The c pre ion for V Vin cylindrical and . pherical coordinate arc given on 
the in ·ide of the back cover of the book. 

EXA~PLE 2-9 ------------------

The electrostatic field intensity E is derivable a the negative gradient of a 
scalar electric potential V: that i ·, E = - V V. Determine Eat the point ( l, I, 0) 
ir 

a) 

b) 

. . 7l J' 
V = V.0 e x 1n-· 4· 

V = £ 0 R cosO. 
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• EXERCISE 2.10 

CHAPTJ:.R 2 VECTOR ANALYSIS 
-------- - ------

SOLUTION 

a) We use Eq. (2-54) to evaluate E = - V V in Cartesian coordinates. 

[ 
8 c c' J _, . ny 

E= - ax-+ a,.- +a--.. V0e · sin -. ,ix · tJy - {1;::; 4 

( 
. rry n ny) ·' = a"sm - - a,. - cos -

4 
Voe . . 4 · 4 

where 

E = V0 ~(1+~:} 

ae = J t +~rr2/ l 6)(ax - ar ~} 

b) Here Vis given as a function of the spherical coordinate U. For spherical 
coordinates, we have (u 1, t1 2 , u3 ) = (R, 0, </>) and (h1, h2, '1 3 ) = 

(1. R, R sinO)- see Table 2-1. We have. from Eq. (2-57), 

E = - VV =- [au _£_ + a0 _£_ + a,/I . ? ]E0 Rcos0 
cR R/10 R sm e c</J 

= - (aR cos 0 - a0 sin O)E0 . 

In view of Eqs. (2-47), the results above convert very simply to 
E = - a=l::o i11 Cartesian coordinates. This makes sen e, since a careful 
examination of the given V reveals 1hat E0 R cos 0 is. in fact, equal to 
1-;0 :::. In Cartesian coordinates, 

Assuming V = xy - 2y:. find, at point P(2. 3. 6). 

a) the direction and the magnitude of the maximum increase of V. and 

b) the space rate of decrease of Vin the direction toward the origin. 

ANS. (a) a,,3 - a,,10-a=6, (b) - 60/7. 
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2-6 DIVERGENCE OF A VECTOR FIELD 

- -----· -- - · --/\ - - -· -. - - • --
(a) 

In the preceding section we con idered the spatial derivatives of a scalar field, 
which led to the definition of the gradient. We now turn our attention to the 
spatial derivatives of a vector field. This will lead to the definitions of the 
divergence and the c11rl of a vector. We di cuss the meaning of divergence in 
this section and that of curl in Section 2-8. Both are very important in the 
study of electromagnetism. 

In the study of vector fields it i convenient to represent field variations 
graphically by directed field lines. which are called flu x lines. They are 
directed lines or curves that indicate at each point the direction of the vector 
field, a illu trated in Fig. 2-17. The magnitude of the field at a point i 
depicted either by the density or by the length of the directed lines in the 
vicinity of the point. Figure 2-17(a) shows that the field in region A is stronger 
than that in region B because there is a higher density of equal-length 
directed Jines in region A. In Fig. 2- I 7(b), the decreasing arrow lengths away 
from the point q indicate a radial field that i strongest in the region closest to 
q. figure 2- I 7{c) depicts a uniform field. 

The vector field strength in Fig. 2- I 7(a) is measured by the number of 
Aux line passing through a unit surface normal to the vector. The Aux of a 
vecto r field is analogous to the flow of an incompressible fluid such as water. 
For a volume with an enclosed surface there will be an excess of outward or 
inward Aow through the surface only when the volume contains a source or a 
sink, re pectivel y. That is. a net po itive divergence indicates the presence of a 
source of fluid inside the volume, and a net negative divergence indicates the 

FlG U Rr 2- 17 Flux lines of vector fields . 

/ y 

--B -- .. 

• 

I • 
(b) 

----- --- ----------- · 
(C) 
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The divergence of a 
vector field A : 
physical definition 

The divergence of A : 
mathematical 
definition 

pre ence of a ·ink. The net outward !1ow of the !1uid per unit volume is 
therefore a measure of the strength of the enclo ed source. ln the uniform field 
shown in Fig. 2- I 7(c) there is an equal amount of inward and outward flux 
going through any clo ed volume containing no sources or inks, resulting in 
a zero divergence. 

We de.fine the divergence qf a L'ettor.field A at a point, abbreviated di i; A, 
as the net outward flux of A per unit volume as the volume about the point tends 

to zero: 

f A·ds 
div A ~ lim -"--s __ 

M ~O f1r 
(2-58) 

The numerator in Eq. (2-58) is a urface integral. It is actually a double 
integral over two dimen ions, but it i written with a single integral sign for 
implicity. The small circle on the integral sign indicates that the integral i to 

be carried out over the entire urface S enclosing a 110/ume. In the integrand, 
the vector differential urface element ds = ands has a magnitude ds and a 
direction denoted by the unit normal vector an pointing outward from the 
enclosed volume. The enclosed surf ace integral represents the net outward 
flux of the vector field A. Equation (2-58) is the general definition of div A, 
which i a scalar q11a11tity whose magnitude may vary from point to point as 
A itself varies. This definition holds for any coordinate system; the expression 
for div A, like that for A. will. of course, depend on the choice of the 
coord inate system. We shall now derive the expression for div A in Carte ian 
coordinates. 

Consider a differential volume of sides f1x, f1y, and f1 z centered about a 
point P(x0, y0 , 2 0 ) in the field of a vec tor A, as shown in Fig. 2-18. In Cartesian 
coordinates, A= axA x + a_,,Ar + a.1.A =. We wish to find div A at the point 
(x0 , y0 • .-:: 0 ). Since the differential volume has six face , the surface integral in 
the numerator of Eq. (2-58) can be decomposed into ix parts: 

l _ A . ds = [ lrron• + !bac k + r,; ~h• + (.r, + (op + l~ouom] A. ds. (2-59) Js J ~ace J ~ace J} JCC J }nee J }ace J ! ace 

On the front face. 

~·ron• A · ds = Arron•· f1Srron1 = Arron•· a., (f1y ~.:) J ~ace fa~c face face 

( 
f1x ) = A x .\'.o + 2' Yo- .:o f1yf1 z. (2-60) 



2- 6 DI\ I R (j l N c r 0 r A v I c r () R F 11 I D 45 

F-IGCRE 2-18 A differential ~olumc in Cartesian coordina tes. 

The quantity A"(x0 +(~x/2), y0 , : 0 ) can be expanded a · a Taylor series 

about its value at (x 0 , )' 0 , : 0 ), as follow : 

(2-61) 
+ higher-orocr terms, 

where the higher-order terms (H.0.T.) co ntain the factors (~x/2) 2 , (~x/2) 3 , 

etc. Similarly. on the back face, 

jbock A· els = Aback·~ back = Aback· (-ax~)'~:) J }ace fo e ~ fa ce face 

(2-62) 

The Taylor- eries expansion of Ax (x0 - ~", y0 , : 0 ) is 

( 
~x ) ~x?A,, 

A., Xu - ?'Yo· =o = Ax(Xo. Yo · :o) - ?~ + H.0.T. 
- - ( .X (>.o. Yu. =ol 

(2-63) 

Substituting Eq. (2-61) in Eq. (2-60) and Eq. (2-63) in Eq. (2-62) and adding 

the contributions, we have 

[ (ronl + !bock] A. ds = (t~,.~ + H.O.T.)I ~x ~y ~::. J ~ace J fa c< C.'\ (xo. Yll· =ol 

(2-64) 

Here a ~x ha been factored out from the H.0.T. in Eqs. (2-61) and (2-63), but 
all terms of the H.O.T. in Eq. (2-64) ·till contain powers of ~x. 
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~· A in Cartesian 
coord inates 

V · A in general 
orthogonal 
coordin ate system 

Followi ng the same procedure for the right and left face , where the 

coordi na te change are + dy 2 and - Lly 2. re pectively. and Ll = d .\· £\.:, we 
fi nd 

[l f: J . - (?A y )I . -right + left A tis - -. + H.O.T. l'lx li) LL 
fucc face CJ (xo. }'O· =ol 

(2-65) 

Here the higher-order term contai n the factors tiy. (Lly) 2
• etc. For the top and 

bo ttom face we have 

[ (op + (bottom] A· ds = (<'~: + H.O.T.)I Llx liy :, J ~ace J ~ac e ( - (xn. ro. =o l 
(2-66) 

where the higher-order terms contain the factors Ll:, (.1:)2, etc. Now the 

re ults from Eqs. (2-64). (2-65), and (2-66) are combined in Eq. (2-59) lo obtain 

f (<' A, ('A,. ?A_)I A · ds = - · + - · + -::---=- Lix Liy Li: 
~ <'x cy ( : (.\ Q, "" · =fl l 

+higher-order terms in Lix. Liy. Li:. (2-67) 

Since .11· = Lix L\_r Li:. ubstitution of Eq. (2-67) in Eq. (2-58) yield the 

expression of div A in Cartesian coordinate. : 

d
. [Ax fA, [A_ 
IVA= - + - + -

[x ty t:: 
(2-68) 

The higher-order term vanish as the differential volume Lix Liy Li: 
approaches zero. The value of div A, in general. depends on the position of the 
point at which it is evaluated . We have dropped the notation (x 0 , y0 , : 0 ) in Eq. 

(2-68) because it applic to any point at which A and it. partial derivative are 

defined. 

With the vector differential operator del. V, defined in Eq . (2-56) we can 
write Eq. (2-681 alternatively as V ·A (read "de! dot A"); that i-, 

l V·A =div A. I (2-69) 

In general orthogonal cun·ilinear coordinates {u 1• 11;!. uJ). Eq. (2-58) will lead 

to 

(2-70) 
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EXAMPLE 2-11 

2-6 OIVFRGFNCF OF A VECTOR FIELD 

The ex pres ion for V · A in cylindrical and spherical coordinates are given on 
the inside of the back cover of the book. 

Find the divergence of the position vector to an arbitrary point. 

SOLUTION 

We will find the solution in Cartesian as well as in spherical coordinates. 

a) Cartesian coordinates. The expression for the position vector to an 

arbitrary point (x, y, .:) is 

~ 

OP= A= a .. x + ay_r +a==· 

U ing Eq. (2-68). we have 

(1x ?y <'z 
V·(OP) = V·A = +-+ - = 3. 

<1X cy fl: 

b) Spherical coordinates. Here the position vector i · simply 

OP=A=aRR. 

(2-71) 

(2-72) 

Its divergence in spherical coordinates (R, (J, </>)can be obtained from 
Eq. (2-70) by using Table 2-l as follows: 

(2-73) 
I r' 2 1 r' . I c A,t> 

V·A= - 2 (R AR)+R -:---() ~()(A 0 sinV) + R . (J -.J. R r'R sin I' sm <'<v 

---t 
Substituting Eq. (2-72) in Eq. (2-73), we also obtain V·(OP) = 3, as 

expected. 

Solve Example 2-10 in cylindrical coordina1es. 

The magnetic flux density B outside a very long current-carrying wire is 

circumferential and is inversely proportional to the distance to the axis oft he 

wire. Find V · B. 
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coordinates 

Solenoidal field 
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SOLUTION 

Let the long wire be coincident with the .:-axi in a cylindrical coordinate 
system. The problem states that 

k 
B = aqi - . 

r 

where k is a constant. The divergence of a vector field in cylindrical 
coordinates (r, <f>, z) can be found from Eq. (2-70) by using Table 2-1. 

I c 1 cBq, cB= 
V·B = - -;;;-(rB,) + --~- + - . 

r er r c</J c: 

ow Bt/I = k/ r. and B, = B= = 0. Equation (2-74) gives 

·B =0. 

(2-74) 

We have here a vector that is not a constant, but whose divergence is 
zero. A divergenceless field is called a solenoidal.field. We will see in Chapter 5 
that magnetic field is solenoidal. 

2-7 DIVERGENCE THEOREM 

Divergence theorem 

In the preceding section we defined the divergence of a vector field as the net 
outward flux per unit volume. We may expect intuitively that the 11olume 

integ1•al of the dfoerge11ce of a vector field equals tlie total outward flux of the 

vector through the surface that bounds the llOfome; that is, 

(2-75) 

This identity, which will be proved in the following paragraph, i called the 
divergence theorem.t It applies to any volume V that is bounded by urface S. 
The direction of ds is alway that of the outward normal, perpendicular to the 
surface ds and directed away from the volume. 

For a very small differential volume element /).r1 bounded by a surface 
sj. the definition of V ·A in Eq . (2-58) gives directly 

(V · A)16rj = J. A · ds. (2- 76) 
:r:J 

'It is abo known as Gauss·.~ theorem. 
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FIGURE 2-19 Subdivided volume for proof of divergence theorem . 

rn case of an arbitrary volume V, we can subdivide it into many, say, N, small 
differential volumes. of which !!,.vj is typical. This is depicted in Fig. 2-19. Let 
u. now combine the contribution of all these differential volumes to both 
ide of Eq . (2-76). We have 

Jim [.£ (V·A)j Mj] = lim [ f 1 A·ds]. 
:>1·1 0 J = J <J.r ·;- 0 J = I J.,J 

(2-77) 

The left side of Eq. (2-77) is, by definition. the volume integral of V ·A: 

Jim [I (V · A)j !!,.r.:j] = r (V ·A) dr.: . 
L\• j-+ O j ~ l JI ' 

(2-78) 

The surface integral on the right side of Eq . (2-77) are summed over all the 
faces of all the differential volume element . The contributions from the 
internal surfaces of adjacent elements will, however, cancel each other, 
because at a common internal surface the outward normals of the adjacent 
element point in opposite direction . Hence the net contribution of the right 
side of Eq. (2-77) is due only to that of the external surface S bounding the 
volume V; that is, 

1.i':1 [.£ 1 A·ds] = 1 A·ds. ,i.,, o ;=1Js, Js (2-79) 

The substitution of Eqs. (2-78) and (2-79) in Eq. (2-77) yields the divergence 
theorem in Eq. (2-75). 

The divergence theorem i an important identity in vector analysis. le 

converts a m/ume integral of the divergence of a rector to a closed swface 
integral r~f'th<: i·eccor. and vice rersa. We use it frequently in establishing other 
theorems and relations in electromagnetics. We emphasize that, although a 
single integral sign is used on both sides of Eq. (2-75)for simplicity, the volume 
and swface imegrals represent triple and double integrations, respectively. 



50 

EXAMPLE 2-12 

CHAPTER 2 VECTOR A NALYSIS 

Given A = axx 2 + aJ'xy + a= y:::, verify the divergence theorem over a cube 
one unit on each side. The cube is ituated in the first octant of the Cartesian 
coordinate sy tern with one corner at the origin . 

SOLUTION 

Refer to Fig. 2-20. We fir. t evaluate the surface integral over the six faces . 

I. Front face: x = I , ds = a,_ dy d:::: 

f: A·ds = f'f
1

drd:::= I. front -
face 0 0 

2. Back face: x = 0, d = - a_, dyd::; 

!back A . ds = 0. J ~a~e 
3. Left face: y = 0, ds = - a, dx d:::; 

(eft A · ds = 0. 
Jl·ace 

4. Right face: y = I, ds = a» dx d:::; 

rri ~ h l A. ds = f 1 f Ix dx d::: = 1. 
Jrace o o 

5. Top face: ::: = 1, ds = a= dx dy; 

f: A ·ds = f 1f1 

)'dxdv = .i. ~p • - 2 
face 0 0 

6. Bottom face:::= 0, ds = - a=dx dy; 

rbouom A . ds = 0. J ~ac~ 

FIGURE 2-20 A unit cube (Example 2-12). 

/ 
x 
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2- 7 DIVERGE CE THEOREM 

Adding the above six values, we have 

f s A · ds = I + 0 + 0 + t + t + 0 = 2. 

Now the divergence of A is 

a a c 
V ·A= - (x 2

) + ~(xy) + ;;-(_vz) = 3x + y. 
CX C}' (Z 

Hence, 

L V ·A dr = t f; t (3x + y) dx dy dz = 2, 
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(2-80) 

(2-81) 

which is the same as the result of the closed surface integral in (2-80). The 

divergence theorem is therefore verified. 

Given F = aR kR. determine whether the divergence theorem holds for the 
shell region enclosed by pherical urfaces at R = R 1 and R = R2(R 2 > R i) 
centered at the origin, as hown in Fig. 2-21. 

SOL TION 

Here the specified region has two surface , at R = R 1 and R = R2• 

At the outer surface: R = R 2 , ds = aR R~ sin 1.1 d8 d</J; 

Jouter F·d = f
2

"f" (kR2)R~sinOdOd<f> = 4rrkRi. 
<urfa e 0 0 

FlGURE 2-21 A spherical shell region (Example 2-13). 
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I Jl"J" inner F · ds = - (kRi)RfsinOdOdcf> = -4rrkR~ . 
""race 0 O 

A tually, ·ince the integrand 1s independent of 0 or <Ji in both ca es, the 
integral of a con lant over a pherical urface i imply the ·on'>tant 
multi plied by the area of the urface {4rrRi f r the outer surface and 4rrRi for 
the inner surface), and no integration is neces ·ary. Adding lhc two re ·ults, we 
have 

(2- 2) 

To find the volume integral. we fir t determine V · F for an F that has 
only an FR omponent. From Fq. (2-73). \.\C have 

I ~ I ( 
V· F = (R 1 F l = (kR -' } - 31.. . 

R 2 11 R R /( 1 tR 

, incc · F is a constant. it\ volume integral equals the product of the 
constant and the \Olume. The \Olumc of the \hell region between the l\\O 

spherica l surfaces with radii R 1 and R2 i 4n(R~ - Ri J .l Therefore. 

J V · F cir = (\' · F)I' = 4rr/...(R~ - R lJ. (2-83) 

\.\hich i · the same as the re ult in Eq . 1--82). 
Th is example how that the divergence theorem hold even \\hen the 

volume has holes in ide that i ', even when the volume is enclosed by a 
multiply connected surface. 

Given a vector fie ld A =arr I- a: =· 

a) find the total out\rnrd flux over a circular cylinder around lhe :-axis 
with a radtu~ 2 and a height 4 centcrc<.I at origin. 

b) Repeat (a) for the amt: q lmder \\.llh th ba:.e coincidmg \\1th the \\-plane. 

c) Fi nd V · A and verify the divergence lheorem . 

.\ -.; s. 1a) 4 1r. (c) 3. 

2-8 CURL OF A VECTOR FI ELD --

V · A is a measure of 
the strength of the 
flow surface of A . 

In ect ion 2-6 we stated that a net outward llux of a vector A through a 
urface bounding a volume indicate~ the pre ence of a source. Thi ource 

may be ca lled a/low so11rCl'. and div A is a mea urc of the trengrh of the ftO\\ 
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ource. There is another kind of ·ource. cal led wrtex so11rce, which causes a 
circulation of a vector field ·~round it. The net circ11lation (or simply 
circ11lation) of a vector field arou nd a closed path is defined as the scalar line 
integral of the vector over the path. We have 

Circulation of A around contour C ~ fc A· dt. (2-84) 

Equation (2-87) i a mathematical definition. The physical meaning of 
circulation depends on what kind of field the vector A represents. If A is a 
force acting on an objecl. its circulation will be the work done by the force in 
moving the object once a round the contour; if A represents an electrjc field 
in ten ity, then the circulation will be an electromotive force around the closed 
path . The familiar phenomenon of water whirling down a sink drain is an 
example of a vortex sink causing a circulation of Ouid velocity. A circulation 
of A may exist even when div A = 0 (when there is no flow source). 

Given a vector field F = axXY - a-'"2x, find its circu lation around the path 
OABO shown in Fig. 2-22. 

SOLUTION 

Let us split the circulation integral into three parts. 

J: F·dt =IA F·dt + J8 

F·dt +Jo F·dt. 
Jo.480 0 A B 

Along path OA: y = 0, F = - a»2x, dt = axdx , F·dt = 0. 

J; F·dt = 0. 

FlGURE 2-22 Path for line integral (Examples 2-14 and 2-16). 

B 

.._ __ _.._--t ___ __..___ x 

0 i\ 
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Mathematical 
definition of a vector 
field A 

------ ---

CHAPTER 2 V1:c roR ANAi 'sis 

Along path BO: x = 0, F = 0. J: F·dt = 0. 

Along path AB: dt = a_, dx + a,. dy ( ee Eq. 2-23). 

F·dt = xydx - 2xdy. 

The equation of the quarter-circle is x 2 + y 2 = 9 (0 ~ x, y ~ 3). Therefore, 

9 - x 2 dx _ 2J
3 

... /9 _ y 2 dy 
0 

= - ~(9 - x 2
)
3

•
2 1° -[.r 9 - y 2 + 9 _in 

3 J 

\']) I~ 

3 0 

Hence, 

f OABO F. dt = - 9 (I + I). 

Find the clockwise circulation of the vector field F given in Example 2-14 around a 
square path in the xy-planc centered at the origin and having four units on each side 

(-2 ~ x ~ 2 and - 2 ~ y ~ 2). 

Ar-s. 32. 

Since circulation a defined in Eq. (2-84) is a line integral of a dot 
product. its value obviously depends on the orientation of the contour C 
relative to the vector A. In order to define a point function, which i a 
measure of the strength of a vortex source, we must make C very small and 
orient it in such a way that the circulation is a maximum. We definet 

curl A= V x A 

~ lim ~ra,,l A·c1t] . 
6,-o ~s l Jr max 

(2-85) 

1 In booi.., puhltshed in Europe. the curl of A is often calkd the rolallon or A and wntlen as rot A. 
V x A is read as "de! cross A."' 
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\ 
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a,,\ 
\ 

\ 

cl( 

FIG LR [ 2-23 Relation between a,. and dt in defining curl. 
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In word . Eq. (2-85) states that the curl of a r:ectorfield A, denoted by curl A or 

V x A, is a ''ec/Or whose mayniwde is the maximum net circulation of A per 
unit llre£1 c1s the area tends to :ero a11d whose direction is the normal direction of 
the area ·when the area is oriented 10 make the net circulation maximum. 

Because the normal to an area can point in two opposite directions, we 
adhere to the right-hand rule that when the fingers of the right hand follow 

the direction of dt, the thumb points to the a11 direction. This is illustrated in 

Fig. 2-23. Curl A is a vector point function. Its component in any other 

direction a,. is a.,· (V x A), which can be determined from the circulation per 

unit area normal to a., as the area approache zero. 

(V x A)
11 

=a., ·(V x A)= Jim _l_ (l A ·dt). 
M,. - ·O llsu Jc .. 

(2-86) 

where the direction of the line integration around the contour C., bounding 

area L1s., and the direction a,, follow the right-hand rule. 

We now use Eq. (2-86) to And the three components of V x A in 

Cartesian coordinates. Refer to Fig. 2-24, in which a difTerential rectangular 

area parallel to the y:-planc and having sides L1y and t1 z is drawn about a 

typical point P(x0 , y0 , .:0 ). We have a11 = ax and L1s., = L1y L1.:, and the contour 

C
11 

consists of the four sides L 2. 3. and 4. Thus. 

(V X A)x = lim -
1 - (~ides A· dt). 

L\yl\:-o L1y L1z :1"1.l.J.4 
(2-87) 

In Cartesian coordinates, A= ax A~+ al' Ai,+ a=A=. The contributions of the 

four side. to the line integral arc a follows. 



56 CHAPTER 2 VECTOR AKALYSJ 

.\ 

FIG ' RE 1-14 Determining (V x Alx· 

( 
~J' ) where A= x0 , y0 + 2 . .::0 can be expanded a a Taylor series: 

(2-88) 

where H.O .T. (higher-order terms) contain the factors (~y)2 , (~y)3 • etc. 

Thu, 

Side 3: dt = - a= f1.::, A · dt = A= (.\"0 , Yo - ~\' . .:: 0 ) ~.:. 
where 

(2-89) 

(2-90) 
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f { .1rcA-f } . A. dt = A =(xo. Yo· .:: 0 ) - - · ~ + H.0 .T. ( - Liz). 
side 3 2 ( .\ (xo, y0. =u) 

(2-91) 

Combining Eqs . (2-89) and (2-91), we have 

Jsides A· dt = (8~.= + H.O.T.)\ 11.\' .1:. 
l and 3 <_I (xo.YO· =ol 

(2-92) 

The H.O.T. in Eq . (2-92) till contain powers of Lly. Similarly. it may be hown 

that 

J ( tA» )\ s ide> A· dt = - ~ + H.0.T. ll)' .1:. 
2 and 4 c ·- (.<o. yo. •al 

(2-93) 

Sub tituting Eqs. (2-92) and (2-93) in Eq. (2-87) and noting that the higher­

order terms tend to zero as !ix and !iy---+ 0, we obtain the x-component of 
V x A : 

(V x A) = c'A= _ fAy 
.\ "'I "'I • 

(2-94) 
cy <= 

A close examination of Eq. (2-94) will reveal a cyclic order in x, y, and z 
and enable us to write down they- and :-component of V x A. The entire 
expres ion for the curl of A in Cartesian coordinates i 

(tA= (A.I") ({Ax c1A=) (cAy cAx) V x A = a - - -.- + a . -.- - -.- + a_ -.- - -.- . 
x cy c: ) c::: ex - rx cy 

(2-95) 

a scalar. Equation (2-95) can be remembered rather easily by arranging it in a 
determinantal form in the manner of the cross product exhibited in Eq. (2-27). 

ax ar a= 

t1 t (i 
Vx A= (2-96) ex c'y r:. 

Ax A). A= 

The derivation or V x A in other coordinate systems follows the same 
procedure but is more involved. The expression for V x A in general 



58 

- --
Expression of V x A 
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EXAMPLE 2-15 

Expression of V x A 
in cylindrical 
coordinates 

CflAPTLR 2 VFClOR ANAL\ SIS 

o rth ogo nal curvilinea r coordinate (11 1, 11 2• u3 ) 1s given below: 

au,'11 a11 ,h1 au ,h' 

I 1' i t 
V x A = --- (2-97) 

h1h 2h3 fu 1 cu2 < U3 

h1A1 h1A i hJA .1 

The expressions of V x A in cylindrical and ·pherical coordinate ' can be 
ea ily obtained from Eq. (2-97) by u ·ing the appropriate u1• u2 • and u3 and 
their metric coefficients '1 1• '1 1 • and '1 3 listed in Table 2-l. These expres ions 
are given on the in idc of the back cover. 

Show that x A = 0 if 

a) A = a</>(k l r) in cyl indrical coordinate . where k is a constant. or 

b) A = aR f( R ) in spherical coordtnatcs, wheref(R) is any function of the 
radial dis tance R. 

SOLUTIO 

a) In cylindrical coordinates the following apply: ( 11 1• 11 1 • 11 1) = (r, ¢. :); 
h1 = I. h2 = r. and '1 3 = l. We have. from Eq . (2-97). 

a, a"'r a: 

VxA = 
I i r t 
,. CT Ni t: 

(~-98) 

A, rA"' A : 

which yields. for the given A. 

a, a</>r a= 
(~ (1 (~ 

xA = = 0. ,. tr i</> c' ::: 

0 h 0 

b) In pherieal coordinates the following apply: (11 1, 11 1 , u3 ) = (R. 0. </>): 
h1 = l, h2 = R, and '1 3 = R si n 0. Hence, 
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aR a0 R a<11 R sin 0 

c' <' <' 1 
VxA = 

R1 sin 0 t'R to tcjJ 
(2-99) 

rln RA 0 (R si n8)A <1> 

and, for the given A, 

3n a11 R arp R si nfi 

? t (~ 

VxA = = 0. R1 in e ?R (() ?¢ 

f( R) 0 0 

A curl-free vector neld is called an irrotational or a conservative field . 

Hence the two types of Aeld given in this example are both conservative. We 
will sec in the next chapter that an electrostatic neld is conservative. 

2-9 STOKES 'S THEOREM 

For a very small differential area !!i.sj bounded by a contour ci, the definition 
of V x A in Eq. (2-86) leads to 

(V x A )J · (!!i.si) = J. A· dt. (2-100) Jc, 
In obtaining Eq. (2-100). we have taken the dot product of both ides of Eq. 
(2-85) with an!!i.si or !!i.sj. For an arbitrary surface S. we can subdivide it into 
many, say N, small differential areas. Figure 2-25 hows such a scheme with 
/!i.$j as a typical differential element. The left side of Eq. (2-100) is the flux of 

FIG URE 2-25 Subdivided area for proof of Stokes's theorem. 
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Stokes's theorem 

EXAMPLE 2-16 
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the vector V x A through the area ~sr Adding the contribution. of all the 

differential areas to the flux. we have 

!im £ (V x A)i ·(~s) = f. (V x A)·ds. 
As,-Oj= I S 

(2-101) 

ow we sum up the line integrals around the contours of all the differential 

clements represented by the right side of Eq. (2-100). Since the common part 

of the contours oft wo adjacent elements is traversed in opposite directions by 

two contours, the net contribution of all the common parts in the interior to 

the total line integral is zero, and only the contribution from the external 
contour C bounding the entire area S rema ins after the summation: 

lim .I (l A · dt) = rh A· dt. 
ds, 0 J - I Jr, Jc· (2-102) 

Combining Eq . (2-101) and (2-102), we obtain Stokes's theorem: 

f. (V x A)· ds = rh A· dt, 
s Jc. (2-103) 

which states that tl1e s111:face integral of the curl of a uector field over an open 
s111:f a.ce is equal to the closed line integral of the vector along the conrour 
bounding the surf ace. 

Stokes's theorem con vcrts a surface integral oft he curl of a vector to a 
line integral of the vector, and vice versa. Like the divergence theorem, 

Stokes's theorem is an important identity in vector analysis, and we will use it 

frequently in establishing other theorems and relations in electromagnetics. 
If the surface integral of V x A is carried over a closed surface, there will 

be no urface-bounding external contour. and Eq. (2-!03) tc!!s us that 

rh (V x A)· ds = 0 
Js (2-104) 

for any closed sw:fuce S. The arbitrary geometry in Fig. 2-25 is chosen 

deliberately to emphasize the fact that a nontrivial application of Stokes's 

theorem always implies an open stirface witli a rim. The simplest open surface 

would be a two-dimensional plane or disk with its circumference as the 

contour. We remind ourselves here that the re/at ire directions of dt nnd ds 
(its direction denoted by a,,) follow the riyh1-liand rule; that is, if the fingers of 
the right hand follow the direction of dt. the thumb points in the direction 

of a,, . 

Given F = axXJ' - a r2x, verify Stokes's theorem over a quarter-circular disk 
with a radius 3 in the fir t quadrant, as was shown in Fig. 2-22. 
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SOLLTIO:\' 

We use Eq . (2-96) to find V x F in Cartesian coordinates. 

a_, a,. a= 

v F 
(' ( '. c 

x = = - a=(2 + .\). tx ty i': 

xy -2x 0 

For the given geometry and the designated direction of dt, 
ds = a,, d = a= dx dy. We have 

x F)·ds = l
3 f"9 

Jo o 

13[J ~ J = Jo : · - (2 + x) dx dy 

= - f: [2 ) 9 - y 2 + 1{9 - y2
)] dy 

= - v / 9 - 1'2 + 9 sin - 1 
- + - i• - -[ 

- y 9 }'.lJl.l 
_, - 3 2 - 6 0 

It is impurtanl to use the proper limit for the two variables of integration. We 
can interchange the order of integration as 

t{V x F)·ds= f:[J; 9
-<

1 

- (2+x)dy]dx 

and get the same re -ult. But it would be quite wrong if the 0 to 3 range were 
used as the range of integration for both x and .l'· (Do you know why?) 

The line integral of F around the quarter-circular disk along the path 
OABO, J F · dt, is the circulation found in Example 2-14, which is equal to the 
surface integral of V x F obtained above. Thus Stokes's theorem is verified. 

Given F =a, in <P + a.p3 cos</> and the quarter-circular region shown in Fig. 2-22, 

a) determine ~oAooF · dt, and 
b) find V x F, and verify Stokes's theorem. 

A °'\S. (a) 6. (b) a= C cos c/l). 
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2-10 TWO NU LL IDENTITIES 

2-10.1 IDENTITY I 

An important null 
identity 

Two identities involving repeated del operations are of considerable im ­

portance in the study of electromagneti m, especially when we introduce 

potential functions. We shall discuss them eparate!y below. 

V x (VV) =:: 0 (2-J 05) 

In words the curl of the gradient of any scalar field is identically zero. (The 

existence of V a nd its first derivatives everywhere is implied here.) 

Eq uation (2-105) ca n be proved readi ly in Cartesian coordinates by 

using Eq. (2-56) for V and performing the indicated operations. In general. if 

we take the surface integral of V x (V V)over any surface. the result is equal to 
the line integral of V V around the closed path bounding the surface, as 

asserted by Stokes's theorem: 

I [V x (V V)] · ds = ,!: (V V) · dt. 
s J1c 

(2-106) 

However, from Eq. (2-51 ), 

fc (VV) ·dt = f, c/V = 0. (2-107) 

The com bination of Eqs. (2-106) and (2-107) states that the surface integral of 

V x (VV) over any surface is zero. The integrand itself mu t t herefore vani h, 
which leads to the identity in Eq. (2-105). Since a coordinate sy tern is not 
specified in the derivation, the identity is a general one and is invariant with 

the choices of coordinate systems. 

A converse sta tement of Identity 1 ca n be made as follows: If a vector 

field is curl-free, then it can be expressed as the gradient of a scalar field. Let a 

vector field be E. Then, if V x E = 0, we can define a scalar field V such that 

E = - VV. (2-108) 

The negative sign here is unimportant as far as Identity I is concerned . (It i 

included in Eq. (2-108) because this relation conform with a basic relation 

between electric.field intensity E and electric scalar po1ential Vin electro ta­

tics, which we wi ll take up in the next chapter. At this stage it is immaterial 

what E a nd V represent.) We know from Section 2-8 that a curl-free vector 

field is a conservative field; hence an irrotatio11a/ (a conservative) vector field 

can always be expressed as the gradient of a scalar fi e ld. 
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Prove the 1<.lcntity in Eq . (2-105) in ane. ian coordinate . 

Iv · (V x A) = 0 (2-109) 

In '' ords, rhe divergence of rhe curl of any L•ecror fi eld is identically :ero. 

We can prove this identity without regard to a coordinate sys tem by 
taking the volume integral of · (V x A) on the left idc. pplying the 

di vergencc l hcorem. '' c have 

l V·( x A}tfr = rh ( 
:r.~ 

x A)·d . (2-110) 

Let us ho e. for example. the arbitrar:y olume I ' enclo ed by a urfa c Sin 
1·ig. _-26. The clo ·ed surface Scan be ~plit into two open urface, S 1 and S2 , 

1.: nnected b) a common boundary that ha been drawn twice a C 1 and 2. 

We then apply Stokes's theorem to surface 5 1 bounded by C 1• a nd urface S2 

bounded b C 2 , and we write the right side of Eq. (2-110) a. 

x A)·ds =J (V x A)·a. 1 d.~+J ( 
s , s, 

= rh A · dt + A · dt . Jc <, 
(2- 111 ) 

The normals a,, 1 and a. 2 to !>Urface. , 1 and S2 arc outward norma ls, and their 
relation with the path directions of C 1 and C 2 follow the right-ha nd rule. 
"incc the contour C 1 and C 2 are. in fact. one and the amc commo n 
houndar) between S 1 and S2 • the two line integrals on the right side of q. 

r f(il RF 2-26 An arbitrary \Olume I' enclo~ed b) surface S. 
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(2- 111) traverse the same path in opposite directions. Their um i therefore 
zero, and the volume integral of V·(V x A) on the left side of Eq. (2-110) 
vanishes. Because this is true for any arbitrary volume, the integrand itself 
must be zero, as indicated by the identity in Eq. (2- 109). 

A conver e tatement of Identity II i as follows: If a vector field is 

divergenceless, then it is so/e11oidal and ca11 be expressed as the curl of another 

vector fi eld. Let a vector field be B. This converse statement asserts that if 
V · B = 0, we can define a vector field A such that 

B = V x A. (2-112) 

Prove the identity in Eq. (2-L09) in Cartesian coordinates. 

2-11 FI ELD CLASS IFI CATI ON AN D H ELMHO LTZ'S THEOREM 

Divergenceless 
field .... Solenoidal 
fi eld 

Curl - free 
field - lrrotational 
(conservat ive) field 

In previous section we mentioned that a dieergencelessfield is solenoidal and 
a curljree field is irrotationa/ (conserratii•e). We may classify vector field in 
accordance with their being olenoidal and/or irrotational. A vector field F is 

I. Solenoidal and irrotational if 

V· F = 0 and x F = 0. 

EXAYIPLE: A static electric field in a charge-free region. 

2. Solenoidal but not irrotational if 

V · F = 0 and V x F -=I= 0. 

EXAMPLE: A teady magnetic field in a current-carrying conductor. 

3. lrrotational but not olcnoidal if 

VxF=O and V · F =!= 0. 

CXAMPLE: A ' latic electric field in a charged region. 

4. Neither solenoidal nor irrotational if 

V· F -=I= 0 and V x F =!= 0. 

EXAMPLE: An electric field in a charged medium with a time-varying 
magnetic field . 

The most general vector field then has both a nonzero divergence and a 
nonzero curl , and can be considered a the um of a solenoidal field and an 
irrolational field. 
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Helmholtz's Theorem: A vector field is dete1·mined if both its divergence 
and its curl are specified ever)'where. t 

Helmholtz's theorem can be proved as a mathematical theorem in a 
general way.t For our purposes, we remind ourselve (see Section 2-8) that 
the divergence of a vector is a measure of the strength of the flow source and 
that the curl of a vector is a measure of the strength of the vortex source. 
When the trengths of both the flow source and the vortex source are 
specified. we expect that the vector field will be determined. 

In following chapters we will rely on Helmholtz's theorem as a basic 
element in the axiomatic development of electromagnetism. For each topic of 
study (static electric field , static magnetic fields, and time-varying 
electromagnetic fields) we will state the fundamental postulates (specify the 
divergence and the curl) of the basic field vector(s) needed in the 
electromagnetic model. Other theorems and relations will then be developed 
from the fundamental postulates. 

Determine whether the following vector field are irrotational, solenoidal. both, or 
neither: 

a) A = axXY - ayy 2 + a=x:. 

b) B = r(a,sin<f> + a41 2coscp), 

c) C = axx - ay2)' + a,:. 

d) D = aRk/ R. 

A:-.s. (a) neither, (b) olenoida l, (c) both. (d) irrotational. 

REVIEW QL:ESTIONS 

Q.2-12 What is the difference between a calar quantity and a calar field? Between a 
vector quantity and a vector field? 

Q.2-13 What is the physical definition of the gradient of a ~calar field? 

Q.2-14 Express the space rate of change of a sca lar in a given direction in terms of it 
gradient. 

Q.2-15 What is the ex pres. ion for the de! operator. V, in Cartesian coordinates? 

Q.2- 16 What is the physica l definition of the divergence of a vector field? 

Q.2-17 State the divergence theorem in words. 

' More precisely. we need to require that in an unbou nded region both the di vergence and the 
curl of 1he vector field vanish al infi nity. If the vecto r field is co nfined within a region bounded by 
a surface. then it is determined if it divergence and curl throughou t the region, as well as the 
normal co mponent of the vecior over the bounding su rface. are given. 

1 See. for insiance. G. Arll<en, ,\.1at liematical Mer/wdsjor Physicisr.\. Section 1.15. Academic Press, 
ew York . 1966. 
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Q.2-18 Whal is the physical definition of the curl of a vector field? 

Q.2-19 State Stokes's theorem in words. 

Q .2-20 What is the difference between an irrotational field and a solenoidal field? 

Q .2-21 State Helmholtz' theorem in words. 

REMARKS 

SU MMARY 

1. The basic rules of vector algebra (vector addition, subtraction, dot and 
cross product ) are independent of coordinate system. 

2. The gradient of a scalar field is a vector point function . 

3. The divergence of a vector field is a scalar point function. 

4. The curl of a vector field is a vector point function. 

5. Do not forget to draw a small circle on the integrati on sign (~) in 
writing a closed line integral or a surface integral over the entire 
surface enclosing a region. 

6. The two null identi ties listed in Eq . (2-105) and (2-1 09) and thei r 
implications a re the bases for defining potentia l function in later 
chapters. Lea rn these identi ties thoroughly. 

Vector analysis is an essentia l mathematical tool in electromagnetics. lt 
provides a concise means for representing and expressing the relations of 
variou quant ities in the electromagnetic model. In this chapter we 

• reviewed the basic rules of vector addition and subtraction, and of products 
of vectors, 

• explained the properties of Cartesian, cylindrica l, and spherical coordinate 
systems. 

• introduced the differential del (V) operator, and defined the gradient of a 
scalar field, and the d ive rgence and the curl of a vector field, 

• presented the divergence theorem that transforms the volume integral of 
the divergence of a vector field to a clo ed surface integral of the vector 
field, and vice versa, 

• pre cnted the Stokes's theorem that tra nsforms the urface integral of the 
curl of a vector field to a closed line integral of the vector field, and vice 
versa, 

• introduced two important null identities in vector field, and 
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• discus ed the clas ·ification of vectors, and introduced Helmho ltz's 
theorem, which will be u, ed a a ba ic element in the axiomatic develo p­
ment of the various topic in electromagnetics. 

P.2-1 A rhombu , i an equilateral parallelogram. Denote two neighboring 

sides of a rhombu · by vectors A and B. 

a) Verify that the two diagonals are A + B and A - B. 

b) Prove that the diagonal!> are perpendicular to each other. 

P.2-2 If the three sides of an arbitrary triangle are denoted by vecto rs A, B, 

and C in a clockwise or counterclockwise direction, then the equation 

A + B + C = 0 holds. Prove the law of ines. 

Hl:\T: Cross multiply the equation separately by A and by B, a nd examine 

the magnitude relation of the products. 

P.2-3 Given three vector A. B, and C as follow : 

find 

A = ax6 + ar 2 - a=3. 

B = a,4 - a16 + a=l2. 

C = a,5 - a=2. 

a) a8 • 

b) IB - AI, 

c) the component of A in the direction of B, 

d) B·A. 

e) the component of B in the direction of A, 

f) 0 18• 

g) A x C. and 

h) A· (B x Cl and (A x B) · C. 

P.2-4 Let unit vectors a_., and a11 denote the direction of vecto rs A a nd Bin 

the xy-plane that make angle, rt. and {3, re pect ively, with the x-ax is. 

a) Obtain a formula for the ex pan ion of the co ine of the d ifference o f two 

angle . co · (:c - /J). by taking the calar product a A · a8 . 

b) Obtain a formula for · in(~ - /1) by taking the vector p roduct a 8 x a A. 

P.2-5 The three corners of a right triangle arc at Pi(l,0,2). P 2(-3, I, 5), and 

P3(3. - 4,6). 

a) Determine which corner is a right angle. 

b) Find the area of the triangle. 
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P.2-6 Given t\.VO points P 1( - 2, 0. 3) and P2(0. 4, - I), find 

a) the length of the line joining P 1 and P 2• and 

b) the perpendicular distance from the point P3(3. I, 3) to the line. 

P.2-7 Given vector A = a ~5 - a.1.2 + a=. find the expression of 

a) a unit vector a8 such that a8 II A. and 

b) a unit vector ac in the xy-plane uch that a, .L A. 

P.2-8 Decompose vector A= a,2 - ar 5 + a=3 into two components. A 1 and 
A2 , that arc, respectively, perpendicular and parallel to another vector 
B = - ax+ ar4. 

P.2-9 Equation (2-15) in Example 2-2 describes the srnlar triple products of 
three vector A. B, and C. There is another important type of product of three 
vectors. rt i a vector triple product , A x (B x C). Prove the following relation 
by expansion in Cartesian coordinate : 

I A x (B x C) = B(A . C) - C(A. 8 ). (2-113) 

Equation (2-113) is known as the "BAC-CAB" rule. 

P.2-10 Find the component of the vector A = ax= - a=x at the point 
? 1( - 1,0, - 2) that is directed toward the point P2(v 3. 150 . I). 

P.2-l l The position of a point in cylindrical coordinates is given by 
(3, 4rr/3, - 4). Specify the location of the point 

a) in Cartesian coordinates, and 
b) in spherical coordinates. 

P.2-12 Find the re ·ults of the following products of unit vectors: 

a) a</> . ax, 

b)aR·a_,. , 

c)a =·aR. 

d) a</> x a.,,, 

e) a, x aR, 

f) a11 x a=. 

P.2-13 Express the r-component. A,. of a vector A 

a) in terms of A _, and Ar in Cartesian coordinate-, and 

b) in terms of AR and A 0 in spherical coordinates. 

P.2-14 Express the 0-component. 1:·0 • of a vector E 

a) in terms of E, . Er, and E= in Cartesian coordinates, and 

b) in term· of£, and E= in cylindrical coordinates. 

P.2-15 Given a vector field in spherical coordinates F = au( 12 R2
). 
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a) find F and Fr at the point P(- 2, -4, 4), and 

b) find the angle that F makes with the vector A = a_,2 - ar3 - a,6 at P. 

P.2-16 Given a vector field F = axy + aJ .. x-, evaluate the integral .f F · dt from 
P 1(2, I, - 1) to P 2(8, 2, - 1) 

a) along the straight line joining the two points, and 

b) along the parabola x = 2y2
. 

rs this F a conservative field? Explain. 

P.2-17 Denote the position vector to a point P(x, y, z) by R. Determine V(l / R) 

a) in Cartesian coordinates, and 

b) in spherical coordinates. 

P.2-18 Given a scalar field V = 2xy - y::: + x:::. 

a) find the vector representing the direction and the magnitude of the 
maximum rate of increase of Vat point P(2, - 1,0), and 

b) find the rate of increa e of Vat point Pin the direction toward the point 
Q(0, 2.6). 

P.2-19 In a curvilinear coordinate system the differentiation of a ba e vector 
may lead to a new vector in a different direction. 

a) Determine da, /d<P and da"' /d¢ in cylindrical coordinates. 

b) Use the results in (a) to find the formula for V ·A 1n cylindrical 
coordinates by using Eqs. (2-57) and (2-31). 

P.2-20 Find the divergence of the following radial field ' : 

a) f1(R) = aRR". 

b) / 2(R) = aRk/ R2
, where k is a constant. 

P.2-21 Given a vector field F = a _. xy + arr: + a=:::x, 

a) compute the total outward flux from the surface of a unit cube in the 
first octant with one corner at the origin, and 

b) find V · F and verify the divergence theorem . 

P.2-22 For a vector function A= a,r 2 + a=2:::. verify the divergence theorem 
for the circular cylindrical region enclo, ed by r = 5, ::: = O. and z = 4. 

P.2-23 For a vector function A= a=:::. 

a) find pA · ds over the surface of a hemispherical region that is the top 
half of a sphere of radius 3 centered at the origin with its flat base 
coinciding with the xy-plane, 

b) V ·A, and 

c) verify the divergence theorem. 

P.2-24 A vector field D = aR(cos 2 ¢)/ R 3 exist 111 the region between two 
spherical hells denned by R = 2 and R = 3. Evaluate 

a) pO·ds, and 

b) .f V · Ddr. 
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P.2-25 For a scalar function I and a vector function A, prove 

I v. (fA) =f . A+ A. \7/' I (2-114) 

in Cartesian coordinates. 

P.2-26 Assume a vector field A = a x(2x2 + y 2
) + a r(xy - y2

). 

a) Find ~A · dt around the triangular contour shown in Fig. 2-27. 

b) Find p(V x A) · ds over the triangular area. 

c) Can A be expres ed a the gradient of a scalar? Explain. 

·' 

2 

L----t---":'---- .\ 
0 2 

FIGU Rf:. 2-27 Graph for Problem P.2-26. 

P.2-27 Assume a vector function F = a,Sr si n ¢ + a"'r2 cos¢. 

\ ' 

c 

B 

a) Evaluate ~ F · dt around the contour A BCD A in the direction a 
indicated in Fig. 2-28. 

b) Find V x F. 

c) Evaluate f (V x F) · ds over the shaded area and compare the result 
with that obtained in Part (a). 

A D 

FIG LJRr: 2-28 Graph for P roblem P .2-27. 
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P.2-28 Given a vector function A = a"'3 in (c/J /2). verify Stokes·._ theorem over 
the surfacl! of a hemi ·pherical bowl of radius 4 and its circular rim. 

P.2-29 For n calnr fum:tion f and a vector function G, prove 

x (/G ) = .f(V x G) + {V () x G 

in Cartesian coordinate . 
P.2-30 Given a vector function 

F = aJx + 3_r - c 1:) + ay(c 2x + 5:) + a=(2x c3 .r + c4 :). 

a) determine c,. c2 , and c3 if Fis irrotational. and 
b) determine c4 if F i.., al o olenoidal. 

(2-115) 
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3 - 0 V E R V I E W Static electric fields are caused by stationary 

electric charges. When we walk over a carpet in a dry room and touch a metal 

doorknob, we often draw a spark. This is because the static charge produced on 

our body a a re ult of rubbing hoe sole again t the carpet tend to congregate on 

harp points like fingertips and jump aero s the air to the doorknob. The 

potential difference generated may be several thousand volts, but no serious harm 

results, except for a minor shock, as the amount of charge involved is usually very 

small. Another example of static electricity is the phenomenon of a thin outer 

ga rment clinging to inner clothing of a different material due to opposite charges 

produced by relative motion and friction. 

Electrostatics is the study of the efTecl of electric charges at rest, and the 

electric fields do not change with time. Although it is the simple t situation in 

electromagnetics, its mastery is fundamental to the understanding of more 

complicated electromagnetic models. The explanation of many natural phe­

nomena (such as lightning and corona) and the principles of some important 

industrial applications (such as oscilloscopes, ink-jet printers, xerography, 

capacitance keyboards and liquid crystal displays are based on electrostatics. A 

number of books on special applications of electrostatics have been publishcd.t 

1 A. Klinkenberg and J. L. van der Minne, Elec1roscmics in the Perroleum Industry. Elsevier, 
Amsterdam, 1958. J . H . Dessauer and H. E. Clark. Xerography and RelaJed Processe, Focal 
Press. London, 1965. A. D. Moore (Ed.), Electrostatic. and /rs Applicutions, John Wiley. New 
York, 1973. C. E. Jewett , t:lec1ro.srarics in the Electrnnics Em·irm1111enr, John Wile}, New York, 
l 976. J. C Crowley, Fundamemals of Applied J::/eccrnsrarics, John Wiley, ew York, 1986. 
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Static Electric Fields 

A deductive 
approach 

Historically. quantitative relations in electrostatics began with the experi­

ment of Charle Augustin de Coulomb, who formulated in 1785 what is now 

known as Coulomb's law. Later, Karl F. Gauss developed Gauss's law, and other 

scientists and engineers contributed variou additional important results con­

cerning tationary electric charge . The theory of static electric field was 

gradually built up. This method of starting with experimental laws and syn the iz­

ing them in the form of Maxwell's equations i an i11duc:tire approach. It is an 

approach usually followed in an introductory physics course. 

Bccau e the variou re ults were obtained by uncoordinated individuals at 

different times. the inductive approach tends to appear fragmented and in­

cohesive. In this book we prefer to use a deductire approach, which, as we have 

indicated in Section 1-2, i more concise and logical; it enables us to develop 

electromagnetics in an orderly way. 

For the ' tudy of tatic electric fields in free space we define an electric field 

inten ity vector by specifying its divergence and its curl. These constitute the 

fundamental po tulates. from which we derire Coulomb's law and Gauss's law 

that together can be u ed to determine the electric field due to various charge 

distribution . The effects of conductors and dielectric in electrostatic field are 

then examined. Electrostatic potential is introduced, and the relations between 

electrostatic energy and forces explored. In situation where the exact charge 

distributions are not known everywhere but certain condition at the boundaries 

must be atisfied, additional solution techniques are needed. We will discuss the 

73 
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proced ure for solvin g simple Poisson's and Laplace's equations and explain 
the method of images. 

3-2 FUNDAMENTAL POSTULATES OF ELECTROSTATICS IN FREE SPAC E - --

Electr ic field 
intensity 

SI unit for E is 
(V/ m) . 

Divergence of 
electrostatic E in 
free space 

Curl of electrostatic 
E vanishes. 

For electrosta tics in free space we need lo consider only one of the four 
fundamental vector field quantities of the electromagnetic model discu sed in 

Section 1-2, namely, the electric field intensity E. Furthermore, only the 

permittivity of free space, E0, of the three universal constants mentioned in 

Section 1-3 enters into our formulation. 
Electric.field intensity is defined as the force per unit charge that a very 

sma ll statio nary test charge ex periences when it is placed in a region where an 

elec tric field exists. That is, 

. F 
E = ltm -

q-0 q 
(V /m). (3-1) 

The electric field intensi ty E is, then, proportional to and in the direction of 

the force F. If F is mea ured in newton · (N) and charge q in coulombs (C), 

then Eis in newtons per coulomb (N/C), wh ich is the same as volts per meter 

(V/m). The test charge q, of course, cannot be zero in practice; as a matter of 
fact. it cannot be less than the charge on an electron. However, the finiteness 
of the test charge would not make the measured E differ appreciably from its 

calcula ted va lue if the te t charge is small enough not to di turb the charge 
distribution of the source. An inverse relation of Eq. (3-1) gives the force Fon 

a stationary charge q in an electric field E: 

IF= qE (~). I (3-2) 

The 1wof1111dume111a/ postulates of!!leclrosrarics infi·ee space specify the 
divergence and the curl of E. They are 

and 

~ 
~ 

V x E = 0. 

(in free space) (3-3} 

(3-4) 

In Eq. (3-3). p,. is the vo lume charge density of free charge (C/m 3
), and Eo is 
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the permittivity of free pace, given in Eq. (1-11). Equation (3-4) asserts that 

static electric fields are irrotational, whereas Eq. (3-3) implies that a tatic 

electric field is not solenoidal unless p,. = 0. These two postulates are concise, 
imple, and independent of any coordinate ·ystcm; and they can be used to 

derive all other relations, laws, and theorems in electrostatics. 

Equations (3-3) and (3-4) are point relations; that is, they hold at every 

point in space. They arc referred to as the differential form of the postulates of 

electrostatics, since both divergence and curl operations involve spatial 

derivatives. In practical applications we are usually interested in the total 
field of an aggregate or a distribution of charge . This is more conveniently 

obtained by an integral form of Eq. (3-3). Taking the volume integral of both 

sides of Eq. (3-3) over an arbitrary volume V, we have 

I V · Edr = ~ I p,,dr. (3-5) 
v Eo J1 

In view of the divergence theorem in Eq. (2-75), Eq. (3-5) becomes 

(3-6) 

where Q i the total charge contained in volume V bounded by surface S. 

Equation (3-6) is a form of Gauss's law one of the most important relations 

in elec trostatic . We will discuss it further in Section 3-4, along with 
illustrative examples. 

An integral form can also be obtained for the curl relation in Eq. (3-4) 

by integrating V x E over an open surface and invoking Stokes's theorem as 
expressed in Eq . (2- 103). We have 

(in free space) (3-7) 

The line integral i performed over an arbitrary closed contour C. Equation 
(3-7) asserts that the scalar line integral of the static electric field intensity 

around any closed path vanishes. The scalar product E · dt integrated over any 

path is the voltage along that path. Thus Eq. (3-7) is an expression of 

Kirchhoff's voltage law in circuit theory that the algebraic s11m of voltage drops 

al'011nd any closed circuit is :ero. 

Equation (3- 7) also implies that the scalar line integral of the irrota­

tional E field from one point (say P 1) to any other point (say P 2 ) along any 

path i cancelled by that from P 2 to P 1 along any other parh; that is, the line 

integral <?( a static electric .field depends only 011 the end points. As we shall see 

in Section 3-5. the line integral of E from point P 1 to P 2 represents the work 
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Two fundamental 
postulates of 
electrostatics in free 
space 
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done by E in moving a unit charge from P 1 to P 2. Hence Eq. (3-7) says that 

the work done in moving a unit charge around a closed path in an 
electrostatic field is zero. It is a statement of conservation of work or energy 

in an electrostatic field . This is the reason allowing us to say that an 
irrotational field i a conservative field.t 

The two fundamental postulates of electrostatics in free space are 
repeated below because they form the foundation upon which we build the 

tructure of electrostatics. 

Postulates of Electrostatics in Free Spaci 

Differential Form Integral Form 

V·E = Pv f E·ds = Q 
Eo S Eu 

VxE=O fc E·dt = 0 

We consider these postulates, like the principle of conservation of charge, to 
be representations of laws of nature. In the following section we shall derive 

Coulomb's law. 

3-3 COULOMB ' S LAW 

A Gaussian surface is 
a hypothetical 
surface over which 
Gauss's law is 
applied . 

We consider the simple t possible electro tatic problem of a single point 
charge, q, at res t in a boundless free space. In order to find the electric field 

intensity due to q, we draw a spherical surface of an arbitrary radius R 
cen tered at q- a hypothetical enclo ed surface (a Gaussian swj'ace) around 
the source, upon which Gauss' law is applied to determine the field . Since a 
point charge has no preferred directions, its electric field must be everywhere 

radial and ha s the same intensity at all points on the spherical surface. 

Applying Eq. (3-6) to Fig. 3-l(a), we have 

rh E·ds = rh (aRER)·aRds = !i , Js Js Eo 

or 

1We recall from mechanics that the gravitational field is a con erva 1i ve field . 



Electric field 
intensity of an 
isolated point charge 
at the origin 

• EXERCISE 3.1 

3-3 Coli LOMB'S LA w 

//...---- ...... , l"J" 
/ '/( 

/ / 
I R / \ 

I / \ 
I / I 

I /'aR \ 
I </ I 
\ I 
\ I 

\ / 

' / 
................... // 

""'----
(a) Point charge at the origin. 
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(b) Poinl charge nol at the origin. 

FIGURE 3- 1 Electric field intensity due to a point charge. 

Therefore, 

(V/m). 
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(3-8) 

Equation (J-8) tclb u · that the electric field intensity of a positive point charge 

is in the outwai•d radial direction and has a 11wg11itude proportional to the 

charge and inversely proportional to the square of the distance from the charge. 
Thi s is a very important ba. ic formula in electrostatics. A nux-line graph for 

the electric field intensity of a positive point charge q will look like Fig. 

2-l 7(b). 

Verify that the E field in Eq. (3-8) atisfies Eq . (3-4) and hence i conservative. 

If the charge q is not localed at the origin of a chosen coordinate system, 

·uitablc changes should be made to the unit vector aR and the distance R to 

rcnect the locations of the charge and of the point at which E is to be 

determined . Let the position vector of q be R' and that ofa field point P be R, 

as shown in Fig. 3-l(b). Then, from Eq . (3-8), 

q 
Ep = aqP 4n::1::0\R-R'\2 . (3-9) 

where a qP is the unit vector drawn from q to P. Since 

R - R' 
a - - - -

qP - IR - R'[' 
(3-10) 
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isolated point charge 
at an arbitrary 
location 

EXAMPLE 3-1 
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we have 

q(R - R') 
Ep = --- --

4nE0j R - R 'j 3 
(V/ m). (3-11) 

Determine the electric field intensity at P( - 0.2. 0. - 2.3) due to a point 
charge of +5 (nC) at Q(0.2. O. l. - 2.5) in air. All dimensions arc in meters. 

SOL T ION 

The position vector for the field point P 

R =O P = - a_.0.2 - aJ3. 

The position vector for the point charge Q is 

R' = OQ = a., 0.2 + aYO. l - a= 2.5. 

The difference is 

R - R' = - a,0.4 - ayo.r +a=0.2. 

which has a magnitude 

IR - R' I = [( - 0.4) 2 + ( - 0.1 )2 +(0.2J 2
]

112 = 0.458 (m). 

Substituting in Eq. (3-11 ), we obtain 

E _ (-1-) Q( R R ') 
p - 4nE0 IR - R' l3 

9 5 x JO 9 

= (9 x 10) 0.4583 (-a.,0.4-aYO.I +a=0.2) 

= 214.5(-ax0.873- ay0.218 + a=0.437) (V im). 

The quantity within the parentheses is the unit vector aQI' = (R - R')/ 
IR - R' I, and E,, has CJ magnitude of 214.5(Y/m). 

NOTE: The permittivity of air is essentially the same as that of the free space. 
The factor l/{4n€0 ) appears very frequently in electrostatics. From Eq. ( l-l l) 
we know that Eo = l/(c 2p0 ). But fl o = 4n x 10 1 (H 'm) in ST unit~; so 

I ;.10c2 
_, , 

-- = -- = 10 · c· 
4n€0 4n 

(m, n (3-12) 

exactly. lf we use the approximate value c = 3 x 108 (m;s), then l / (4rrE0 ) 

= 9 x 109 (m/F). 
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• EXERCISE 3.2 

EXAMPLE 3-2 

Electrostatic 
deflection system of 
a CRO 
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Wht:n a point c;hargt: q2 is plac;t:d in I h<:: field uf anolh1.:r point c;hargt: q 1, 

a force F 1 2 is experienced by q2 due to electric field intensity E, 2 of q 1 at q2 . 

Combining Eqs. (3-2) and (3-9), we have 

(N). (3-13) 

Equation (3-13) is a mathematical form of Coulomb's law. It states that the 

force between two point charges is proportio11al to the product of the charges 

and inversely proportional to the square of the distance of separation. We note 
from Eq. (3-13) that F 12 is a force of repulsion when q 1 and q2 are both 

positive or both negative (the direction of a 1 2 is from q 1 to q2 , and the 
product q 1q2 is positive), and a force of attraction when q 1 and q2 are of 

opposite signs (the product q 1q2 is negative). 

Given two point charges: q, = IO(~tC} at (2,0, - 4) and q2 = -60(µC) at (0, -1, -2), 
determine 

a) the electric field intensi ty at q 1 due to q2 , and 

b) the magnitude or the force experienced by q, . 

All dimensions are in meters. 

ANS. (a) -20(ax2+ a,. - a=2)(kV/ m), (b) 0.6 (N). attraction. 

The electrostatic deflection system of a cathode-ray oscilloscooe is depicted in 

Fig. 3-2. Electron, from a heated cathode are given an initial velocity 

u0 = a=u0 by a positively charged anode (not shown). The electrons enter at 

z = 0 into a region of deflection plates where a uniform electric field 

Ed= - ayEd is maintained over a width w. Ignoring gravi ta ti onal effects, find 

the vertical deflection of the electron on the fluorescent screen at z = L. 

FIGURE 3-2 Electrostatic deflection system of a cathode-ray oscilloscope 
(Example 3-2). 

Screen '-..._,_ 

Cathode 

l 
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SOLUTION 

Since there is no force in the .:-direction in the .: > 0 region, the horizontal 

velocity u0 is maintained. The field Ed exerts a force on the electrons each 

carrying a charge - e. cau ing a deflection in the y-direction: 

F = ( - e)Ed = ayeEd. 

From Newton's second law or motion in the vertical direction we have 

where m is the mas or an electron. Integrating both ides, we obtain 

where the constant of integration is set to zero because ur = 0 at t = 0. 
Integrating again, we have 

The constant of integration is again zero because y = 0 at t = 0. Note that the 

electrons have a parabolic trajectory between the deflection plate . At the exit 

from the deflection plate , r = w/u0 , 

eEd (w )2 

di=- -
2111 u0 

and 

( w) eEd(w) uy 1 =uy atr=- =- - . 
u0 m u0 

When the electrons reach the screen, they have traveled a further horizontal 
distance of (L - w), which takes them (L-w)/u 0 seconds. During that time 

there is an additional vertical deflection 

Hence the deflection at the screen is 

Ink-jet printers used in computer output, like cathode-ray oscillo­

scopes, are devices based on the principle of electrostatic deflection of a 



Principle of 
operation of ink-jet 
printers 
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stream of charged particle . Minute droplet of ink are forced through a 
vibrating nozzle controlled by a piezo-electric transducer. Variable amount 

of charges are imparted to the ink droplets, as determined by computer 
output. The charged ink droplets then pass through a pair of deflection plates 
where a uniform static electric field exists. The amount of droplet deflection 
depends on the charge it carries. As the print head moves in a horizontal 

direction, the ink droplets strike the print surface at various locations from 
the nozzle and thus form a printed image. 

3-3.1 ELECTRIC FIELD DUE TO A SYSTEM OF DISCRETE CHARGES 

Electric field 
intensity of a system 
of discrete point 
charges 

Suppose an electrostatic field is created by a group of n discrete point charges 
located at different positions. Since electric field inten ity is a linear function 
of (proportional to) aRq/ R 2

, the principle of superpo ition applies. and the 
total E field at a point i the veccor sum of the fields caused by all the 
individual charges. Let the positions of the charges q1, q2 , .•• , q,, (source 
point ) be denoted by position vectors R'i, R'2 . . .. , R;,, and the position of the 
field point at which the electric intensity i to be calculated be denoted by R. t 
We can write, from Eq. (3-11) 

or 

E = _ 1_ [C/1(R-R'1) q 2 (R -R~) ... 4n(R - R~)J 
4rrE0 IR - R'11

3 + IR- R'2 l
3 + + I R - R~l 3 • 

E=-L- f lfk(R-R~) 
4n:Eok = t I R - R~I 

(V/m). (3-14) 

Although Eq. (3-14) is a uccinct exprc ion. it i somewhat inconvenient to 
use because we often need to add vectors of different magnitudes and 
directions. A simpler approach would be to find E from the electric potential. 
This will be discussed in Section 3-5. 

3-3 .2 ELECTRIC FIELD DUE TO A CONTINUOUS DISTRIBUTION OF CHARGE 

The electric field caused by a continuous distribution of charge can be 
obtained by integrating (superpo. ing) the contribution of an element of 
charge over the charge distribution. Refer to Fig. 3-3, where a volu me charge 

'When there is a need to distinguish the notation for the location of a so urce point from that of a 
field point, we follow the accepted convention of using primed coordinates for the former and 
unprimed coordinates for the lauer. 
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Electric field 
intensity of a volume 
d istribution of 
charge 

Electric field 
intensity of a surface 
distribution of 
charge 

Electric field 
;..,tensity of a line 
charge 
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p 
• 

FJGURE 3-3 Electric field due to a continuous charge distribution. 

distribution is shown. The volume charge density p,,(C/m3
) is, in general, a 

function of the coordinates. Since a differential element of charge behaves like 

a point charge, the contribution of the charge Pvdii' in a differential volume 
element dv' to the electric field intensity at the field point P i,1, 

p, tfr' 
dE=a/{ -

4 
- R 1 • 

1tEo ~ 

We have 

E - _ I _ I p,. I I 

4rrEo , .. aR Ri C. l' 

(3-15) 

(V/m). (3-16) 

If the charge is distributed o n a surface with a surface charge density 

Ps(C/m 2
), we write 

(V m). (3-17) 

For a line charge we have 

I f Pt ' E =-
4

- a/{ - 1 di 
rrE0 i · R-

(Y/m), (3-18) 

where p1 (C/ m) i. the line charge density, and L' the line (not necessarily 
straight) along which the charge is di tributed. 
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Determine the electric field intensity of an infinitely long, straight, line charge 

of a uniform density Pt (C/m) in air. 

SOLUTION 

Let us assume that the line charge lies along the z'-axis as shown in Fig. 3-4. 
We are perfectly free to make this assumption because the field does not 
depend on how we designate the line. Note the convention of using primed 
coordinates for source points and unprimed coordinates for .field poillls. 

The problem asks us to find the electric field intensity at a point P, 
which is at a distance r from the line. Since the problem has a cylindrical 
symmetry (that is, the electric field is independent of the azimuth angle¢), it 
would be most convenient to work with cylindrical coordinates. We rewrite 
Eq. (3-18) as 

l I R E = -- Pr -3 dt ' 
4nE0 i · R 

(V /m). (3- l 8a) 

For the problem at hand, Pt is constant, and a line element dt' =dz' is chosen 
to be at an arbitrary distance z' from the origin . It is most important to 

FIGURE 3-4 An infinitely long, straight, line charge. 

-· 

T ,,, 
-· 

l O'-------~-•.d£r ,. ' 
' 
' dE_------'dE 
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Electric field 
intensity due to an 
infinite stra ight l ine 

charge of uniform 
density 

• EXERCISE 3.3 
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remember that R is the distance vector directed from the source to the field 
point, not the other way around. We have 

(3-19) 

The electric field d E due to the dilfcrcntial line charge clement Pt dt ' = 
Prdz' is 

(3-20) 

where 

I . - Prrd::' 
c E, - 2 ,? 3 , 

4n:E0 (r +::: -) - (3-21 J 

and 

- p1 z' d::' 
dE_ = i ,, J i . 

- 4nE0(r +: -) ' (3-21) 

In Eq. (3-22) we have decomposed dE into its components in the a, and a= 

d irection . For every Pt dz' at + ::' there is a charge element Pt d::' at -z' that 
will produce a dE with components dE, and -dE=. Hence the a= component 
will cancel in the integration proce , and we only need to integrate the dE, in 
Eq. (3-21): 

Ptr f' d::' 
E = a,£, = a, 4nEo r (r2 + :'2)312 , 

or 

(V/ m). (3-23) 

Equation (3-23) is an important result for an infinite line charge. Of course, no 
phy ical line charge is infinitely long; nevertheless, Eq. (3-23) give the 
approximate E field of a long straight line charge at a point close lo the line 
charge. 

Assuming that an infinitely long line charge or 50 (pC/ m) parallel to the y-axis at 
x = 2 (m) and : = l (m), determine the electric intensity at the point (-1, 5. - 3). 

ANS. - 0.18(a,,0.6 a=0.8)( V/m). 
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3-4 GAUSS ' S LAW AND APPLICAT IONS -

Gauss's law 

Proper choice of 
Gaussian surface 

EXAMPLE 3-4 

Gauss's law follows directly from the divergence postulate of electrostatics, 
Eq. (3-3). by the application of the divergence theorem. It was derived as Eq. 

(3-6) and is repeated here because of its importance: 

~ 
~ 

(3-24) 

Gauss's law asserts that the total outward flux of the E-field over any closed 

u1f ace ;,, free space is equal to the total charge enclosed in the surf ace divided 

by E0• We note that the surface S can be any hypothetical (mathematical) 

closed swface chosen for contenience; it docs not have to be, and usually is 
not. a physical surface. 

Gauss's law is particularly useful in determining the E-field of charge 
distributions with some symmetry conditions, such that the normal com­

ponent ofihe electric.field intensity is constant over an enclosed surface. In such 

cases the surface integral on the left side of Eq. (3-24) would be very easy to 
evaluate. a nd Gaus 'slaw would be a much more efficient way for findi ng the 

electric field intcn ity than Eqs. (3-16) through (3- I 8a). 

On the other hand. when symmetry conditions do not exist, Gauss's law 
would not be of much help. The essence of applying Gauss's law lies first in 
the recognition of symmetry conditions and second in the suitable choice of a 

surface over which the normal component of E resu lting from a given charge 
distribution is a con tant. uch a surface i referred to as a Gaussian surface. 

This basic principle was used to obtain Eq. (3-8) for a point charge that 
possesse spherical symmetry; consequently. a proper Gaussian surface is the 

surface of a sphere centered at the point charge. 

Use Gaus ·s law 10 determine the electric field in tensi ty of a n infinitely long, 
straight. line charge of a uniform density p1 in ai r. 

SOL TIO 

This problem was solved in Example 3-3 by using Eq. (3-18). Since the line 

charge is infinitely long, the resultant E field mu t be radial and per­

pendicular to the line charge (E =a,£,), and a component of E a long the line 
cannot exist. Taking advantage of cylindrical symmetry, we cons truct a 

cyli ndrical Gau sian surface of a radius rand an arbitrary length L with the 

line charge as its axis, as shown in Fig. 3-5. On thi surface,£, is constant, and 
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Cylindrical 
Gau~-.ian 

~urface 

lnfinitclv Ion!! 
uniform-line -
charge, p

1 

FIGURE 3-5 Applying Gauss's law to an infinitely long line charge (Example 3-4). 

ds= a,rd</;d::. We have 

t f1,j•2n 
E · ds = E,r dc/J d::. = 2nrLE,. 

s 0 0 

There is no contribution from the top or the bottom face of the cylinder 

because on the top face ds = a=r dr def> but E has no ::.-component there, 

making E · ds = 0. Similarly for the bottom face. The total charge enclosed 
in the cylinder is Q = p1L. Substitution into Eq. (3-24) give, us immediately 

or 

2nrLE = PtL 
r 

Eo 

Pr E = a,£, = a, --
2nE01· 

This result is the amc as that given in Eq. (3-23), but we arrived at it here in a 

much impler way. otice too that the length L of the cylindrical Gaussian 

surface does not appear in the final expression, so we could have cho en a 

cylinder of a unit length. 

NOTE: The same cylindrit:al Gau sian surface does not work if the line charge 

is of a finite length. Do you know why? 
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Dclermine the electric field intensity of an infinite plana r charge with a 
uniform surface charge density µ_,. 

SOLLTIO"I 

The E field caused by a charged sheet of an infinite ex tent is normal to the 

sheet. Equation (3-17) could be u ed to find E, but this would involve a 
double integration between infinite limits of a general expression of 1/ R 2

. 

Gauss' law can be used to much advantage here. 
We choose as the Gaussian surface a rectangula r box with top and 

bottom face of an arbitrary area A equidis tant from the planar charge, as 
shown in Fig. 3-6. The sides of the box arc perpendicular to the charged sheet. 
If the charged sheet coincides with the \'.}'-plane, then on the top face , 

On the bottom face, 

Since there is no contribution from the side faces, we have 

The total charge enclosed in the box is Q = p_,A. Therefore, 

2E_A = p,A 
- Eo 

FJGURE 3-6 Applying Gauss's law to an infinite planar charge (Ex ample 3-5). 

I 

Gaus~ian 
~urf;ice 

Infinite uniform 
'urlact: charge. p, 

~A 

~ ' . ' 
Arca-ir ,. ' 
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Comparing lighting 
schemes 

EXAMPLE 3-6 
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from which we obtain 

= > 0. (3-25a) 

and 

= < 0. (3-25b) 

The charged sheet does not always coincide with the .\·y-plane ( o we do not 
alway speak in terms of "above·· and "below" the plane), but the E field 

always points away from the sheet if p, is positive. The Gaussian surface we 
chose could have been a "pillbox" of any shape, not ncce sarily rectangular 

one. 

NOTE: No suitable Gau sian surface can be chosen in thi Example if the 
planar charge is not of infinite extent in both dimensions or is not fiat. Can 

you explain why? 

The lighting scheme of an office or a classroom may con ist of 

incandescent bulb ·. long Auorescent tubes, or ceiling panel lights. These 

correspond roughly to point ources, line source , and planar ources. 

respectively. From Eqs. (3-8), (3-23). and (3-25) we can estimate that light 
intensity will fall ofT rapidly- as the qua re of the distance from the source­

in the case of incandescent bulbs, Jes · rapidly - a the first power of the 

distance - for long nuore cent tubes. and not al all for ceiling panel light . 

Determine the E field caused by a spherical cloud of electron with a volume 

charge density p, = - p0 for 0 ~ R ~ b (both p0 and h arc positive) and p,. = 0 
for R > h. 

SOLLTIO'\ 

First we recognize that the given source condition has spherical symmetry. 
The appropriate Gau sian urfaccs mu l therefore be concentric spherical 

surface . We must find the E field in two regions, as shown in Fig. 3-7. 

a) 0 ~ R ~ b 
A hypothetical spherical Gaussian surface S; with R < h is constructed 
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FIGURE 3-7 Electric field inten~ity of a spherical electron cloud (Example 3-6). 

within the electron cloud. On this surface, Eis radial and has a constant 
magnitude: 

ds = aR ds. 

The total outward E flux i. 

! E · ds == ER f ds = ER4rrR 2
. Js. S1 

The total charge enclo cd within the Gaus ian urface i ' 

Q=f p,.lfr 

J 
411 3 

= - p,, 
1 

dr = - p" 
3 

R 

Sub. titution into Eq. (3-6) yield 

E = - aR _3Po R, 
- Eo 

0 ~ R ~ h. 
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• EXERCISE 3.4 

• EXERCISE 3.5 
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We see that within the uniform electron cloud the E field is directed 

toward the center and has a magnitude proportional to the di tance 

from the center. 

b) R ~ b 
For this case we construct a spherical Gau sian surface S

0 
with R > h 

outside the electron cloud. We obtain the . amc expression for ~.s .. E · ds 
as in case (a). The total charge enclosed is 

Consequently, 

{J hJ 
E = - a - 0

-
1< 3E

0
R2 . 

R ~ h. 

Notice that this relationship follows the inverse square law and could 
have been obtained directly from Eq. (3-8). We see that outside the 

charged cloud. the E field is exactly the same as if the total charge has 

been concentrated on a ·ingle point charge at the center. This re ult 

hold . in general, for any spherically symmetrical charged region even 

when p,, i a function of R. 

Given E = a,(20/ r 2
) (m V / m) in rree space, find p,. at the point (3. - 4, 1) (cm). 

A s. - 1.42 (nC/m3
). 

A positive charge Q is uniformly distributed on a very thin spherical shell of radius h in 
air. Find E everywhere. Plot IEI ver. us R. 

A1'S. 0 for 0 < R < h: aR(Q 4nE0R2l for R > /1 . 

3-5 ELECTRIC POTENTIAL 

Electrostatic field 
intensity from 
electric potential 

Earlier, in connection with the null identity in Eq. (2- !05), we noted that a 

curl-free vector field could always be expressed as the gradient of a sca lar 

field. We can then define a scalar electric potential V from Eq. (3-4) such that 

(3-26) 

because scalar quantitie arc easier to handle than vector quantities. lfwe can 

determine V more easily, then E can be found by a gradient operation, which 

is a straightforward differentiation proces . The reason for the inclu ion of a 

negative sign in Eq. (3-26) will be explained presently. 



Electrostatic 
potential difference 
between P 2 and P , 
equals the work done 
in moving a unit 
charge from P, to P 2 
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Electric potential does have physical significance. and it is related to 

the work done in carrying a charge from one point to another. In Section 3-2 
we defined the electric field intensity as the force acting on a unit test charge. 
Therefore in moving a unit charge from point P 1 to point P2 in an electric 

field. work must be done agai11sr the field and is equal to 

W f P1 
- = - E·dt 
q p , 

(J/C or V). (3-27) 

Many paths may be followed in going from P 1 to P 2 • Two . uch paths are 
drawn in Fig. 3-8. Since the path between P 1 and P2 i ;iot specified in Eq. 

(3-27). the question naturally arises: How docs the work depend on the path 
taken? A little thought will lead us to conclude that W /q in Eq. (3-27) should 

not depend on the path; ifit did, one would be able to go from P 1 to P2 along 
a path for which W is mailer and then to come back to P 1 along another 

path. achieving a net gain in work or energy. This re ult would be contrary to 

the principle of conservation of energy. We ha vc alre.:idy alluded to the path­

independent nature of the scalar line integral of the irrotational (conservative) 

E field when wc discussed Eq. (3-7). 

Analogous to the concept of potential energy in mechanics, Eq. (3-27) 
repre ent the difference in electric potential energy of a unit charge between 

point P2 and point P 1• If we denote the electric potential energy per unit 

charge by V (the electric potential) we have 

(V). (3-28) 

What we have defined in Eq. (3-28) i' a potential difference (electrostatic 

voltage) between points P 2 and P 1• We cannot talk about the absolute 
potential of a point any more than we can talk about the absolute phase of a 

FIGURE: 3-8 Two paths leading from P 1 to P2 in an electric field. 
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Choosing a reference 
zero-potential point 

Electric field lines 
are perpendicular to 
equipotential lines 
and surfaces. 

• EXERCISE 3.6 
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FIGU RE 3-9 Relative directions of E and increasing V 

phasor or the absolute altitude of a geographical location. A reference zero­
potcntial point, a reference zero phase (usually at t = 0), or a reference zero 
altitude (usually at sea level) must first be specified. In most (bu t not a ll) cases 
the zero-potential point is taken at infinity. When the reference zero-potential 
point is not at infinity (for example, when it is at "the grou nd"), it should be 

specifically stated. 
We make two more important observations here about Eq. (3-28). First, 

the negative sign must be included in order to conform wi th the con vention 
that in going ayainst the E field the electric potential V increases. For 

instance, when a d-c battery of a voltage V0 is connected between two parallel 
conducting plates, as in Fig. 3-9, positive and negative charge accum ulate o n 
the top and bottom plates, respectively. The E field is directed from po itive 
to negative charge., while the potential increases in the opposite direction. 

Second , we know from Section 2-5, when we defined the gradient of a 
scalar field, that the direction of VV is normal to the urfaces of constant V. 
Hence if we use directedjield lines or flux lines to indicate the direction of the 
E field. they are everywhere perpendicular to equipotential lines and equipo­

tential surf aces. 

Determine the work done by the electric field E = a,, x - ay2y (V/ m) in moving a unit 
positive charge from position P 1(- 2, 0, 0) to position P2(5, -1 , 3). The distances are 
in(m). 

ANS. 9.5 (J). 

3-5.1 ELECTRIC POTENTIA L DUE TO A CHARGE DISTRIBUTION 

The electric potential of a point at a distance R from a point charge q referred 
to that at infinity can be obtained readily from Eq. (3-28): 

v = - JR(aR q 2)·(aRdR), 
7 4nE0 R 



Electrostatic 
potential of a point 
charge referred to 
infinity 

EXAMPLE 3-7 

which gives 

(V). (3-29) 

This i a calar quantity and depends on. besides q, only the distance R. The 
potential difference between any two points P1 and P 1 at distances R2 and 

R 1• respectively. from q is 

V21 = VP , - Vp, = 4:Eo (~ 2 - ~J. (3-30) 

The electric potential at R due to a system of n discrete charges q 1, 

q2 , ..•• q,, located at R',. R~ . .. . , R~ is, by superposition, the sum of the 
potentials due to the individual charges: 

(Y). (3-31) 

Since this is a scalar sum. it is, in general, easier to determine E by taking the 
negative gradient of V than from the vector um in Eq. (3-14) directly. 

An electric dipole consisting of cq ual and opposite point charges + q and - q 
separated by a small distanced is shown in Fig. 3-10. Determine the potential 
V and the electric intensity Eat an arbitrary point Pat a distance R » d from 
the dipole. 

FIGURE 3-10 An electric dipole. 

p 
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Finding electrostatic 
potential from 
electric dipole 
moment 

CHAPTER 3 STATIC ELECTRIC FI ELDS 

SOLUTION 

Let the distances from the charges + q and - q to the field point P be R + and 
R respectively. 

The potential at P can be written directly from Eq. (3-31 ). 

V = 4:E
0 

(RI+ - R
1
_). (3-32) 

If d « R, we write 

R + ~ ( R - ~ cos e) (3-33) 

and 

R _ ~ ( R + ~ cos 0). (3-34) 

Substituting Eqs. (3-33) and (3-34) in Eq. (3-32), we have 

V- - q ( 1 
47rEo d e R - - cos 

2 

= _ q_ ( d cos e ) '.::::'. q d cos o 
2 - 2 . 4nE0 2 d 

28 
4nE0 R 

R - - cos 
4 

(3-35) 

Equation (3-35) can be written as 

(V), (3-36) 

where p = qd is the electric dipole moment (SI unit: C · m). (The "approx­

imate" sign ( - ) has been dropped for simplicity.) 
The E field can be obtained from - VV. In spherical coordinates we 

have 

cv cv 
E = - V V = - aR - - a9 --oR R DO 

= p 3 (aR2 cos 0 + a0 sin (}). 
4nE0 R 

N ote that both V and E are independent of¢, as expected. 

( 3-3 7) 
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Electric potential due 
to continuous charge 
distributions 

EXAMPLE 3-8 
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An electric dipole at the origin has a dipole moment azO. 1 (nC·m). Find V and Eat (a) 
(0, 0, 5 (m)), and (b) (2(m). rr./3, rr.18). 

A1'S. (a) 36 (mV), a)4.4 (mV/ml: (b) 113 (mV), aR I 13+a097.4 (mV/m). 

The electric potential due to a continuou distribution of charge 

confined in a given region i. obtained by integrating the contribution of an 

element of charge over the charged region. We have, for a volume charge 

di tribution. 

V =-- - dl'' I J p,. 
4nE0 , .. R 

(Y). 

For urface charge di tribution. 

V = -- ds' I I p, 
4nE0 s· R 

and for a line charge, 

v = I I fll tit ' 
4n:E0 L ' R 

(V); 

(V). 

(3-38) 

(3-39) 

(3-40) 

We note here again that the integrals in Eqs. (3-38) and (3-39) represent 
integration. in three and two dimensions. respectively. 

Obtain a formula for the electric field intensity on the axis of a circular disk of 

radiu h that carries a uniform surface charge den ity Ps· 

SOLUTION 

Although the disk has circular symmetry, we cannot visualize a surface 
around it over which the normal component of E has a constant magnitude; 
hence Gauss's law is not u cful for the solution of this problem. We use Eq. 
(3-39). Working with the cylindrical coordinates indicated in Fig. 3-11, we 

have 

Js' = r' dr' d</>' 
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/'(0. 0. :::J 

x 

FIG RE J- 11 A uniformly charged di k (Example 3-8). 

and 

R - : 1 + r' 1
. 

- ' 
I he electric potential at the point P(O, 0, ~)referring to the point at infinity i 

'

I = _.!!__::_, _ . d ·' , , J.. 1 f ln f h r ' 
1 , 1 I ( 'I' 

4 7tE o 0 0 ( :- + r 2
) I -

(3-41) 

where the ab-.olute ign around : describes the fact that Vis the ame whether 

: i positive (a point above the disk) or : i negative (a point below the di J..). 
Thercf re. 

t' V 
E =- VV =- a-~ - (: 

REVIEW QL'E 110 . 

:> 0 (3-42a) 

: < 0. (3-42b) 

Q.3-1 Write 1he di!Terential form of the fundamcn1al postulate:-. of elcctrosta11cs in free 

pace. 

Q .3-2 oder ~'hat conditi on. will the electric field intensity be bolh soleno1dal and 
irrotatio nal? 
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Q.3-3 Write the integrai form of the fundamental po tulates of electrostatics in free 

space, and state their meaning in word . 

Q.3-4 Explain why an irrotational field i also known as a conservative field. 

Q.3-5 ln what way doe the electric field inten ity vary with distance for (a) a point 

charge? (b) an electric dipole? 

Q.3-6 State Coulomb's law. 

Q .3-7 State Gallss's law. Under what conditions is Gaus ' Jaw especially useful in 

determining the electric field intensity of a charge distribution? 

Q.3-8 Describe the ways in which the electric field intensity of an infinitely long, 

straight line charge of uniform density varies with distance. 

Q .3-9 If the electric potential at a point is zero, does it follow that the electrical field 

intensity is al o zero at that point? Explain. 

Q.3-IO If the electric field inten ity at a point is zero, doe it follow that the electric 

potential is also zero at that point? Explain. 

REM ARKS -------------------------

1. In determining the electric field intensity, E, of a charge distribution, it 
is simplest to apply G aus 's law if a symmetrical Gaussian surface 
enclosing the charges can be found over which the normal component 
of the field is constant. 

2. If a proper Gau ian surface can not be fo und, then it is simpler to find 
V (a scala r) first, a nd then obtain E from - VV. 

3. Directed fie ld lines (flux lines) are everywhere perpendicula r to 
equ ipotential lines and equipotenti al surfaces. 

3-6 MATERIAL MEDIA IN STATIC ELECTRIC FIELD 

Conductors, 
semiconductors. and 
dielectrics 

So far we have discussed only the electric field of stationary charge 
di~tributiu11s in free spal:e or air. We now examine the flcl<l behavior in 

material media. In general, we classify materials according to their electrical 
properties into three types: conductors, semiconductors, and insulators (or 
dielectrics) . In term of the crude atomic model of an atom consisting of a 
positively charged nucleus with orbiting electrons, the electrons in the 
outermost hells of the atoms of conductors are very loosely held and migrate 
ca ily from one atom to another. Most metal belong to this group. The 
electrons in the a toms of insulators or dielectrics, however, are confined to 
their orbit ; they cannot be liberated in normal circumstances, even by the 
application of an external electric field. The electrical properties of semicon­

ductors fall bet ween tho e of conductor and insulators in that they possess a 
relatively small number of freely movable charges. 
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In term of the band theory of olids we find that there are alloweu 

energy band for electrons. ea h band consi'ting of many clo:.ely spaced, 

discrete energy tales. Between the e energy bands there may be forbidden 

regions or gaps where no electrons of the -;olid's atom can re ide. onductors 

have an upper energy band partially filled with ele tron or an upper pair of 

verlapping bands that are partially filled so that the electrons in these bands 

can move from one to another with only a small change in energy. In ulators 
or dielectrics are material with a completely filled upper band . ..;o conduction 

could not normally occ ur because of the exi tence fa large energy gap to the 

next higher band. rf the energy gap of the forbidden region is relatively mall , 

small amounts of external energy may be sufficient to excite the electrons in 

the filled upper band to jump into the next band. causing conduction. Such 

material are semiconductors. The macroscopic electrical property of a 

material medium is characterized by a con titutivc parameter called con­

dm:tivifJ'. which we will denne in 'hapter 4. 

3-6.1 CONDUCTORS JN STATJC ELECTRJC FJELD 

In the interior of a 
conductor under 
static condition$, 
both free charge and 
electric field 
intensity vanish . 

A.:; ume for the present that some po itive (or negative) charges are intro­

duced in the interior of a good conductor. An electric field will be set up in the 

conductor, the field exerting a force on the charge. and making them move 

away from one another. Thi movement will continue until all the charges 

reach the conductor su rface and redist ribute themsel ves in such a way that 

both the charge and the field inside vani h. Hence, 

In idea Conductor 

nder Static Conditions) 

p, = 0 

E = O 

(3-43) 

(3-44) 

When there arc no rree charge in !he interior of a conductor (p, = OJ. £must 

be 7Cro because, according to Gau:-.s's law, the total outward electric flux 
through any closed urfacc constructed inside the conductor must vani, h. 

The charge distribution on the surface or a conductor depends on the 

shape of the -,urface. Obviously. the charges would not be in a stale of 

equilibrium if there were a tangential omponent of the ckctnc field intensity 

that produces a langenti<d force and moves the charges. Therefore, under 
stuti<· conditions the E field on a conductor surface ;_, everywhere normal to the 

swface. In ot her ~ord . the !>urface of a conductor i!! an equipotential surface 



3- (i MA Tr RI A I M CD I A 11' TA Tl C El I CTR IC FIE I D 99 

---------
/> 

I 

FlGL' R I· .3-12 A conductor-free space interface. 
----------------- - - - - - --

under .\tatfr conditions. As a matrer of fact since E = 0 everywhere inside a 
conductor. the 11'/u,/1! conductor ha" the ame electrostatic potential. 

Figure 3-12 -;how<.; an interface between a conductor and free space. 
Consider the contour ahnla. which has ' idth ah= cd = 6w and height 
/Jc = du= h. ides ah and cd arc parallel to the interface. Applying Eq. (3-7), 

letting h O. and noting that E in a conductor i. zero. we obtain 

1111111ediatel) 

E·dt = E,611' = 0 

or 

,._, = 0. (3-45) 

which "a) that rhe tangential component of the E field on a conductor surface 
is :ero under static conditio11!>. In order to find £".the normal com ponent of E 
at the surface of the conductor. we construct a Gau sia n surface in the form of 
a thin pillbox v. ith the top face in free pace and the bottom face in the 

conductor where E :::: 0. sing Eq. (3-6). we obtain 

or 

p, s 
E·ds = E,. S =--· 

\ En 

JI, 
£,. = - . 

Eo 
(3-46) 

Hence. tfie nom1a f component of tfie E field at a conductor-free space 
hou11dal'y i\ equal ro tlie surface clia1·ge density on the conductor divided by the 
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On the surface o f a 
conductor under 
static cond it ions, the 
electr-ic field is 
perpendicular t o the 
surface. which is 
equipotential. 

EXAMPLE 3-9 

CHAPTER 3 STATIC ELECTRIC FIELDS 
-------

perm itt ivity of free space. Summarizing the houndary conditions at the 

conductor surface, we have 

Boundary Conditions 
at a Conductor- Free Space Interface 

E, = 0 

E = P., 
n Eo 

(3-45) 

(3-46) 

A positive point charge Q is at the center of a spherical conducting shell of an 

inner radius R; and an outer radius R0 • Determine E and Vas functions of the 

radial distance R. 

SOLUTION 

The geometry of the problem is shown in Fig. 3-13(a). Since there i spherical 

symmetry, it is simplest to u e Gauss's law to determine E and then find V by 

integration. There are three distinct regions: (a) R > R0 , (b) R1 < R < R0 , and 

(c) R < R;. Suitable spherical Gaussian surfaces will be constructed in the e 

regions. Symmetry requires that E = aRER in all three regions. 

a) R > R0 (Gaussian surface Si): 

or 

Q 
ERi = 2. 

4nE0R 
(3-47) 

The E field is the ame as that of a point charge Q without the presence 

of the shell; this relationship was given in Eq. (3-8). The potential 

referring to the point at infinity is 

V1 = - (ER 1)dR = --, J
R Q 

7 4nE0R 
(3-48) 

which is the same as that given in Eq . (3-29). 

b) R; < R < R 0 (Gaussian surface S2 ): Because of Eq. (3-44), we know that 

(3-49) 

Since p,, = 0 in the conducting shell and since the total charge enclosed 
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(c) 

FIGURE J-13 Electric field intensity and potential variations of a point charge 
+Q at the center of a conducting hell (Example 3-9). 

in surface S 2 must be zero, an amount of negative charge equal to - Q 
must be induced on the inner shell surface at R = R;. (Thi also means 
that an amount of po itive charge equal to + Q is induced on the outer 
shell surface at R = R0 .) The conducting hell is an equipotential body. 
Hence. 

Q 
(3-50) 

c) R < R; (Gaussian surface S3 ): Application of Gauss's law yields the 
same formula for ER 3 as £ 10 in Eq. (3-47) for the first region: 

The potential in this region is 

V3 =-I ER3dR+K = - Q- + K, 
4rrE0 R 

(3-5 l) 
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Potential is 
continuous across 
boundaries. 

• EXERCISE 3.8 

CHAPTER 3 STAT! ELECTRIC FIELDS 

where the integration constant K is determined by requiring V3 at 

R = R; to equal V2 in Eq. (3-50). We have 

K = 4;fo (~o - ~ .. ) (3-52) 

a nd 

VJ = 4;fo (k + ~o - ~) · (3-53) 

The variations of ER and V versus R in all three regions are plotted in 

Figs. 3-13(b) and 3-l3(c). Note that whereas the electric intensity has 

discontinuous jumps, the potential remains continuous. A discontinuous 

jump in potential would mean an infinite electric field intensity. 

Assume that a very long copper tube with an outer radius 3 (cm) and inner radius 
2(cm) surrounds a line charge of 60(pC/ m) at its axi .. Find 

a) E at r = I (m), 2.5 (cm), and l.5 (cm) ; and 

b) the potential difference between the inner and outer rube surface. 

ANS. (a) 1.08 (V1m), 0. 0.72 (V/m); (b) 3.89 (V). 

3-6.2 DIELECTRICS IN STATIC ELECTRIC FIELD 

All material media arc composed of atoms with a positively charged nucleu 

surrounded by negatively charged electrons. Although the molecules of 

dielectrics are macroscopically neutral , the presence of an external electric 

field causes a force to be exerted on each charged particle and results in small 

displacements of positive and negative charge in opposite directions. These 
are hound charges. The displacements, though small in comparison to atomic 

dimensions, nevertheless polari::;e a dielectric material and create electric 

dipoles. The ituation is depicted in Fig. 3-l4. Inasmuch as electric dipoles do 

have nonvanishing electric potential and electric field intensity (see Example 

3-7). we expect that the induced electric dipoles will modify the electric field 

both inside and outside the dielectric material. 

The molecules of ome dielectrics possess permanent dipole moments, 

even in the absence of an external polarizing field. Such molecules usually 

consist of two or more dissimilar atoms and are called polar molecules, in 

contrast to nonpolar molecules. which do not have permanent dipole 

moments. An example is the water molecule H 20 , which con ists of two 

hydrogen atoms and one oxygen atom. The atoms do not arrange themselves 

in a manner that makes the molecule have a zero dipole moment; that is, the 

hydrogen atoms do not lie exactly on diametrically opposite sides of the 

oxygen atom. 



Polarization vector is 
the volume density 
of electric dipole 
moment. 

Finding electrostatic 
potential from 
polarization vector 
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External E 

FIG URE 3-14 A cros section of a polarized dielectric medium. 

The dipole moments of polar molecule are of the order of 10 - :io 

(C · m). When there is no external field, the individual dipoles in a polar 

dielectric are randomly oriented, producing no net dipole moment macro­
scopically. An applied electric field will exert a torque on the individual 
dipoles and tend to align them with the field in a manner simi lar to that 

shown in Fig. 3-14. 
To analyze the macroscopic effect of induced dipoles we define a 

polarization vector P as 

nl\r 

L Pk 
P= lim k I 

& r·-0 ~L' 
(3-54) 

where n is the number of molecules per unit volume and the numerator 
represents the vector sum of the induced dipole moments contained in a very 

mall volume ~v. The vector P, a smoothed point function, is the volume 
density of electric dipole moment. The dipole moment dp of an elemental 

volume du' is dp = P dv', which produces an electrostatic potential (see Eq. 
3-36) 

P·a 
dV = R de'. 

4nE0 R 2 (3-55) 

lntegrating over the volume V' of the dielectric, we obtain the potential due 

to the polarized dielectric. 

V = -- __ _ R dv' 1 f P·a 
4rrE0 v· R2 

' 

(3-56) 

where R is the distance from the elemental volume dv' to a fixed field point. 
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Equivalent 
polarization surface 
charge density 

Equivalent 
polarization volume 
charge density 
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A more useful physical interpretation of the effects of the induced 
electric dipoles can be had by observing the following ·urface and volume 
effects of the polarization vector P. t 

1. £q11im/ent po/ari:a1io11 s111jace clwrye density, /Ip,· 

2. 

l-rom Fig. 3-14 we ec that the molecules effectively contribute to a 
distribution of po itivc surface charges on the right-hand boundary and 
a distribution of negative surface charges on the left-hand boundary. 
Since the urface charge density depends on the density of electric 
dipoks that protrude beyond the dashed lines at a surface, we can ·ee 
that the equivalent polari:ation sutface charge density is 

I PP·'= P·a,, (3-57) 

Equit•alent polari:ation i·o/ume c/1arye density, pp, .. 
For a surface S bounding a volume~: the net total charge flowing out of 
Vas a result of polarintion is obtained by integrating Eq. (3-57). The 
net charge re111ai11iny within the volume Vis the neyatire of this integral: 

Q = J:_ P · a" d.\ J:, (3-58) 

= J ( - V·P)cfr= l Pp1 cfr. 

where we have applied divergence theorem to convert the closed surface 
integral to a volume integral. We can define the equivalent polarizatio11 
volume cl1arge density a 

(J-59) 

Therefore, where the divergence of P doe not vanish. the polarized 
dielectric appears to be charged. However, since we tarted with an 
electrically neutral dielectric body, the total charge of the body after 
polarization must remain zero. Thi fact can be readily verified by 
noting that 

Total charge= f p,,,ds+ J fl,,, . cit' 

= ,L P · a11 ds -I V · P cir= 0. J.., 1· 

for a dielectric body of an arbitrary shape. 

t A more formal derivation can be found 111 D. K Cheng. Fi<'ld am/ lfore t:lec1roma11ne1ics. 
econd Edition, Subsection 3-7.1, Addison-Wesley Publishing Co .. Reading Mass., 1989. 
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Polarization charge densities pP, and pP" may be u 'ed to determine the 
potential and electric in ten . ity field . due to a polarized dielectric: 

v = _ l _ J: fJ,, , tis' + - 1
- J tip, dti'. (3-60) 

4n:E0 J., R 4m:0 1 • R 

a relationship that is equivalent to Eq. (3-56). For electrostatic fields, 

E= - VV. 

The polarization vector in a dielectric sphere of radius R0 i P = axP 0 . 

Determine 

a) the equivalent polarization surface and volume charge densities, and 

b) the total equivalent charge on the urface and in ide of the phere. 

SOLUTION 

a) The polarization urface charge den ity on the surface (R = R0 ) of the 

sphere is 

P,,s = P·aR = Po(ax·aR) 

= P0 sin (}cos </J. 

The polarization volume charge density is 

p,,, = - V·P = - V·(axPol = 0. 

b) Total surface charge, 

Q_. = f P,,.ds = f: fo2

" P 0 sin 0 cos </J d</J dO 

= 0. 

Total charge inside. 

Q, = f p ,,,. de = 0 

Thus. total charge on the sphere, Q, + Q,, = 0, as expected. 

3-7 ELECTRIC FLUX DENSITY AND DIELECTRIC CONSTANT 

Because a polari7ed dielectric gives rise to an equivalent volume charge 

density p,,, .. we expect the electric field intensity due to a given source 

distribution in a dielectric to be di!Tcrent from that in free space. In particular, 
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Definition of electric 
displacement D 

Generalized Gauss's 
law- applicable to 
free space as well as 
to dielectric medium 
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the divergence postulated in Eq. (3-3) must be modified to include the effect of 
{Jp 1. ; that is, 

I 
V · E = - (p,.+ Pr,.). 

Eo 

Using Eq. (3-59), we have 

V·(EoE + P) = µ,. 

(3-60) 

(3-61) 

We now define a new fundamental field quantity, the electric flux density, or 
electric displacement, D, such that 

I D = E0E + P (3-62) 

The use of the vector D enables us lo write a divergence relation between the 
electric field and the distribution of free charges in any medium without the 
necessity of dealing explicitly with the polarization vector P or the polariza­
tion charge density Ppv· Combining Eqs. (3-6 t) and (3-62) we obtain the new 
equation 

I V·D =p,, (3-63) 

where p,, is the volume density of free charges. Equations (3-63) and (3-4) are 
the two fundamental governing differential equations for electrostatics in any 
medium. Note that the permittivity of free space, E0• docs not appear 
explicit ly in the e two equations. 

The corresponding integral form of Eq. (3-63) is obtained by taking the 
volume integral of both sides. We have 

L V · D dv = L p,. dv, (3-64) 

or 

(C). (3-65) 

Equation (3-65), another form of Gauss's law, states that the total outward flux 
of the electric displacement (or, simply , the total outward electric flux) over 
any closed sm:f ace is eq11al to the total free charge enclosed in the surface. 

When the dielectric properties of the medium are linear and isotropic. 
the polarization is directly proportional to the electric field intensity. and the 
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proportionality con tant is independent of the direction of the field. We write 

(3-66) 

where Xe is a dimen ionless quantity called electric susceptibility. A dielectric 
medium is linear if x~ i independent of E and homogeneous if x,, is 
independent of space coordinates. Sub titution of Eq. (3-66) in Eq. (3-62) 

yields 

D = Eo( l + x ... )E 
= E0E,E =EE 

where 

E 
E, = I + f.e = -

Eo 

(3-67) 

(3-68) 

is a dimensionless quantity known a the relative permittivity or the dielectric 

constant of the medium. The coefficient E = E0E, is the absolute permittivity 

(often called simply permittivity) of the medium and is measured in farads per 
meter (F/ m). Air has a dielectric con tant of 1.00059; hence its permittivity is 

u ually taken as that of free space. The dielectric constants of some common 

materials are included in Table 3-1 and in Appendix B-3. 

Note that E, can be a function of space coordinates. ff E, is independent 
of position, the medium is said to be homogenous. A linear, homogeneous, 
and isotropic medium is called a simple medium. The relative permittivity of a 

simple medium is a constant. For anisotropic materials (such as crystals) the 
dielectric constant is different for different directions of the electric field , and 

D and E vectors have different directions. 

TABLE 3-1 D IELECTRIC CONSTANTS AND DIELECTR IC STRENGTHS OF SOME COMMON 

MATERIALS 

Dielectric 
Material Constant Dielectric Strength (V /m) 

Air (atmospheric pres, ure) 1.0 3 x 106 

Mineral oil 2.3 15 x 106 

Pa per 2- 4 15 x 106 

Polystyrene 2.6 20 x 106 

Rubber 2.3- 4.0 25 x 106 

Glas 4- 10 30 x 106 

Mica 6.0 200 x 106 



108 CHAPTER 3 STATIC ELECTRIC FIELDS 

3-7.1 DIELECTRIC STRENGTH 

Dielectric strength 

Dielectric strength 
of air is 3 (kV / mm) 

Principle of a 
lightning arrester 

Electric field 
intensity at a 
conductor surface is 
higher at points of 
larger curvature. 

EXAMPLE 3-11 

We have explained that an electric field cause sma ll di placements of the 
bound charges in a dielectric material, resulting in polarization. If the electric 
field is very trong, it will pull electrons completely out of the molecules. The 

electrons will accelerate under the influence of the electric field, collide 
violently with the molecular lattice structure, and cause permanent disloca­
tions and damage in the material. Avalanche effect of ionization due to 
coll isions may occur. The material will become conduct ing, and large 

currents may result. This phenomenon is called a dielectric breakdown. The 
maximum electric field intensity that a dielectric material can withstand 

without breakdown i. the dielectric st1·ength of the material. The approximate 

dielectric strengths of some common substances are given in Table 3-1 . The 
dielectric strength of a material must not be confused with its dielectric 

constant. 
A convenient number to remember is that the dielectric strength of air 

at the atmospheric pressure is J(kV/mm). When the electric field intensity 
exceeds this va lue, air breaks down. Massive ionization takes place, and 
sparking (corona di charge) follow . Charge tends to concentrate at sharp 
points. Thi is the principle upon which a lightning arrester with a sharp 

metal lightning rod o n top of tall buildings works. When a cloud containing 
an abundance of electric charge approaches a tall building equipped with a 
lightning rod connected to the ground, charges of an opposite sign are 

attracted from the ground to the tip of the rod, where the electric field 
intensity is the strongest. As the electric field intensity exceeds the dielectric 
strength of the wet air, breakdown occurs, and the air near the tip is ionized 

and become conducting. The electric charges in the cloud are then 
discharged safely to the ground through the conducting path. 

The fact that the electric field intensity tends to be higher at a point near 
the surface of a charged conductor with a larger curvature is illustrated 

quantitatively in the following example. 

Consider two pherical conductors with radii b 1 and /J 2 (b 2 >hi) that are 
connected by a conducting wire. The distance of eparation between the 

conductors i assumed to be very large in comparison to b2 so that the 
charge on the sp herical conductors may be considered as uniformly 
di tributed. A total charge Q is deposited on the phere . Find 

a) the charges on the two spheres, and 

b) the electric field intensities at the sphere surfaces. 



3-7 ELECTRIC' i-:11 '\DE Slf) AND Dlt'I FCTRIC ONSTANr 109 

J· IGURI · l-15 Two connected conduc1ing phcrcs (Example 3- 1 l). 

OLLTION 

a) Refer to Fig. J-15. Since the 'iphcrical conductors are at the same 
potential, we have 

Q1 C2 
4nr.0 h 1 4nE0 h2 • 

or 

Hence the charges on the spheres arc directly proportional to their 
radii. But, ince 

we find that 

and 
h, 

Q:!. = b ~ h Q. 
l + 2 

b) The electric field intcnsitie· at the ·urfaces of the two conducting 
spheres arc 

and E Qi 
2 11 = 4 h2. 

7lEo 2 

so 

(3-69) 

The ele tri field intensities are therefore in\'erscly proportional to the 
radii. being higher al the surface oft he _mailer sphere which has a larger 
curvature. 
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EXAMPLE 3-12 
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When a coaxial cable i used to carry electric power, the radiu of the inner 
conductor is determined by the load current, and the overall size by the 
voltage and the type of in ulating material u ed. Assume that the radiu of the 
inner conductor is r; = 2 (mm) and the insulating material is polystyrene, 
determine the inner radius, r

0
, of the outer conductor so that the cable is to 

work at a voltage rating of lO(kV). In order to avoid breakdown due to 
voltage surges caused by lightning and other abnormal external conditions, 
the maximum electric field intensity in the in ulating material i not to exceed 
25% of its dielectric strength. 

SOLUTION 

From Table 3-1, we find the dielectric constant and dielectric strength of 
polystyrene to be 2.6 and 20 x 106 ( V / m), respectively. The electric intensity 
due to a line charge p1 is, from Eq. (3-23). 

P1 E = a,E, = a, 
2 

. 
7rE 0 E,r 

{3-70) 

As the cable is to work at a potential difference of I 04 (V) between the inner 
and outer conductors, we set 

or 

104 = - £ dr = In ~ f, '' p1 r 
r ., r 2nE0(2.6) I"; ' 

l 1'0 (5.27tEo) Q4 n - = -- x l . 
r; Pr 

(3-71) 

ln order to limit the maximum electric inten ·ity to 25°" of 20 x 106
, we 

require, from Eq. (3-70), 

or 

6 Pt Max £,=0.25 x (20 x 10 ) =?- ., -
6 

, 
-IrE0 (_. )r; 

(__!!!__) = (0.25 x 20 x lO t> )r; = (5 x 106 ) x (2 x 10 - J) 
5.2n:Eo 

Substituting the above value into Eq. (3-71 ), we obtain In (r0 / r;) = 1, or 

lnrn = l+lnr; = l+ln(2 x 10 3
) 

= l - 6.215 = - 5.215. 
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• EXERCISE: 3.9 

• EXERCISE 3.10 

Hence, 

r0 = 0.0054(m), or 5.4(mm). 

ff the polystyrene of the coaxial cable in Example 3-12 is replaced by air. what would 
the maximum allowable working voltage of the cable be? (Maintain the restriction 
that the maximum field in ten 1ty i~ not to exceed 25° 0 of the dielectric strength of the 
insulating material.) 

A"IS. 1.5(kV). 

If it is desired that the working voltage of an air-filled coaxial cable having a radius 
r; = 2 (mm) for the inner conductor is to remain al lO(kV) as in Example J-9, what 
·hould r 0 be? 

A"'s. 1.57 1 (m). 

3-8 BOUNDARY CONDITIONS FOR ELECTROSTATIC FIELDS 

Electromagnetic problem often involve media with different physical pro­
pertie · and require the knowledge of the relations of the field quantities at an 
interface between two media. For in lance, we may wi. h to determine how 
the E and D vectors change in cro sing an interface. We already know the 

boundary conditions that must be satisfied at a conductor-free space 
interface. These condition. have been given in Eqs. (3-45) and (3-46). We now 
con ider an interface between two general media, shown in Fig. 3-16. 

Let U!-> construct a small path abcda with sides ab and cd in media I and 
2, respectively. both being parallel to the interface and equal to t.w. Equation 
(3- 7) is applied to this path . If we let sides be= da = t.h approach zero, their 

FlGURF J-16 An interface between two media . 

• ~O, a,,, ; -
Med~ 

d 
--Medium 2 
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contribution to the line integral of E around the path can be neglected . We 
have 

l E · dt=E 1 ·~w+E2 · ( - w)=E 11 11• £2,~w - O. 
Jabcda 

Therefore 

(V im). (3-72) 

which · tales that the tangential component of an E fie ld is continuous across an 

inte1face. When media l and 2 are dielec tric · with permittivitie E 1 and E 2. 

respectively. we have 

(3-73) 
E' 1 E' 2 

In order to find a relation between the normal components of the field 
al a boundary. we construct a small pillbox with it lop face in medium land 
bottom face in medium 2, as illu!>tra ted in Fig. 3-16. The face · have an area 
~ . and the height of the pillbox h i · vani hingly small . Applying Gau 
law. Eq. (3-65) Lo the pillbo '.we have 

£o·d = fD1·a,, 2 + D2· a,,iJ s 

= a,,2 ·(D 1 - 0 2) S 

= p, S. (3-74) 

\\here we have u ed the relation a,, 2 = a,, 1• Unit vector an 1 and a,,2 are. 
respectively. 0tll1rard unit normal from media I and 2. From Eq. (3-74) we 
obtain 

(3-75a) 

or 

(3-75b) 

where the reference unir normal is 0111 ll'arcl Ji'om 111edi11111 2. 
Equation (3-75b) state tha t the normal component of D fi eld is 

discontinuous across an interj ace where a surf ace charge exi t ·- the amount of 

discontinuity being equal to the surface charge density . If medium 2 i · a 
conductor. 0 2 = 0 and Eq. (3-75b) becomes 

(3-76) 

which simplifie lo Eq . (3-46) when medium I is free pace. 
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When two dielectric are in contact with 110.free charyes at the interface, 

Ps = 0. we have 

(3-77) 

or 

(3-7 ) 

Recapitulating, we find that the boundary conditions that mu t be ati'fied 

for ta tic electric field· are a follow ·: 

Tangential component 

Normal components: 

E1, = Ei, 

a,,2 ·(0, - 0 2) = Ps· 

(3-79) 

(3- 0) 

late and explain the boundary conditions that mu t be sati tied by the electric 
potential at an interface between perfect dielectri with dielectr ic con tant e, 1 and 

E,2 · 

lucite beet (E, = 3.2) i introduced perpendicularly in a uniform electric 

field E0 = a _, £ 0 in free ·pace. Determine E;. D ;. and P , in ide the lucitc. 

OLCTIO" 

We assume that the introduction of the lucite sheet doe not dL turb the 

original uniform electric field E
0

• he ituation i depi tcd in Fig. 3-17. ince 

F JG RE 3-17 

D 

[' =a,£" 

= a ,i:0 £ , 
---+ 

Free 
'pace 

lucite heet in a uniform electric field (Exa mple 3-1.11. 

E _. 
D _... 

Lucite 
Er = 3.2 

E ,, 

0 , __. 
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the interfaces are perpendicular to the electric field , only the normal field 

components need be considered. No free charges exist. 

Boundary condition Eq. (3-77) at the left interface gives 

or 

There i no change in electric nux density across the interface. The electric 

field intensity inside the lucite sheet i 

1 1 £ 0 E; = - Di= -- Di= ax-. 
€ i:,,i:, 3.2 

Hence the effect of the lucite heel is to reduce electric intensity. The 

polarization vector is zero out ide the Iucite sheet (P0 = 0). Inside the sheet, 

Pi= Di-EoE; =ax( l - 3~2)i:oc0 
= ax0.6875i:0 £ 0 (C/m 2

). 

Clearly, a similar application of the boundary condition Eq . (3-77) on the 

right interface will yield the original E., and 0 0 in the free space on the right of 

the lucite sheet. 

Does the solution of this problem change if the original electric field is 

not uniform; that is, if E0 = axE(y)? 

Two dielectric media with permittivitic · E 1 and E2 arc separated by a charge­

free boundary as shown in Fig. 3-18. The electric field intensity in medium I 

at the point P 1 has a magnitude E 1 and makes an angle ~ 1 with the normal. 

Determine the magnitude and direction of the c!ectric field intensity at point 

P2 in medium 2. 

SOLUTION 

Two equations are needed to solve for two unknowns £ 21 and Ein· After £ 21 

and £ 2,, have been found , E1 and ci 2 will follow directly. U ing Eqs. (3-72) and 

(3-77), we have 

(3-81) 

and 

(3-82) 
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FIGURE 3-18 Boundary conditions at the interface between two dielectric media 
(Example 3-14). 

Division of Eq. (3-81) by Eq. (3-82) gives 

(3-83) 

The magnitude of E2 is 

£2 = JE~, + E~n = J (E 2 sin ix 2)
2 + (E2 cos o: 2)

2 

or 

[ (E )2]1/2 
£ 2 = E 1 sin2 a: 1 + E: cos a: 1 . (3-84) 

By examining Fig. 3-18, can you tell whether E 1 is larger or smaller than E2? 

If medium 2 is a conductor, there can be no electric field in medium 2 
under static conditions, and E 1 at the boundary has only a normal 

component (:x1=0). We have E1 = anEtn = a,.D1n/E1 = anp. /E1 , where Ps is 
the surface charge density and a,. is the outward normal from the conductor 
surface. 

Assume that two homogeneous isotropic dielectric media with dielectric constants 
E, 1 = 3 and E,2 = 2 are separated by the xy-plane. At a common point , 
E 1 = ax-ay5-a=4. Find E2 , 0 2, IX 1 , and .ci: 2• 

A"IS. 0 2 = 2e0 E 2 = 2e0 (ax- ay5- a=6), 38.1". 49.6°. 
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R f. \ ' I E\ ' Q l ' EST I 0 ' ~ 

Q.J -11 Why are there no free charge in the interior or a good conductor under tatic 
condition? 

Q . .'\- 12 Define polarization rec10r. What i. it I unit'! 

Q .3- U What are polari::at io11 charge densities? What are the SI unit for P · an and 
V· P ? 

Q.J 14 What do we mean by a simple medium? 

Q .-'- 15 Define e/ecrric displacemenr rector. What is it I unit? 

Q .3-16 Define electric susceprihi/i1y. Wha t i 1t unit? 

Q .3-1 7 What is the difference between the di£'/ectric co11s1w11 and the dielec1ric 
s1re11(1th of a dielectric material? 

Q .1-18 Explain the principle of operati nor lightning arre ters. 

Q .1 19 What are the general boundary condition. for E and 0 at an interface 
bet ween two different dielectric media with dielectric constants fr1 and ri 'l 

Q.J-20 Wha t are the boundary conditions for electro. tali fields at an interface 
between a conductor and a dielectric with pcrmitti ity ? 

Q .1-21 Whal i the boundary cond111on for electro tatic potcnttaJ al an interface 
between two di fferent dielectric media? 

REMARKS 

t. Under tatic condition the E field inside a conductor i zero. 

2. Under ta tic conditions the urface of a conductor i an equipotential 
urfa ·e, and the E field there is everywhere normal to the urface. 

3. At an interface between two different dielectric media the clectri 
potential i ontinu u . 

4. Do not confuse the dielectri con tant of a medi um, E, , with it 
permitti vity, . The former i dimen ionics ; the SI unit fo r the latter i· 
(F1m). 

3-9 CAPACITANCES AND CAPA CI TORS 

From Section 3-6 we understand that a conductor in a tatic electric field i 
a n eq uipoten tial body and that charge deposited on a conductor will 
di tr ibute them elve on it urface in uch a way that the electric field inside 
vani hes. Suppose the potential due to a charge Q i V. Tncrea ing the total 
charge by some factor k would merely increa e the urface charge density p, 
everywhere by the same factor with ut affecting the charge di tribution, 
becau e the conductor rema ins an equipotential body in a ta tic ituation. 
We may conclude from q. (3-39) that the potential of an i olated conductor 
is di rec tly proportional to the total charge 011 it. Thi may als be een from 
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-·· . + -- -- •• 
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FIGURE 3-19 A two-conductor capacitor. 

the fact that increasing V by a factor of k increases E = - VV by a factor of k. 
But from Eq. (3-46). E = anp., /E0; it follows that p., and consequently the total 
charge Q will also increase by a factor of k. The ratio QI V therefore remains 

unchanged. We write 

(3-85) 

where the constant of proportionality C is called the capacitance of the 
isolated conducting body. Its Sl unit is coulomb per volt, or farad (F). 

Of considerable importance in practice is the capacitor (or condenser), 

which consists of two conductors separated by free space or a dielectric 
medium. The conductors may be of arbitrary shapes as in Fig. 3- l 9. When a 

d-c voltage source is connected between the conductors, a charge transfer 

occurs, resulting in a charge + Q on one conductor and - Q on the other. 

Several electric field lines originating from positive charges and terminating 
on negative charges are shown in Fig. 3-19. Note that the field lines are 

perpendicular to the conductor surfaces, which are equipotential surfaces. 
Equation (3-85) applies here if V is taken to mean the potential difference 

between the two conductors, V1 2 • That is, 

(F).1 (3-86) 

The capacitance of a capacitor is a physical property of the two­

conductor system. It depends on the geometry of the capacitor and on the 



118 

Procedure for 
determining C 

EXAMPLE 3-15 

CH \PTER 3 TAT!( E LLl TRIC rl C:LDS 

permittivit y of the medium. Capacitance between two cc nductor can be 

determined from Eq. (3-86) using the follm,ing procedure: 

1. Choo e an appropriate coordinate y tern for the given geometry. 

2. 

3. 

A sume charge + Q a nd - Q on the conductors. 

Find E from Q by Eq. (3-76). Gauss' law. or other relations. 

4. Find V12 by evalua ting 

V12 = - Ill E·dt 

from the conductor carrying - Q to the other carrying + Q. 
5. Find C by taking the ratio Q i ·11 . 

A parallel-plate capacitor con i of two parallel condu ting plate. of area S 
separated by a uniform di tancc d. The space between the plates i filled with 

a dielectric of a constant permittivity€. Determine the ca pacitance. 

OLUTJO'\; 

A cro s section of the capacitor i shown in Fig. 3-20. The appropriate 

coordinate y tern to use here i the Cartesian coordinate system. Foll wing 

the procedure outlined above. we put cha rges Q and - Q on the upper and 

lower conducting plate . respectively. The charge are a!> umed to be 

uniformly di tributed over the co nducting plate with su rface den itie + p, 
and - p~, where 

Q 
p, = S. 

From Eq. (3-76) we have 

Ps 
E = - ai· = 

€ 

Q 
a ,. €S' 

FIGUR~· J-20 Cross ect ion of a parallel-pla te capacitor ( xample 3-15). 

Dielectm· 
(pcrm111 1v1l,\ El 

):, 

Arca S 
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which is constant within the dielectric if the fringing of the electric field at the 

edges of the plates is neglected . Now 

fr=d fd( Q) Q v12 = - E·dt = - -a}'-
5 

·(aydy) = -sd. 
y = O O E E 

Therefore, for a parallel-plate capacitor, 

(3~87) 

which is independent of Q or V12. 

Determine the capacitance of the parallel-plate capacitor in Fig. 3-20 by starting with 
an assumed potential difference J11 2 between the upper and lower plates, then finding 
Q and taking the ratio Q/V1 2• 

A cylindrical capacitor, hown in Fig. 3.21 , consists of an inner conductor of 
radius a and an outer conductor whose inner radius is b. The space between 
the conductors is filled with a dielectric of permittivity E, and the length of the 
capacitor is L. Determine the capacitance of this capacitor. 

SOLUTION 

We use cylindrical coordinates for this problem. First we assume charges + Q 
and - Q on the surface of the inner conductor and the inner surface of the 
outer conductor, respectively. The E field in the dielectric can be obtained by 

FIGU RE 3-2 1 A cylindrical capacitor (Examples 3-16 and 3- 19). 
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applying Gau ' law to a cylindrical Gau ian urface within the dielectric 
a< r < h. Noting that p1 = Q/L, we have. from Eq. (3-23), 

Q 
E = a,£,= a, -

2
- . 
rrELr 

(3- ) 

Again we neglect the fringing effect of the field near the edge of the con­
ductor . The potential difference between the inner and outer conductor 1s 

ah = -I' u E · dt = -I" (a, _JL ) ·(a, dr) 
r h b 2rtELr 

_ _g_ In(~) 
- 2rrEL a · 

Therefore, for a cyli11dncal capac11or, 

·ume the Earth to be a large conducting sphere (rad1u 
rounded by air. Find its capacit ance referring to infinity. 

A"I. 7.0 x: IO .. If). 

(3-89) 

(3-90) 

= 6.37 x I 03 km) . ur-

3-10 ELECTROSTATIC ENERGY AND FORCES 

In Section 3-5 we indicated that electric potential at a point in an electric field 
i the work required to bring a unit po 1tive charge from infinit; (at reference 
7ero-potential) to that point. To bring a charge Q2 ( lowly o that kinetic 
energy and radiation effect may be neglected) from infinity against the field 
of a charge Q 1 in free pace to a di tance R 12, the amount of work required i 

W2 = Q2V2= Q2 QI 
4rtE0 R 12 

(3-91) 

Becau e electro tatic field arc con ervative, W2 i independent of the pcith 
followed by Q2. Another form of Eq . (3-91) i 

Qi 
W2=Q1 =Q1V1. 

4rtE0 R 12 

(3-92) 

Thi work i tored in the a sembly of the two charges a potential energy. 
Combining q . (3-9 1) and (3-92), we can write 

(3-93) 
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Now suppose another charge Q3 is brought from infinity to a point that 

is R 13 from Q1 and R23 from Qi; an additional amount of work is required 

that equals 

( 
Ql Q2 ) t:.W = Q3V3 =Q3 + · 

4nE0 R 13 4nE0 R i 3 

(3-94) 

The sum of t:.W in Eq . (3-94) and W2 in Eq. (3-91) is the potential energy, W3, 

stored in the as embly of the three charges Q1, Q2 , and Q3 . That is, 

W3 = W2 + t:. w = _ 1_ (Q1 Q2 + QI Q3 + Q2Q3)· (3-95) 
4nE0 R 12 R 13 R23 

We can rewrite W3 in the following form : 

w~ = ~ [Ql ( Qi + Q3 ) + Ql ( QI + Q3 ) 
2 4nE0 R 12 4rrE0R 13 4n€0 R 12 4nE0 Ri 3 

+Q ( QI + Q2 )] 3 
4nE0 R 13 4rrE0 R23 

= J(Q1 Vi + Qi Vi + Q3 V3). (3-96) 

Jn Eq. (3-96), V1, the potential at the position of Q1• i caused by charges Q2 

and Q3; it is different from the V1 in Eq. (3-92) in the two-charge case. 

Similarly V2 and V3 are the potentials at Q2 and Q3, respectively, in the three­

charge assembly. 

Extending this procedure of bringing in additional charges, we arrive at 

the following general expres ion for the potential energy of a group of N 
discrete point charges at rest. (The purpose of the subscript e on w. is to 

denote that the energy is of an electric nature.) We have 

(J), (3-97) 

where v;. , the electric potential at Qk> is caused by all the other charges. 

The ST unit for energy, joule (I) , is too large a unit for work in physics of 
elementary particles, where energy is more conveniently measured in terms of 

a much smaller unit called electron-volt (e V). An electron-volt is the energy or 

work required to move an electron against a potential difference of one volt. 

J ( e V) = ( J. 60 X J 0 - I 9) X J = I. 60 X ] 0 - l 9 (J). (3-98) 

Energy in (cV) is essentially that in (J) per unit electronic charge. 

Convert the kinetic energy of 2 (TeV) of the proton beam of a very powerful high­
energy particle accelerato r into joules. 

ANS. 3.20 x 10- 7 (J). 
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Determine the amount of energy needed to arrange three point charges -1 (µC}, 2 
(µC), and 3 (µC) at the co rner of an equilateral triangle of sides 10 (cm} in free space. 

ANS. 0.09 (J). 

Find the energy required to assem ble a uniform sphere of charge of radius b 
and volume charge density Pv· 

SOLUTION 

Because of symmetry, it is simplest to assume that the sphere of charge is 
assembled by bringing up a succession of spherical layers of thickness dR. At 
a radius R shown in Fig. J-22 the potential is 

1 ; _~ 
"R - 4rrE0 R ' 

where QR is the total charge contained in a sphere of radius R: 

QR= P11tnR 3
. 

The differential charge in a spherical layer of thickness dR is 

dQR = p.AnR2 dR 

and the work or energy in bringing up dQR is 

4rr 2 4 
dWe = VRdQR = -pv R dR. 

3Eo 

Hence the total work or energy required to assemble a uniform sphere of 
charge of radius b and charge density Pt· is 

W = dW = - p2 R 4 dR = " J 
4rr f b 4np

2
b

5 

e e 3Eo '' 0 15Eo 

In terms of the total charge 

4rr 
3 

Q=Pv3 b , 

we have 

3Q2 
W= ---

e 20rrE0b 
(J). 

(J). (3-99) 

(3-100) 

Equation (3-100) shows that the energy is directly proportional to the square 
of the total charge. The sphere of charge in Fig. 3-22 could be a cloud of 
electrons, for instance. 
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FIGURE 3-22 Assembling a uniform sphere of charge (Ex.ample 3-17). 

For a continuous charge distributjon of density Pv the formula for !¥.,in 
Eq. (3-97) for di crete charge mu t be modified. Without going through a 

separate proof, we replace Qk by Pr dv and the summation by an integration 

to obtain 

(J). (3-101) 

In Eq . (3-10 I), Vis the potential at the point where the volume charge den ity 
is p,, and V' i the volume of the region where p,. exists. Note that We jn Eq. 
(3-101) includes the work (self-energy) required to assemble the distribution of 
macroscopic charges, because it is the energy of interaction of every 
infinitesimal charge element with all other infinitesimal charge elements. 

3-10.1 ELECTROSTATIC ENERGY IN TERMS OF FIELD QUANTITIES 

In Eq. (3-101) the expression of electro ta tic energy of a charge distribution 
contains the source charge density p" and the potential function V We 
frequently find it more convenient to have an expressjon of We in ter;ns of 
field quantities E and/or D , without knowing p,. explicitly. To this end, we 
ubstitute V·D for Pv in Eq. (3-101): 

we = ~ L. (V. D) v dv. (3-102) 

Now, using the vector identity (from Problem P .2-25), Eq. (2-114), 

V · (VD) = VV · 0 + D · V V: (3-103) 
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we can write Eq. (3-102) a 

We = I l \, ·(VD) di· - l l D · I di1 

-Jv 1Jv 
= ~! l' D·and +If D·E dL'. 2Js 1 ~ · 

(3- 104) 

where the divergence theorem has been used to change the first volume 
integral into a clo ed urfaec integral and E ha been ub tituted for V Vin 

the econd volume integral. ince V' can be any volume that includes all the 
charge , we may choose it to be a very large sphere with radiu R. A we let 
R-+ f, electric potential V and the magnitude of electric displacement D fall 
ofT at lea t a · fa t a 1 R and 1 R 2

• re pectively.t The area of the bounding 
urface ' increases as R2

. Hence the urface integral in Eq. (3-104) decrease 
at least a fa t as l/ R and will vanish as R-+ oo. We arc then left with nly the 
second integral on the right ide of Eq . (3-104): 

(3- l05} I 1 I W = O·Edr 

L
e 1 

- I 

U ing the relation D = EE for a linear and isotrophic medium, we can write 
IV" in term of E alone. 

If , W = - EE-dr 
e ? 

- I 

(J). (3- 106) 

We can also define an electrostatic: energy density we ·uch that it · volume 
integral equal the total electro tatie energy: 

we= { wedt", J, . (3-107) 

where 

(3 -1 08) 

In Fig. 3-23 a rarallel-plate capacitor of area and eparation di charged to 
a voltage V The permittivity of the dielectric is E. Find the stored electrostatic 
energy. 

1 Fur point charge~ V r::r I /~ and D r.. I R2
: for dipole V x. I , R2 and D -x. I R -1. 
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FIGURE 3-23 A charged parallel-plate capacitor (Example 3-18). 

SOLUTION 

With the d-c source (batteries) connected as shown, the upper and lower 

plate arc charged po itive and negative, respectively. lf the fringing of the 

field at the edges is neglected, the electric field in the dielectric is uniform (over 
the plate) and constant (acros the dielectric), and has a magnitude 

v 
E=-d . 

Using Eq. (3-106), we have 

We = - E - di;= - E - (Sd) = - E- V2. 1 J (v) 2 

l (v) 2 

1 ( s) 
2 v· d 2 d 2 d 

(3-109) 

The quantity in the parentheses of the last expression, ES/d, is the capacitance 

of the parallel-plate capacitor (see Eq. 3-87). So, 

(J). I (3-1 10) 

The following example illustrate how Eq. (3-110) can be used in conjunction 

with Eq. (3-106) to determine capacitance . 

Use energy formula (3-106) and (3- 110) to find the capacitance of a 

cylindrical capacitor having a length L, an inner conductor of radius a, an 

outer conductor of inner radius b, and a dielectric of permittivity E, as shown 
in Fig. 3-21 . 
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SOLUTION 

By applying Gauss's law, we know that 

Q 
E = a, E, = a, -

2 
L , 

7tE r 
a< r < b. 

The electrostatic energy stored in the dielectric region is, from Eq. (3-106), 

1 fb ( Q )2 we = 2 a E 2n:ELr (L2nr dr) 

Q2 I b dr Q2 (b) 
= 4nEL a 7 = 4nEL In a . (3-111) 

On the other hand, W., can also be expressed in terms of capacitance C. From 
Eqs. (3-110) and (3-111) we have 

c (Q)2 Ql Q2 (b) 
We = 2 C = 2C = 4rrEL In a . 

SoJving for C, we get 

C = 2n:EL 

In(~)' 
which is the same as that given in Eq. (3-90). 

Two capacitors having capacitances 20 (µF) and 40 (µF) are connected in series across 
a 60-(V) battery. Calculate the energy stored in each capacitor. 

ANS. 16 (mJ), 8 (mJ). 

3-10.2 ELECTROSTATIC FORCES 

Coulomb's law governs the force between two point charges. In a more 
complex system of charged bodies, using Coulomb's law to determine the 
force on one of the bodies that is caused by the charges on other bodies would 
be very tedious. Thi would be so even in the simple case of finding the force 
between the plates of a charged parallel-plate capacitor. We now discuss a 
method for calculating the force on an object in a charged system from the 
electrostatic energy of the system. This method is based on the principle of 

virtual displacement. 

We consider an isolated system of charged conducting, as well as 
dielectric, bodies separated from one another with no connection to the 
outside world. The charges on the bodies are constant. Imagine that the 
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electric forces have displaced one of the bodies by a differential distance dt (a 
virtual displacement}. The mechanical work done by the syslem would be 

(3-112) 

where F Q is the total electric force acting on the body under the condition of 
constant charges. Since we have an isolated system with no external supply of 
energy, this mechanical work must be done at the expense of the stored 
electrostatic energy; that is, 

(3-113) 

Noting from Eq. (2-5 I) in Section 2-5 that the differential change of a scalar 
resul ting from a position change dt is the dot product of the gradient of the 
scalar, and dt, we write 

(3-114) 

Since dt is arbitrary, comparison of Eqs. (3-113) and (3-114) leads to the 
following relation: 

(N). (3-115) 

In a three-dimensional space, the vector equation (3-115) is actually 
three equations. For instance, in Cartesian coordinates the force in the x­

direction is 

(3-116) 

Similarly for the other directions. 

Determine the force on the conducting plates of a charged parallel­
plate capacitor, whose plates have an area S and are separated in air by a 
distance x. 

SOLUTION 

Assuming fixed charges ± Q on the plate , we write the stored electric energy 
as, from Eq. (3- I 10), 

W.. = iCV2 = tQV. (3-I 17) 

If fringing effect is neglected, there exists a constant electric field intensity E 
between the plates, where 

E = - ax Ps = -ax_@_· 
Eo E0S 

(3-118) 
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The potential difference V between the upper and lower plates i 

f~1~r;' Q 
V= - E·axdx= - x. 

Lower · EoS 
plate 

(3-1 19) 

Substituting V from Eq. (3-Ll9) in Eq. (3-117) and using Eq. (3-116), we obtain 

Q cV Q2 

(F Q)x = - -2 -:i- = - -2 S 
ex E0 

(3-1 20) 

The negative sign in Eq. (3-120) indicates that the force is opposite to the 
direction of increase of x. 

REVIEW Q U ESTIONS 

Q.3-22 Define capacitance and capacitor. 

Q.3-23 Write the capacitance formula for a parallel-plate capacitor of area S whose 
plates are separated by a medium of dielectric constant E, and thickness d. 

Q.3-24 What is the definition of an eleccron-voil? How doe it compare with a joule? 

Q.3-25 Write the expression for electro tatic energy in terms of E. 

Q.3-26 Discu the meaning and u e of the pri11cip/e of virtual displacemenc. 

REM AR KS -----------------------

1. The capacitance of a capacitor is independent of the charge on the 
conductors or the potential difference between them. 

2. The electrostatic energy stored in a system of discrete charges can be 
either positive or negative. 

3. Energy formula Eq. (3-105) holds for a general medium, but Eq. 
(3-106) holds only for a linear and isotrophic medium. 

4. It can be proved that the formula for stored electrostatic energy in Eq. 
(3-110) hold not only for parallel-plate capacitors but also for any 
two-conductor system. 

3-11 SOLUTION OF ELECTROSTATIC BOUNDARY-VALUE PROBLEMS 

Earlier in this chapter we dealt with techniques for determining the electric 
field inten ity, electric potential, and electric flux density for given charge 
distributions. In many practical problems, however, the exact charge distri­
bution is not known everywhere, and the formulas we have developed so far 
cannot be applied directly. For instance, if the charge at certain discrete 
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points in space and the potential of ·ome conducting b dies are given, it is 

rather difficult to find the di tribuuon of surface charge on the conducting 

bodies and /or the electric field inten ·ity in space. In this section we di cus 

cenain methods of olution for problems where \he conditions a\ 

conductor/free pace (or dielectric) boundaries arc specified. These type of 

problem are called boundary-t•alue problem . Fir t. we formulate the dif­

ferential equation that govern the electric potential in an electrostati 

situation. 

3-11.1 POISSON ' S AND LAPLACE ' S EQUATIONS 

Poisson 's equation in 
operator form 

In ection 3-7 we pointed out that Eqs. (3-63) and (3-4) are the two 

fundamental goverrung differential equation for electro tatic in any 

medium. These equation arc repeated below for convenience. 

Eq. (3-63): V · D = p,. 

Eq. (3-4): V x E = 0. 

(3-121) 

(3-122) 

The irrotational nature of E indicated by Eg. (3-122) enable us to define a 
scalar electric potential V. as in Eq. (3-26). 

Eq . (3-26): E = - V 

In a linear and i otropic medium D =EE, and Eq . (3-12 l) become 

V·EE = p,. 

Sub titution of Eq. (3-123) in Eq. (3-124} yields 

·(E'~T) = - p,. 

(3-123) 

(3-124) 

(3-125) 

where E can be a function of position. For a simple medium - that is, for a 

medium that i al o homogeneous E i a con tant and can then be taken out 

of the divergence operation. We have 

(3-126) 

In Eq. (3-126) we have introduced a new operator. V2 (delsquare), the 
Lap/acian operator. v. hich ·tands for "the divergence of the gradient of,'' or 

V · V. quation (3-126} is known as Poisson's equation. In artesian 

coordinates. 

V2 V= ·Vl' = (ax:
1 

+ ai.:
1 

+a=~ )·(ax ~V +a>. ~V +a: ~v). 
< x < y c:: r x c•y c::: 



130 

Poisson's equation in 

Cartesian 
coordinates 

Laplace 's equation in 
operator form 

Laplace 's equation in 
cartesian 
coordinates 

H ,\I' I /· R J I\ 11(' Eu (TRI( FIELl)S 

and l ·q. (3-126) becomes 

Similarly, by using Eqs. (2-70) and (2-57) we can verify 

ex pres ·ions for V2 J.' in C) ltndrical and spherical coordinates. 
Cylindrical coordinates: 

v2 v :o - ,. _ +- + I (
1

( tV) I t 2 V t 2 V 
r fr er r 2 l"l</> 2 ,1::. 2 . 

Spherical coordinate : 

(3-127) 

the following 

(3-128) 

(3-129) 

The oJution of Pois on's equation in three dimension subject to pre cribed 
boundary condition b, in general, not an ea y task. 

At points in a simple medium where there is no free charge, f', = 0 and 
Eq. (3-126) reduce to 

(3-130) 

which i known as Laplace's equatitm. Laplace's equation occupies a very 

important position in ckctromagnetics. In Cartesian coordinates we ha\c 

ri i c"liv c-iv 
7 ' + - ~, + --' = 0. (3-131) 
< _,- < y- c=-

3-11.2 BOUNDARY VALUE PROBLEMS IN CARTESIAN COORDINATES 
--------- -

EXAMPLI' 3-21 

The '>implci;l situation is when I' is a function of only one coordinate. We 

illustrate th1-. slluation \1.ith an example. 

- - ---- --
T\1. 0 \arg.c parallel conducting. plate are separated by a di la nce d and 

maintained at potentials 0 and V0 , as ·hown in Fig. 3-24. The region between 

the plates 1 filled with a continuous di tribution of electron having a volume 

density of charge p,. = - p0 y, d. A urning negligible fringing effect at the 

edges. determ111e 
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y 

I' -() __ 

0 

FIGURE 3-24 A parallel-plate capacitor (Example 3-21). 

a) the potential at any point between the plates, and 

b) the surface charge densities on the plates. 

SOLUTION 

a) Here the governing equation is Poisson's equation (3-127), which 
simplifies to 

di V(y) Po 
-- - - y 

dy 2 - Eod . 

Integrating Eq. (3-132) twice, we have 

V(y) = 6::dy3 + C,y + C2. 

The bounda ry conditions on the two conducti ng plates are: 

At y = 0, V = 0 = C2. 

At y = d, C - =Vo_ Pod 
1 d 6Eo . 

(3-132) 

(3-133) 

Substituting the above values of C 1 and C 2 in Eq. (3- 133), we obtain the 
olution for Poisson's equation (3-132). 

Po 3 (Vo Pod) V(y) = - y + - - - y. 
6E0d d 6E 0 

(3-134) 

The electric field intensity is - VV. 

E( y)= - a . c~V = -a.[.!!!!.._ y2 +(Vo_ Pod)J-
> l '_)' Y 2E0d d 6E0 

(3-135) 

b) The surface charge densities on the conducting plates can be found 
from the boundary condition given in Eq. (3-46). 
At the lower plate, y = 0. 

Eo Vo Pod 
P 1 = Eo£ I = - -- + -• y d 6 . 
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• EXERCISE 3.18 

CllAPTER 3 STATIC ELECTRIC FIELDS 

At the upper plate, y = d. 

(n this case, Psu # -Psi, and it no longer is meaningful to compute the 
capacitance. 

Show that the following potential functions satisfy two-dimen ional Laplace's 
equation: 

a) Ae-kx sin ky, and 

b) A sin c~n x)co h ['~n (a - y)J 
where A, k, a. and b are con tants. 

3-11.3 BOUNDARY - VALU E PROBLEMS IN CYLINDRICAL COORDINATES 

Laplace 's equation in 
cylindrical 
coordinates 

• EXERCISE 3.19 

Laplace's equation for scalar electric potential Vin cylindrical coordinates is, 

from Eq. (3-128), 

~ 0 (/ v) + ~ c2 v + a
2 v = 0 r ar er r 2 ?</> 2 8;; 2 • 

(3-136) 

A general solution of Eq. (3-136) is rather involved. In ituations where there 
is cylindrical symmetry (o 2 V/c</> 2 = 0) and the lengthwise dimension is very 

large in comparison to the radius (82 V/cz 2 ~ 0), Eq. (3-136) reduce to 

!!__ (r dV) = 0 
dr dr ' 

(3-137) 

and Vis a function of the radial dimension r only. Equation (3-137) can be 
integrated twice to yield 

V(r) = C 1 In r + C 2 , (3-138) 

where the integration constants C 1 and C 2 are to be determined by the 
boundary conditions of the problems. 

The radiu of the inner conductor of a long coaxial cable is a. The inner radius of the 
outer conductor is h. If the inner and outer conductors are kept at potentials V0 and 0 
re pectively, determine the electric potential and the electric field intensity in the 
insulating material by solving Laplace's equation. 

A ·s. V = V0 ln(h/ r)/ ln(h/a), E = a,V0 /r· ln(b/u). 

lf the problem is such that electric potential changes only in the 
circumferential direction and not in r- and z-directions, Eq. (3-136) reduces to 
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t a2 v 
r2 a<1>2 = 0. (3-lW) 

We illustrate this case with the following example. 

Two infinite insulated conducting planes maintained at potentials 0 and V0 

form a wedge-shaped configuration, as shown in Fig. 3-25. Determine the 
potential distributions for the regions: 

a) 0 < </> < a, and 

b) ex<</>< 2n. 

SOLUTION 

Here we have 8V/8r = 0 and oV/oz = 0. Since the region at r = 0 is excluded, 
Eq. (3-139) becomes 

d2 V 
d</>2 = 0. (3-140) 

V depends only on</>, and can be obtained from Eq. (3-140) by integrating 
twice. 

(3-141) 

The two integration constants K 1 and K 2 are to be determined from 
boundary conditions. 

a) For 0 ::;; </> ::;; a: 

Atcx=O, V(0)=0=K 2 . 

At</> = ex, V(cx) = V0 = K 1a, Kt= V0 /cx. 

Therefore, from Eq. (3-141 ), 

V(</>) =Vo</>, 
()'. 

(3-142a) 

(3-l42b) 

(3-143) 

FlG URE 3-25 Two infinite in ulated conducting planes maintained at constant 
potentials (Example 3-22). 
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b) For rx ~ cf> ~ 2rr: 

At </> =ct, V(cx) = r1.K 1 + K 1 . 

At <P = 2rr:, V(2n) = 2nK 1 + K 2 . 

Solving Eqs. (3-144a) and (3-l 44b), we find 

Vo 
Ki=----

2n- r1. 

and 

2nV0 K1 = ---
2rr - ex 

Finally, from Eq. (3-141), we obtain 

Vo 
V(</J) = 

2 
(2n - ¢) r1. ~ <P ~ 2n. 

rr - ex 

(3-144a) 

(3-144b) 

(3-145a) 

(3-145b) 

(3-146) 

3-11.4 BOUNDARY -VALUE PROBLEMS IN SPHERICAL COORDINATES 

EXAMPLE 3-23 

Poisson's and Laplace's equations for scalar electric potential Vin spherical 
coordinates can be obtained by using Eq. (3-129). In the following example 
we discuss a simplified, one-dimensional case. 

The inner and outer radii of two concentric, thin conducting, spherical shells 
are Ri and R0 respectively. The space between the shells is filled with an 
insulating material. The inner shell is maintained at a potential V1 and the 
outer shell at V2 . Determine the potential distribution in the insulating 
material by solving Laplace's equation. 

SOLUTION 

Since the given situation as shown in Fig. 3-26 has spherical symmetry, the 
electric potential is independent of 8 or ¢. Substitution of the simplified Eq. 

(3-129) in Eq. (3-130) yields the following one-dimensional Laplace's 
equation. 

!1_ (R 2 dV) = O. 
dR dR 

Integrating Eq. (3-147) with respect to R once we have 

dV C 1 

dR = R2 . 

A second integration yields 

C1 
V= -R + C2. 

(3-147) 

(3-148) 

(3-149) 
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FIG URE 3-26 Two concentric conducting shells maintained at constant potentials 
(Example 3-23). 

The two integration constants C 1 and C2 are to be determined from the 
boundary conditions at the two conducting shells. 

At R ,,;, R ;, 

At R = R 0 , 

The solution of Eqs. (3-150a) and (3-150b) gives 

R0 R;( V1 - V2 ) 

C1 = - R - R 
O I 

and 

(3-150a) 

(3-150b) 

(3-151a) 

(3-15lb) 

Therefore, the potential distribution between the two shells is from Eqs. 
(3-149), (3-151a), and (3-15lb), 

(3-152) 

We note from Eq. (3-152) that V is independent of the dielectric constant of 
the insulating material. 
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• EXERCISE 3.20 

CHAPTER 3 STATIC ELECTRIC FIELDS 

Find the potential distribution in the region R ~ R 11 in Example 3-23. 

ANS. V= R0 V2/ R. 

3-11.5 METHOD OF IMAGES 

Method of images 
simplifies solution of 
certain problems. 

Uniqueness theorem 

There is a class of electrostatic problems with boundary conditions that 
appear to be difficult to satisfy if the governing Pois on's or Laplace's 
equation is to be olved directly, but the conditions on the bounding surface 
in these problems can be set up by appropriate image charges, and the 
potential distributions can then be determined in a straightforward manner. 
This method of replacing bounding surfaces by appropriate image charges 
instead of attempting a formal solution of a Poisson's or Laplace's equation is 
called the method of images. 

Before we discuss the method of images, it i important to know that a 

solution of Poisson's equation (of which Laplace's equation is a special case) 
that satisfies a given set of boundary conditions is a unique solution. This 
statement is called the uniqueness theorem. Because of the uniqueness 
theorem, a solution of an electrostatic problem satisfying that set of boundary 
conditions is the only possible solution, irrespective of the method by which 
the solution is obtained. A solution obtained even by intelligent guessing i 
the only correct solution. The uniqueness theorem can be proved formally,t 
but we will just accept its verity. 

In the following we will di cu several important applications of the 
method of images. 

A. Point Charges Near Conducting Planes 

We illustrate this type of problem with an example. 

EXAMPLE 3-24 

A positive point charge Q is located at a distance d above a large 
grounded (zero-potential) conducting plane, as shown in Fig. 3-27(a). 
Find (a) the potential at an arbitrary point P(x, y, ;:) in they > 0 region, 
and (b) the induced charge distribution on the surface of the conducting 
plane. 

SOLUTION 

a) A formal procedure for solving this problem would require the 
solution of Poisson's equation in they> 0 region subject to the 
boundary condition that V = 0 at y = 0 and at infinity. The direct 

1 See, for instance, D. K. Cheng, Field mid Wave E/ectromay11erics, Second Ednion, pp. 158- 159, 
Addison-Wesley Publishing Co .. Reading, Mass., 1989. 
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con truction of such a olution is difficult . On the other hand, if 

we removed the conducting plane and replaced it by an image 

point charge -Q at y = - d, as shown in Fig. 3-27( b), neither the 

ituation in the y > 0 region nor the boundary condition would 

be changed. The potential at a point P(x, y, :) due to the two 

charges can be written down by inspection. 

V(x, y. :) = _g_ (-1 -_I_) 
4nE0 R+ R 

= 4;i;0 [ x2 + (y ~ d) 2 + :2 

I J y~ O: 
x2 + (y + d)2 + z2 • 

(3- I 53a) 

and 

V(x, y, z) = 0, .l' ~ 0. (3-l 53b) 

Since the given boundary conditions are satisfied, Eqs. (3-l 53a) 

and (3- I 53b) represent the correct solution by virtue of the 

uniquenes theorem. 

b) In order to find the induced charge distribution on the conducting 

surface, we first determine the electric field intensity. From Eq. 

(3-l 53a) we have 

E = - VV 

Q { axx + ay(}' - d) + a=z ax+ ay(J' +cl) + a=: } 
= 4nEo [x2 + (y _ d)2 + z2]3 2 - [x2 + (y + d)2 + .:2JJ •2 ' 

y ~ 0. (3-154) 

FIGURE 3-27 Point charge a nd grounded plane conductor (Example 3-24). 

P(.r, y, ;:) 

QfO,d. 0) 

r-_ ________ ........ ______ _ \ 

-;- I 

' 1· = 0 plane 
y = () plane \.._ 

' ................ _':,_ ......... 
(a) Ph y>ieal arrangement. 

(b) Image charge and field linc'i. 
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• EXERClSE 3.21 

Image line charge 

CHAPTER 3 STATI C ELECTRIC FIELDS 

The induced urface charge density is, from Eqs. (3-46) and 

(3-154), 

p -E El - ____ Q_d~-
s - o ,,y=o - 2n:(x2 +dz+ 2 2)312 · 

(3-155) 

It must be emphasized that the method of images can be used to 
determine the fields only in the region where the image charges are not 

located. Thus, in Example 3-24, the point charges + Q and - Q cannot 

be used to calculate V or E in they < 0 region. As a matter of fact, both 
V and E vanish in the y < 0 region. 

Find the total amount of charge induced on the surface of the infinite conducting 
plane in Example 3-24. 

ANS. - Q. 

B. Line Charge Near a Parallel Conducting Cylinder 

We now consider the problem of a line charge Pt (C/m) located at a 
distance d from the axi of a parallel, conducting, circular cylinder of 
radius a. Both the line charge and the conducting cylinder are assumed 
to be infinite ly long. Figure 3-28(a) shows a cross section of this 
arrangement. Before we approach this problem by the method of 
images, we note the following: (I) The image must be a parallel line 
charge inside the cylinder in order to make the cylindrical surface at 
r = a an equipotential surface. Let us call this image line charge p; . (2) 
Because of symmetry with respect to the line OP, the image line charge 
must lie somewhere along OP, say at point Pi> which is at a distance di 
from the axis (Fig. 3-28b). We need to determine the two unknowns, Pi 

and di. 
A a first step, let us assume that 

Pi= -Pi· I (3-156) 

At this stage, Eq. (3-156) is just a trial solution (an intelligent guess), and 
we are not sure that it will hold true. We proceed with this trial solution 
until we find that it fails to satisfy the boundary conditions. However, if 
Eq. (3-156) does lead to a solution that satisfies all boundary conditions, 
then by the uniqueness theorem it is the only solution. Our next job will 
be to see whether we can determine di. 

The electric potential at a distance r from a line charge of densi ty 
Pt can be obtained by integrating the electric field intensity E given in 
Eq . (3-23): 
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p 
.-~~~-.--~~~~~~~--. ( Pe l 

(a) Linc charge and parallel conducting cy linder. (bl Linc charge and its image. 

FIGl!RE 3-28 Cross section of line charge and its image in a parallel, conducting, 
circular cylinder. 

I' Pr f' 1 p r V = - E,dr = - -- -dr = -/- In~. 
ro 27tEo ro r 2nEo r 

(3-157) 

Note that the reference point for zero potential, r0 , cannot be at infinity 
because setting r0 = oo in Eq. (3-157) would make V infinite everywhere 
else. Let us leave r0 unspecified for the time being. The potential at a 
point on or outside the cylindrical surface is obtained by adding the 
contributions of Pr and Pi· ln particular, at a point Mon the cylindrical 
surface hown in Fig. 3-28(b) we have 

VM =_!!_!_In ro - _!!!_ In ro = _!!j_ In~ . 
2nE0 r 2nE0 r; 2rrE0 r 

(3-158) 

ln Eq. (3-158) we have chosen, for simplicity, a point equidistant from 
Pt and Pi as the reference point for zero potential so that the ln r0 terms 
cancel. Otherwi e, a constant term should be included in the right side 
of Eq . (3-158), but it would not affect what follows. Equipotential 
surfaces are specified by 

,.. 
_: = Constant. 
r 

(3-159) 

If an equipotential surface is to coincide with the cylindrical urface 

(OM =a), the point P; must be located in such a way as to make 
triangles OMP; and OPM similar. These two triangles already have one 

common angle, L MOP;. Point P; should be chosen to make 
L OMP; = LOPM. We have 

P;M OP; OM 

PM 
= = 

OM OP ' 

or 

r; d; a 
- = - = -d = Constant. 
r a 

(3-160) 
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From Eq. (3-160) we see that if 

(3-16 I) 

the image line charge - p1, together with p1 , will make the dashed 
cylindrical surface in Fig. 3-28(b) equipotential. As the point M changes 
its location on the dashed circle, both ri and r will change; but their 
ratio remains a constant that equals a/d. Point Pi is called the inverse 
point of P with respect to a circle of radius a. 

The image line charge Pi = - Pr can then replace the cylindrical 
conducting surface, and V and E at any point ou1side the surface can be 
determined from the line charges Pt and -Pt· By symmetry we find that 
the parallel cylindrical surface surrounding the original line charge Pt 
with radius a and its axis at a distance di to the right of P is also an 
equipotential surface. This observation enables us to calculate the 
capacitance per unit length of an open-wire transmission line consisting 
of two parallel conductors of circular cross section. 

EXAMPLE 3-25 

Determine the capacitance per unit length between two long, parallel, 
circular conducting wires of radius a. The axes of the wires are 
separated by a distance D. 

SOLUTION 

Refer to the cross section of the two-wire transmission line shown in 
Fig. 3-29. The equipotential surfaces of the two wires can be considered 
to have been generated by a pair of line charges + p1 and - Pt separated 
by a distance (D - 2di) = d - di. The potential difference between the 
two wires is that between any two points on the respective wires. Let 
subscripts I and 2 denote the wires surrounding the equivalent line 
charges +Pt and - Pr, respectively. We have, from Eqs. (3-158) and (3-
160), 

Pt a 
V2 =-- ln -

2nE0 d 

and, similarly, 

Pt a 
V1 = ---Jn -. 

2nE0 d 
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a (/ 

) 'l'e +g>{ 

d,1- d; 

/ " 
D 

FIGURE 3-29 Cro section of two-wire transmission line and equivalent line 
charge. (Example 3-25). 

We note that V1 is a positive quantity, whereas V2 is negative because 
a < d. The capacitance per unit length is 

a2 
d = D-d. = D--, d' 

from which we obtain t 

d = t(D + Jo2 
- 4a 2

). 

Using Eq. (3-163) in Eq. (3-162), we have 

1tEo c = - ----===== 
Jn [(D/2a) + j (D/2a) 2 

- I] 
(F/m). 

Since 

Jn [x + p-=IJ = cosh 1x for x > 1, 

Eq. (3-164) can be written alternatively as 

C = _ _ n_E_o __ 
cash - 1 (D/2a) 

(F/ m). 

(3 - 162) 

(3-163) 

(3-164) 

(3-165) 

1The other solution. d = 1\D - "! D2 
- 4a2

) . is discarded because both D and dare usually much 
larger than a. 
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When the diameter of the wire 1 · very ·mall in compari ·on with the 
distance of ·eparation, (D 2a) » I. Eq. (3-164) ~imp!ifics to 

ln(D a) 
(Fm). (3-166) == 

• EXERCJ E 3.22 A long power tran . mi ton line. :! (cm) in radius. 1 parallel to and ituated lO(m) 
above the ground. urning the ground to be an infinite fiat conducting plane. find 
the capacitance per meter of the line with respect to the ground. 

(pF ml. 

R E\ I EW QL'F4'TIO S 

Q .J -27 Wri1e Pot .. on's and Laplace' eqw1t1on rn vector noiallon for a simple 

medium. 

Q.J-28 Wnce Poisson· and Laplace\ equa11 rn in Carre ian coordinates for a simple 

medium. 

Q..l-29 If \ ' 2 C' = 0. why doe it not folio\\ that L i. 1denucally zero'! 

Q .J-30 A fixed voltage is connected acros~ a parallel-plate capacitor 

a) Doc the electric field in ten ·1ty 111 the pace between the plate~ depend on the 
permittivity of the medium? 

b) Does the electric flux density depend on the permittivity of the medium'? 
Explain. 

Q .3-31 Assume that fixed charges Q and - Q arc depo. ited on the plate~ of an 

i olated parallel-plate capacitor. 

a) Doe~ the electric field rnten tty in the ~race between the plate~ depend on the 

permittivity of the medium? 

b) Doe the electric flu\ densll) depend on the perm1ltt\H) of the medium? 

Explain. 

Q .J..32 State in word the 11111quem''' cheoru11 o( elec cro.,calin 

Q..l-.U What is the image of a spherical cloud of electrons with rcspcc! to an 111/inice 

conducling plane? 

Q.J .. J.t What 1 · the image of an infinitely long hnc charge of dcnstl)' p1 'Atth re!.pect to 
a p<mtllel conducting. t:ircular cylindcr'1 

Q.' -35 Where I the 1ero-polen1ial \Urface or the l\\ O-wire transmi ~to n hne in hg. 
3-29? 

REMARK S - -----

1. Poisson' Eq. (3-126) and Laplace's q. (3-130) do not hold if the 
medium i nonlinear. inh omog.enco u. , o r a ni otropic. 

2. The meth od of images ca n be u cd to determine the field 011/y in the 
region where the image charge are nor located. 
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This chapter deals with the static electric fields of charges that are at rest and 
do not change with time. After having defined the electric field intensity E as 
the force per unit charge, we 

• presented the two fundamental postulates of electrostatics in free space that 
specify the divergence and the curl of E, 

• derived Coulomb's law and Gauss's law, which enabled us Lo determine the 
electric field due to discrete and continuous charge distribution~. 

• introduced the concept of the scalar electric potential, 

• considered the effect of material media on static electric field, 

• discussed the macroscopic effect of induced dipoles by finding the equiva­
lent polarization charge densities, 

• denned electric flux density or electric displacement, D , and the dielectric 
constant, 

• discussed the boundary conditions for static electric fields, 

• defined capacitance and explained the procedure for its determination. 

• found the formulas. for stored electrostatic energy, 

• used the principle of virtual displacement to calculate the force on an object 
in a charged system, 

• introduced Poisson's and Laplace·s equations and illustrated the method of 
solution for simple problems, and 

• explained the method of images for solving electrostatic boundary-value 
problems. 

P.3-1 The cathode-ray oscilloscope (CRO) shown in Fig. 3-2 is used to 
measure the voltage applied to the parallel deflection plates. 

a) Assuming no breakdown in insulation. what is the maximum voltage 
that can be measured if the distance of separation bet ween the plates 
is h? 

b) What is the restriction on L if the diameter of the screen is D? 

c) What can be done with a fixed geometry to double the CRO's 
maximum measurable voltage? 

P.3-2 Three 2-(;.iC) point charges are located in air at the corners of an 
equilateral triangle that is lO (cm) on each side. Find the magnitude and 
direction of the force experienced by each charge. 

P.3-3 Two point charges, Q 1 and Q2, arc located at (0, 5. - I) and (0, 2, 6). 
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respectively. Find the relation between Q1 and Qi such that the total force on 
a test charge at the point P(O, 2, 3) will have 

a) no y-component, and 

b) no z-component. 

P.3-4 Three point charges Q 1 = - 9 (µC), Q2 = 4 (µC), and Q3 = - 36 (µC) 
are arranged on a straight line. The distance between Q 1 and Q3 is 9 (cm). It is 
claimed that a location can be selected for Qi such that each charge will 
experience a zero force. Find this location. 

P.3-5 fn Example 3-8 determine the position of the point P on the z-axis 
beyond which the disk may be regarded as a point charge if the error in the 
calculation of E is not more than 1°'0 • 

P.3-6 A line charge of uniform charge density Pt forms a circle of radius b that 
lies in the xy-plane in air with its center at the origin. 

a) Find the electric field intensity E at the point (0, 0, h). 

b) At what value of h will E in part (a) be a maximum? What is this 
maxim um? 

c) Explain why E has a maximum at that location. 

P.3-7 A line charge of uniform density Pt forms a semicircle of radius bin the 
upper half xy-plane. Determine the magnitude and direction of the electric 
field intensity at the center of the semicircle. 

P.3-8 A spherical distribution of charge p = p 0[1 - (R 2 /b2
)] exists in the 

region 0 ~ R ~ b. This charge distribution is f.:Oncentrically surrounded by a 
conducting shell with inner radius R;(> h) and outer radius R0 . Determine E 
everywhere. 

P.3-9 Two infinitely long coaxial cylindrical surfaces, r = a and r = h (b > a), 
carry surface charge densities Psu and Psb• respectively. 

a) Determine E everywhere. 

b) What must be the relation between a and bin order that E vanishes for 
r > b? 

P.3-10 Determine the work done in carrying a + 5 (µC) charge from 
P 1(1.2, - 4) to P2(-2,8, - 4) in the field E = axy + a,,x 

a) along the para bola y = 2x2
, and 

b) along the straight line joining P 1 and P 2 . 

P.3-U Repeat problem P.3-10 if the field is E = ax y - ayx. 

P.3-12 A finite line charge of length L carrying uniform line charge density Pr 
is coincident with the x-axis. 

a) Determine V in the plane bisecting the line charge. 

b) Determine E from Pt directly by applying Coulomb's law. 

c) Check the answer in part (b) with - V V 
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P.3-13 The polan7at1on in a dielectric cube of ide I. centered at the origin is 

given by P = P0 (a, \' + a,.J' + a=.:). 

a) Determine the surface and volume bound-charge den ities. 

b) Show that the total bound charge i zero. 

P.3-14 The polari7ation vector in a dielectric sphere of radiu hi P = a, P 0 . 

a) Determine the surface and volume charge den ities. 

b) ho\.\ that the !Ota! bound charge i zero. 

P.3-15 The axi of a long dielectric tube of inner radiu , r, and outer radius r0 

coincides v.1th the :-axi . A polarintion \Cctor P = P0(ax3.\ + a»4y) exi t in 

the dielectric. 

a) Determine the surface and volume charge den . itie . 

b) Shov. that the total bound charge i-. zero. 

P.3-16 A po itive point charge Q is at the center of a spherical dielectric shell 

of an inner radiu. R; and an outer radiu R,.. The dielectric con tant of the 

-;hell is £, . Determine E. ~ '. D. and P as functions of the radial distance R. 

P.3-17 Solve the following problems: 

a) Find the breakdown voltage of a parallel-plate capacitor. assuming that 

the conducting plate arc 50 (mm) apart and the medium between them 

i air. 

b) Find the breakdown voltage if the entire pace between the conducting 

plates i filled with plexigluss. which has a dielectric con tant 3 and a 

dielectric strength 20 (kV mm). 

c) ff a 10-{mm) thick p!exigla.s is inserted between the plates. what i the 

maximum voltage that can be applied to the plates ithout a 

breakdov. n? 

P.3-18 A · umc that the : = 0 plane separates two lo le dielectric regions 

with E. 1 = 2 and E. 2 = 3. If v.e kno\\ that E 1 in region I i ax2Y 
a , 3.x + a: (5 + :). what do we also know about E 2 and 0 2 in region 2? an 

we determine E2 and 0 2 at any point in region 2? Explain. 

P.3-19 Dielectric len cs can be u ed to collimate electromagnetic fields. In 

Fig. 3-30 the left surface of the lens i · that of a circular cylinder, and the right 

urfacc is a plane. Jf E 1 at point P(r0 , 45 , ::) in region I i a.5 - a</13. what 

must be the dielectric con tant of the len'i in order that E3 in region 3 i 

parallel to the \" -axis'? 

P.3-20 The . pace between a parallel-plate capacitor of area S i filled with a 

dielectric who e permittivity varies linearly from E 1 at one plate(.\' = 0) to E 2 

at the other plate ( y = d J. eglecting fringing effect. find the capacitance. 

P.3-21 As umc that the outer conductor of the cylindrical capacitor in 

Example 3-16 is grounded and that the inner conductor is maintained at a 

potential 1'0 . 
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y 
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CD 

FlGURE 3-30 A dielectric lens (Problem P.3- 19). 

a) Find the electric field intensity, E(a}, at the surface of the inner 

conductor. 

b) With the inner radius, b, of the outer conductor fixed. find a so that E(a} 

is minimized. 

c) Find this minimum E(a). 

d) Determine the capa~itance under the conditions of part (b). 

P.3-22 The radius of the core and the inner radius of the outer conductor of a 

very long coaxial transmission line are r; and r0 , respectively. The pace 

between the conductors i filled with two coaxial layers of dielectrics. The 

dielectric constants of the dielectrics are E, 1 for r; < r < b and E, 2 for 
b < r < r0 • Determine it capacitance per unit length. 

P.3-23 A spherical capacitor consist of an inner conducting sphere of radius 

R; and an outer conductor with a pherical inner wall of radius R,, . The pace 

in between is filled with a dielectric of permittivity E. Determine the 

capacitance. 

P.3-24 Three capacitors I (JlF), 2 (JlF), and 3 (JlF) are connected a hown in 

Fig. 3-31 aero s a 120-volt source. Calculate the electric energy tored in each 

capacitor. 

P.3-25 Calculate the energy expended in moving a point charge 500 (pC) 

from P,(2,n/ 3, - 1) to P2(4, - rr./ 2, - 1) in an electric field E = a,6r sin¢ 

+ aq,3 r cos¢ ( V/m) by 

a) first moving from <P = rr./ 3 to - n /2 at r = 2, then from r = 2 to 4 at 

¢ = - rr./ 2, and 

b) first moving from r = 2 to 4 at <P = n/3, then from ¢ = n/3 to - rr./ 2 at 
,. = 4. 

P.3-26 For a coaxial capacitor of length L, use the method of virtual 

displacement to find the force between the inner conductor (radius a) and the 
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1 (µ,F) 

2 (µF) 

I 3 (µ,FJ 

~------+-ii ..... _------~ 
120 (V) 

FIGURE 3-31 Capacitors across a battery (Problem P.3-24). 

outer one (radius b) that carry charges +Q and -Q, respectively. The 
permittivity of the insulating material is E. 

HINT: First assume the inner and outer radii to be a and a + r, respectively; 
then differentiate with respect to r. 

P.3-27 A parallel-plate capacitor of width w, length L, and separation d has a 
solid dielectric slab of permittivity E in the space between the plates. The 
capacitor is charged to a voltage V0 by a battery, as indicated in Fig. 3-32. 
Assuming that the dielectric lab is withdrawn to the position shown and the 
switch is opened, determine the force acting on the slab. 

Switch 

fl E I ) v, 
[=x_j L_J 

FIGURE 3-32 A partially filled parallel-plate capacitor (Problem P.3-27). 

P.3-28 The upper and lower conducting plates of a large parallel-plate 
capacitor are separated by a distanced and maintained at potentials V0 and 0, 
respectively. A dielectric slab of dielectric constant 6.0 and uniform thickness 
0.8d is placed over the lower plate. Assuming negligible fringing effect. 
determine the following by solving Laplace's equation: 

a) the potential and electric field distribution in the dielectric slab, 

b) the potential and electric field distribution in the air space between the 
dielectric slab and the upper plate, and 

c) the surface charge densitie on the upper and lower plates. 
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P.3-29 A sume that the space between the inner and outer conductor of a 
long coaxial cylindrical structure is filled with an electron cloud having a 

volume density of charge p" == Af r for a < r < h, where a and bare, the radii 
of the inner and outer conductors. respectively. The inner conductor i 

maintained at a potential V0, and the outer conductor is grounded. 

Determine the potential distribution in the region a < r < b by solving 

Poisson's equation. 

P.3-30 If the space between the inner and outer conductor of the coaxial 

structure in problem P.J-29 is fr~e space, find the expre sion for V(r) in the 

region a ~ r ~ b by solving Laplace' equation. From V(r), obtain the urface 

charge densities on the conductors and the capacitance per unit length of the 

structure. Compare your result with Eq. (3-90). 

P.3-31 An infinite conducting cone of half-angle a is maintained at potential 
V0 and in ulated from a grounded conducting plane, as illustrated in Fig. 

3-33. Determine 

a) the potential di~tribution V(f}) in the region et < 0 < n/2, 

b) the electric field intensity in the region '.X < 8 < rr./ 2, and 

c) the charge densities on the cone surface and on the grounded plane. 

(J 

vz71zzzzzzz 

FlGURE 3-33 An infinite conducting cone and a grounded conducting plane 
(Problem P.3-31). 

P.3-32 For a positive point charge Q lucatt:<l at a distanced from each uf twu 

grounded perpendicular conducting half-planes shown in Fig. 3-34, find the 

expressions for 

a) the potential and the electric field inten ity at an arbitrary point P(x, y). 

and 

b) the surface charge densities induced on the two half-plane . 
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Q(d. d) -d--, 
I P(.r. y) 

cl • 

FIGUR E 3-34. A po int charge Q equidistant from two grounded perpendicular 
conducting ha lf-planes (Problem P.3-32). 
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P.3-33 Determine the systems of image charges that will replace the conduct­
ing boundaries that are maintained at zero potential for 

a) a point charge Q located between two large, grounded, parallel 
conducting planes as shown in Fig. 3-35(a), and 

b) an infinite line charge Pr located midway between two large, intersect­
ing conducting planes forming a 60-degree angle, as shown in Fig. 
3-35(b). 

17 217 7 7 2 7 2 2 2 2 77 7 2 7 z z z z z z z z z z =i_ 

d 

12 z J z z z z z z z z z ~ : ~; z z z z z z, z '.::=l_ 

(a) Poi nt charge between 
grounded parnl!cl pla ne~. 

FIGURE 3-35 Diagrams fo r Pro blem P.3-33. 

(b) Linc charge between 
grounded intcr<;ccting plane. 

P.3--34 An infinite line charge of 50 (nC/m) lies 3 (m) above the ground, which 
is at zero potential. Choosing the ground as the xy-plane and the line charge 
as parallel to the x-axis, find by the method of images the following: 

a) E at (0, 4, 3), and 

b) E and p, at (0, 4, 0). 

P.3--35 The axis of a long two-wire parallel transmission line are 2 (cm) apart. 
The wires have a radius 3 (mm) and are maintained at potentials +JOO (V) 
and - 100 (V). Find 

a) the location of the equivalent line charges relative to the wire axes, 

b) the equivalent line charge density of each wire, and 

c) the electric field intensity at a point midway between the wires. 
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4 - 1 0 V E R V I E W In Chapter 3 we dealt with electrostal1c prob-

lem . field problems associated with electric charges at rest. We will now consider 

charge in motion that con titute current now. From d-c circuit theory you arc 

familiar with problems of current now in a conductive medium uch as a metal 

wire. The governing relation in such ca cs is Ohm's law, which states that the 

voltage aero two terminal equals the product of the current and the re istan c 
between the terminals. ff the voltage is applied across a good in ulator, little 
current will flow becau e of a very high re i tance. How then do we explain the 
fact that current flow in a cathode-ray tube (such a that ·hown in Fig. 3-2), 

where the medium i ' a vacuum, an open circuit? Apparently Ohm's law doe not 
apply in thi ca e. 

There are two type of electric current cau ed by the motion of free charge : 

conrecrion rnrrenr and conduuwn rnrn.1 11£ s. Convection current are due to the 

motion of positively or negatively charged particles in a vacuum or rarefied ga . 

Familiar examples arc electron beams in a cathode-ray tube and the violent 
motion of charged particle in a thunder to rm. Convection currents, the result of 
hydrodynamic motion mvohing a ma~~ transport, are not go\erned by Ohm's 

law. 

The mechanism of conduction current is different from that of convection 

current . Jn their normal tatc the atoms of a conductor occupy regular positions 
in a cry talline structure. The atom'> con i ·t of po itivcly charged nuclei 
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Steady Electric Currents 

Conduction 
electric currents 
are governed by 
Ohm's law. 

·urrounded by electrons in a hell-like arrangement. The electrons in the inner 

shell are tightly bound to the nuclei and are not free to move away. The electrons 

in the outermost shells of a conductor atom do not completely fill the shells; they 

are valence or conduction electron and are only very loosely bound to the nuclei. 

These latter electrons may wander from one atom to another in a random 

manner. The atoms, on the average. remain electrically neutral, and there is no net 

drift motion of electrons. When an external electric field is applied on a 

conductor, an organized motion of the conduction electrons will result producing 

an electric current. The average drift velocity of the electrons is very low (on the 

order of J 0 4 or l 0 3 m/s) even for very good conductors because they collide 

with the atoms in the course of their motion, dissi pating part of their kinetic 

energy as heat. This phenomenon manifests itself as a damping force, or 

resi tance, to current flow . The relation between conduction current density and 

electric intensity gives us a point form of Ohm's law. Both types of currents will be 

discussed in this chapter. 

4-2 CURRENT DENSITY AND OHM ' S LAW 

A) Convection current 

Consider the steady motion of one kind of charge carriers, each of 

charge q (which is negative fo r electrons), across an element of surface 

!ls with a velocity u. as shown in Fig. 4-1. 1f N is the number of charge 

151 
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Definition of current 
density 

Relation between 
convection current 
density and velocity 
of charge carrier 

Cll.\PTIR4 11\D\EIHTRlt LRRF'\T'I 

a, 

~\~ .1• 

s 

IIGURI · 4-1 
urface 

onduct1on current due to drift motion of charg..: earners aLros a 

carrier~ per unit volume, then in time Lit each charge carrier mc.)\es a 

di tance u 1. and the amount of charge passing through the su rface !!.s 
IS 

(C). 

Smee current i the time rate of change of charge, \\e ha'e 

D.Q 
t:.I = - = 'Vq u · a.t:.s = qu · t:. 

t:.1 
(A). 

(4-1) 

(4-2) 

In Eq. (4-2) WC have written 5. = an s a. a \CClOr quantity. IL I 

convenient to define a vector point function , volume current density, or 

simply current den\ity . J, m ampere per \l/lia1·e mr:tcr. 

J = 4u (4-3) 

so that I· q. (4-~) can be \\Tltten a 

t:.l=J· (4-4) 

The total current I flO\\ tng through an arbitrary -.urface S i" then the 

flux of the J vector through S: 

IA). I (4-5) 

The protluct NcJ i~. 111 fact, free cha rge per unit \Olume .. o we may 

rewrite Eq. (4-3) as 

I J = p,u (4-6) 

which is the relation between the com•ection current den ity anti the 
velocity of the charge carrier. 
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EXAMPLE 4-) 

Assume a free charge density of -0.3 (nC/ mm 3 ) in a vacuum tube. For 
a current den ity of - a=2.4 (A/mm 2 ), find (a) the total current passing 

through a hemispherical cap pecificd by R := 5 (mm), 0 ~ (:} ~ n/2, 
0 ~ <P ~ 2n:; and (b) the velocity of the free charges. 

SOLUTION 

Given: 

p,, = - 0.3 (nC/mm 3
), 

J = - aJ4 (A/mm 2
), 

R = 5 (mm). 

a) I = I J ·ds = - I 2.4 (a=·aR)ds 

= fo2

" fo";
2 

-2.4 (cos 8)(52 sin f:}d8d</J) 

= _ 2n: f 
0

" '

2 

60 si n e d(sin 8) 

(
sin

20)"/2 

= - 120n -
2

-
0 

= - 60n = - 188.S(A). 

b) 
J -2.4 

u = - = a= _ 9 = a= 8 x 109 (mm/s) 
P.. -0.3 x 10 

= a=8 (Mm/s). 

B) Conduction current 
In the case of conduction currents there may be more than one kind of 
charge carriers (electrons, holes, and ions) drifting with different 
velocities. Equation (4-3) should be generalized to read 

(4-7) 

As indicated in Section 4-1 , conduction current are the result of the 
drift motion of charge carriers under the influence of an applied electric 
field. The atoms remain neutral (p, , = 0). It can be justified analytically 
that, for most conducting materials, the average drift velocity is directly 
proportional to the electric field intensity. For metallic conductors we 
write 

(m/s). (4-8) 

where tLe i the electron mobility measured in (m 2/V · s). The electron 
mobility for copper is 3.2 x 10- 3 (m 2/V · s). It is 1.4 x 10 - 4 (m 2/ V · s) for 
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a luminum and 5.2 x W 3 (m 2/ V · s) for silver. rom Eq . (4-3) and (4-8) 
we have 

J = - peµeE, (4-9) 

where Pe= - e is the charge den ity of the drifting. electrons and is a 
negative quantity. Equation (4-9) can be rewritten as 

l J = aE (4-10) 

where the proportionality con tant. (f = - p.µ~. is a macroscopic 
con ti tutive parameter of the medium called conductil'ity. ·quatioo 
(4-10) is the point form of Ohm 's law. 

for semiconductors. conductivity depend on the concentration 
and mobility of both electron and holes: 

(4-11) 

where the subscript h denotes hole. ln general,"'•~ l'h· for germanium. 
typical value are µ.=0.38. µh=0.18: for silicon. µe= 0.12. 
µh = 0.03 (m 2/Y · s). 

Equation (4-10) i a con titutive relati n of a conducting medium. 
The unit for er i, ampere per volt-meter (A/Y · m) or siemens per meter 
(S/m). Copper, the mo. t commonly u ed conductor. ha a conductivity 
5.80 x 10 7 (S/m). On the other hand, the conductivity of germanium is 
around 2.2(S ·m}. and that of silicon i 1.6 x 10 3 (S/m), The conductiv­
ity of semiconductors is highly dependent on (increase with) temper­
ature. Hard rubber, a good in ulator. has a conductivity of only 
10 l 5 (S/ 111). Appendix B-4 Ji ts the conductivitie · of ·ome other 
frequent! u ed materials. The reciprocal of conductivity i· called 
re.~i ·tivity, in ohm-meter (Q · m). We prefer to u e conductivity; there i 
really no compelling need to use both conductivity and resistivity. 

For a current density of 7(A mm i) in copper. find 

a) the electric intensity. and 

b) the electron drift velocity. 

ANS. (a)0. 121/V m), lb)3.57x I0 - 4 (m 's). 

We recall Olrm's law from circuit theory that the voltage i ·12 aero a 

re istance R. in which a current I flows from point 1 to point 2, is equal to RI ; 
that is, 

V12 =RI. (4-12) 

Here R is usually a piece of conducting material of a given length; V12 i the 
voltage between two terminals I an<l 2; and I is the total current !lowing from 
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terminal I to terminal 2 through a finite cross section. Equation (4-12) i not a 

point relation. 

We now use the point form of Ohm' law, Eq. (4-10), to derive the 

voltage- current relationship of a piece of homogeneous material of con­

ductivity a, length !. and uniform cross cction S, as shown in Fig. 4-2. 

Within the conducting material, J = aE, where both J and E are in the 

direction of current flow . The potential difference or voltage between 

terminals l and 2 is 

or 

V12 =El, 

E = VL2 
I . 

The total current is 

or 

l=f J·ds =JS, 
s 

l 
}= s 

Using Eqs. (4-13) and (4- l4) in Eq. (4-10), we obtain 

or 

FlGURE 4-2 Homogeneous conductor with a constant cross sect ion. 

(4-13) 

(4-14) 

( 4-15) 



156 

Resistance of a 
straight 
homogeneous 
material of uniform 
cross section 

EX MPLE 4-2 

Conductance, and its 
SI unit 

• EXER ISE 4.2 

HAPTtR 4 Sl LAD\ EI FCTRI< C'URREN IS 

which is the ame as Eq. (4-12). rom Eq. (4-15) we have the formula for the 
l'esistance of a straight piece of homogencou material of a uniform cros 
ection for steady current (d .c.): 

I 
R= (0). (4-16) 

(T 

a) Determine the d-c resi tancc of 1 (km) of copper wire having a 1-(mm) 
radiu . 

b) If an aluminium wire f the ame length is to have the same resistance. 
what should its radiu be? 

SOU TIO:". 

Since we are dealing with conductors of a uniform cro , · ection. Eq. (4-16) 

applies. 

a) For copper wire, flcu = 5.80 x 10 ~ (S/m): 

I= l03 (m). Scu=n(lO 3
)
2 = 10 "n (m 2

). 

We have 

b) For aluminum wire. rr111 = 3.54 x 10; (S/m) : 

S = <5"' S = 
5· O (10 nrr) = nr 2 • 

al <4 3 54 
(j(l/ • 

r = 1.28 x I 0 3 (m ). or 1.28 (mm). 

Th conductance, G, or the reciprocal of resistance, 
combining resistance in parallel. The unit for conductance 
siemen (S). 

I S 
G =- =<5 

R I 
(S). 

u eful m 
(Q 1), or 

(4-17) 

Three re ·i. tors having re i Lances 1 (MQ), 2(MQ), and 4(MQ) are connected in 
parallel. alculate the ove rall conductance and re i tance. 

AN . 1.75 lJ.1$). 0.57f (MQ). 
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REYIEW Ql'ESTIOl\lS 

QA- I Explain the difference between conduction current and convection current. 

Q .4-2 What is the relation between convection current density and the velocity of 

charge carriers'1 

QA-3 Define mohility of the electron in a conductor. What i its SI unit? 

Q.4-4 What is the point form for Ohm's law'? 

Q.4-5 Define ccmdun irit y. What is it s SI unit '? 

Q .4-6 How docs the resistance of a round conducting wire change if its radius is 

doubled'? 

REM AR KS --------------

1. Conduction cu rrents are governed by Ohm's law; but convection 
currents a re no t. 

2. Conductivi ty is not conducta nce, and resistivity is not resistance. 

3. Resistance formula in Eq. (4- l6) applies only to straight homogeneous 
material of a uniform cross section. 

4-3 EQUATION OF CONTINUITY AND KIRCHHOFF'S CURRENT LAW 

Principle of 
conservation of 
charges 

The principle of conservation of charge is one of the fundamental postulates of 
physics. Electric charges may not be created or destroyed; all charges either at 
re t or in motion must be accounted for at all times. Consider an arbitrary 
volume V bounded by surface S. A net charge Q exists within this region. If a 
net current I flows across the surface out of this region, the charge in the 
volume must decrease at a rate that equals the current. Conversely, if a net 
current flows across the surface into the region, the charge in the volume must 
increase at a rate equal to the current. The current leaving the region is the 
total outward flux of the current density vector through the surface S. We 
have 

I =£ J ·ds = 
dQ 

dt -:It p.,dv. ( 4-18) 

Divergence theorem, Eq. (2-69), may be invoked to convert the surface 
integral of J to the volume integral of V · J . We obtain, for a stationary 
volume, 

J J 
cp,. 

V·Jdv= - -~- dv. 
v v (' / 

( 4-19) 

In moving the time derivative of p,. in ide the volume integral, it is nece sary 
to use partial differentiation because p,. may be a function of time as well as of 
pace coordinates. Since Eq. (4-19) must hold regardless of the choice of V, the 
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Equation of 
continuity 

Steady electric 
current 1s solenoidal. 

Kirchhoff 's current 
law 

C1tAPllR4 

integrand must be equal. Thu we have 

· J = cp, 

er (Am'). ] (4-20) 

Thi point relationship derived from the principle of con ervation of chargc i 
called the equation of continuity. 

For steady currents. charge den ity doe not vary with time. tp,.'tr = 0. 
Equation (4-20) becomes 

(4-21) 

Thu-, ·teady electric current are divergenceles or solcno1dal r-quat1on 
(4-21) i a point relationship and holds also at point where p,, = 0 (no now 
source). lt mean that the field lines or t1·eamlines of teady current do e 
upon them elve , unlike tho e of electro tatic field intensity that originate 
and end n charge ·. Over any enclo ed urface, Eq. (4-21) lead to the 
following integral form: 

fs J ·d . = 0. {4-22) 

which can be written a 

(A). (4-23) 

Equation (4-23) i an expre ion of Kirchhoff's current law. It talcs that the 
algebraic um of all the currents flowing out of a junction in an electric circuit i 
zero. 

In ub. ecrion 3-6. l we stated that charges introduced in the interior of 
a conductor will move to the conductor urface and redistribute themsehe 
in . uch a way as to make p, = 0 and E = 0 inside under equilibrium 
condi tion . We are no\.\ in a position to prove thi tatement and to calculate 
the time it takes to reach an equilibrium. Combining Ohm" !av., Eq. (4-10). 

with the equation of continuit) and a urning a con tant a. we have 

aV · E = (4-24) 

In a simple medium, · E = p,./E, and Eq. (4-24) become 

i"p, (J 

-~ + fl, = 0. (4-25) 
(' ( E 

The olution of Eq. (4-25) is 



Volume density of 
charge decays 
exponentially with 
time . 

Definition of 
relaxation time 

• EXERCISE 4.3 
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(4-26) 

where p 0 is the initial charge density at t = 0. Both Pv and Po can be functions 
of the space coordinates, and Eq. (4-26) says that the charge density at a given 

location will decrease with time exponentially. An initial charge density p 0 

will decay to l/e or 36.8° 0 of its value in a time equal to 

€ 
r=-

<J 
(s). (4-27) 

The time constant r is called the relaxation time. For a good conductor such 

as copper- er = 5.80 x 107 (S/ m), € ~ € 0 = 8.85 x 10 - 12 (F/ m)- r equals 

l.53 x 10 - 19 
( ), a very short time indeed. 

Given that the dielectric constant and conductivity of rubber to be 3.0 and 
10 1 5 (S/m) respectively. find 

a) the rela xation time. and 

b) the time required for a charge density to decay to I% of its initial value. 

ANS. (a) 7.38 hrs., (b) I day I 0 hrs. 

4-4 POWER DISSIPATION AND JOULE'S LAW 

We indicated earlier that under the influence of an electric field, conduction 

electrons in a conductor undergo a drift motion macroscopically. Micro-
copically, these electrons collide with atoms on lattice sites. Energy is thus 

transmitted from the electric field to the atoms in thermal vibration . The 

work ~w done by an electric field E in moving a charge q a distance ~t is 
q E · (~t) which corresponds to a power 

~w 
p = lim - = qE·u. 

.!11 o ~I 
(4-28) 

where u is the drift velocity. The total power delivered to all the charge 

carriers in a volume du is 

dP =~Pi = E·(~N ; q ,. u)dti, 
which, by virtue of Eq. (4-7), i. 

or 

dP = E·Jdi·, 

dP 
-= E·J 
de 

(4-29) 
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Joule·s law 

CHAPTER 4 STEADY [:,1 l·CTRIC 

Thus the point function E · J is a power density under st ady-current con­
ditions. For a given volume V the total electric power converted into heat i 

P = t E·Jdr (W). 1 (4- 0) 

This i known as Joule's law. (Note that the I unit for Pi watt, not joule, 

which i the unit for energy or w rk .) Equation (4-29) i the corre ponding 

point relation hip. 

Jn a conductor of a constant cro ection, du= ds dt. with dt mea ·u red 

in the direction J. Equation (4-30) can be written as 

P = f E dt f J ds = VI, 
I. ,\ 

where I i the current in the conductor. Since V = RI, we have 

(W). , (4-31) 

Equation (4-31) is, of cour e. the familiar expression for ohmic power, 

repre enting the heat di ipated in resistance R per unit time. 

4 -5 GOVERNING EQUATIONS FOR STEADY CURRENT DENSITY 

A we see, the current den it} vector J is a basic quantity in the tudy of 
steady electric currents. According to Helmholtz' theorem the de cription of 

J require the pecification of its divergence and its curl. For steady current , 

V · J = 0. a in q . (4-21 ). The curl equation i · obtained by combining Ohm's 

law (J = O'E) with V x E = O; that i , x (.J a)= 0. The differential form and 

the corre ponding integral form of the governing equations for tead.} current 

den ity are given below. 

Governing Equations for Steady urrent Den ity 

Differential Form Integral Form 

\;·J=O f J·d =0 (4-32) 

v x (~) = 0 ~ 1 
J ·dt=O 

cO' 
(4-33) 



Boundary condition 
for normal 
component of 
current density 

Boundary condition 
for tangential 
component of 
current density 

• EXERCISE 4.4 
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We recall from Section 3-8 that at an interface between two different 
media: (i) a divergenceless field has a continuous normal component (see Eq. 
3-77); and (ii) a curl-free field has a continuous tangential component (see Eq. 
3-72). The con equence of (i) and Eq. (4-32) is 

(4-34) 

At the boundary of two ohmic media with conductivities CJ 1 and CJ2 the 
con equence of (ii) and Eq. (4-33) is 

J It 12, 
- =-
CT 1 (J 2 

or 

J lr (J 1 
(4-35) - = -

121 (J 2 

Two blocks of conducting material are in contact at the z = 0 plane. At a point Pin 
the interface, the current density is J 1 = 10(ay3 + az4) (A/ m 2

) in medium l (con­
ductivity er i). Determine J 2 at P in medium 2 if er 2 = 26 1• 

ANS. 20(ay3+a=2) (A/ m 2
). 

RE\'IFW Q U ESTIONS 

Q.4-i What is the physical significance of the equaiion of conzinuity? 

Q.4-8 State Kirchhoff's current law in words. 

Q.4-9 Define relaxation time. What is the order of magnitude of the relaxation time in 
copper? 

Q.4-10 State Joule's law. Express the power dis ipated in a volume (a) in terms of E 

and er, and (b) in terms of J and er. 

Q .4 -11 What are the boundary conditions of the normal and tangential components 
of steady current at the interface of two media with different conductivities? 

REMARKS 

1. Equations (4-24) and (4-26) hold only for simple media. 

2. Steady current J is solenoidal. 

3. Steady current density J is not conservative in inhomogeneous media. 
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4-6 RESISTANCE CALCULATIONS 

In Section 3-9 we discu ed the procedure for finding the capacitance between 
two conductor eparated by a dielectric medium. The e conductor may be 
of arbitrary shapes, as was hown in Fig. 3-19, which i reproduced here a~ 
Fig. 4-3. In term of electric field quantities the basic formula for capacitance 
can be written a 

Q 

v 

D·ds 
s 

-L E·dt 

(4-36) -f E·dt, 
I. 

where the surface integral in the numerator is carried out over a urface 
enclo ing the positive conductor and the line integral in the denominator i 
from the negative (lower-potential) conductor to the positive (higher­
potential) conductor. 

When the dielectric medium is lo ·sy (having a mall but nonzero 

conductivity), a current will flow from the positive to the negative conductor, 
and a current-den ily field will be e tablished in the medium. Ohm' law, 
J =a E, ensure · that the streamlines for J and E will be the same m an 
isotropic medium. The resistance between the conductor 

-t E·dt 

f aE·d 

FIGURE 4-3 Two conductors in a lossy dielectric medium. 

_. 

' . 

--... -
-- . -.... 

' 
' ' 

(4-37) 



Relation connect ing 
C and R (or G) 
between two 
conductors 

EXA'1PLE 4-3 
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where the line and urface integrals are taken over the same L and S as those 

in Eq. (4-36). Compari on of Eqs. (4-36) and (4-37) shows the following 
interesting relationship: 

(4-38) 

Equation (4-38) holds if E and a of the medium have the same space 
dependence or if the medium is homogeneous (i ndependent of space coor­
dinate). In these cases, if the capacitance between two conductors is known, 
the resi tance (or conductance) can be obtained directly from the E/a ratio 
without recomputation. 

Find the leakage resistance per unit length 

a) between the inner and outer conductors of a coaxial cable that has an 
inner conductor of radiu a, an outer conductor of inner radius b, and a 
medium with conductivity a, and 

b) of a parallel-wire transmission line consisting of wires of radius a 
eparated hy a distance D in a medium with conductivity (j , 

SOLt;TION 

a) The capacitance per unit length of a coaxial cable has been obtained as 
Eq. (3-90) in Example 3-16: 

27tE c ---
1 - In (b/a) 

(F/m). 

Hence the leakage resistance per unit length is. from Eq. (4-38), 

R - - - - - ln -E ( } ) 1 (h) 
1 

- a C 
1 

- 2rra a 
(0 · m). 

Tbe conductance per unit length is G 1 = 1! I< 1. 

(4-39) 

b) For the parallel-wire transmission line, Eq. (3-165) in Example 3-25 

gives the capacitance per :.mit length: 

7r:E c; = --~--
co h I (~) 

(F/m). 

Therefore if we use the relation hip in Eq. (4-38), the leakage resistance 
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EXAMPLE 4-4 
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per unit length is quickly found to be 

R'1 = ~ ( -
1
,) = -

1 
cosh 1 

(
2
D) 

<:r Cl na a 

=-l ln[E_ +J(D) 2 -1J na 2a 2a 
(0 · m). 

The conductance per unit length is G'1 = I ' R'1 • 

(4.40) 

Jn certain ituation , electrostatic and steady current problems are not 

exactly analogous, even when the geometrical configurations are the same. 

This is because current now can be confined strictly within a conductor 

which has a rery large u in comparison to that of the surrounding medium). 

whereas electric flux us ually cannot be contained within a dielectric lab of 

finite dimensions. The range of the dielectric constant of available materials i 

very limiteJ ( ee Appendix B-3), and the flux-fringing around conductor 

edges makes the computation of capacitance less accurate. 

The procedure for computing the resistance of a piece of conducting 

material between specified equipotential urface · (or terminals) i a follow!>: 

1. Choose an appropriate coordinate system for the given geometry. 

2. A sume a potential difference V0 between conductor terminal . 

3. Find electric field inten ity E within the conductor. (lf the material i 
homogeneous, having a rnn Lant conductivity, the general method is to 
sol e Laplace' · equation V2 V = 0 for I ' in the chosen coordinate 
system, and then obtain E = - V q 

4. Find the total current 

I = f J · d s = f a E · d s, 
s s 

where S is tbe cro - ectional area over which 1 llow . 

5. Find resistance R by taking the ratio V0 1/. 

A conducting material of uniform thickness h and conductivity a ha. the 

hape of a quarter of a flat circular washer, with inner radiu a and outer 

radius b, as hewn in Fig. 4-4. Determine the resistance be\wcen the end 
face . 

SOLUTION 

Obviou ly, the a ppropriate coordi nate system to use for this problem is the 

cylindrical coordinate sy tern . Following the foregoing procedure. we first 
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FIG RE 4-4 A quarter of a ftat conducting circular washer (Example 4-4). 

assume a potential difference V0 between the end faces, say V = 0 on the end 
face at y = 0 (¢ = 0) and V = V0 on the end face at x = 0 (¢ = rc/2). We are to 
solve Laplace's equation in V subject to the following boundary conditions: 

at 

at 

</> = 0, 

<P = rr/2. 

(4-4la) 

(4-41 b) 

Since potential V is a function of <P only, Laplace's equation in cylindrical 
coordinates simplifies to 

d2 V 
d¢2 = o. 

The general solution of Eq. (4-42) is 

V=c 1cj>+c2, 

(4-42) 

which, upon using the boundary conditions in Eqs. (4-4la) and (4-41 b), 
becomes 

V = 2Vo ¢. 
rr 

The current density is 

J = aE = - aVV 

oV 2aV0 
= - a.pa - ..,- = -a.p---

ro¢ nr 

(4-43) 

(4-44) 

The total current I can be found by integrating J over the </> = rr/ 2 surface at 
which ds = - aq,hdr. We have 

f 2aV0 I h dr I= J·ds=-- h -
s TC a r 

2(Jh Vo b 
=-- In - . 

n a 
(4-45) 
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Therefore. 

R=Vo= n 
I 2ah In (b 1a) 

(4-46) 

--------
When the given geometry i uch that J can be determined ea ily from a 

total current /, we may start the elution by assuming an / . From I. J and 

E = J/a are found. Then the potential difference V0 i determined from the 

relation 

V0 = - J E·dt, 

where the integration i from the low-potential terminal to the high-potential 

terminal. The resi tance R = V0 11 i · independent of the assumed 1. whi h will 

be canceled in the proce s. 

• EXERCISE 4.5 The radii of the inner and outer nductor of a coaxial cable are a and h respectively. 
and the medium in-between has a conducrivity u. Find the leakage resistance between 
the conductor per unit length by fir ta urning a leakage current I from the inner to 
the outer conductor, then determining J, E. 1·0, and R 1 "'" l 0 1. heck your result with 
Eq. (4-39). 

RE\'IEW Ql ' ESTIO"I~ 

Q .4-12 What ts the relation between the conductance and the capacitance formed b) 

two conductor immer ed in a los y dielectric medium that has permitrivlly E and 

conductivity er? 

Q.4-U What i the relation between the resistance and the capacitance formed b) 
two conductor immersed in a lmsy dielectric that ha dielectric con. tanl e, and 
conductivity a? 

REMARKS -

The tota l leakage resi tance between two pa ralle l conducto rs of length f 
is equal to the leakage resi tancc per unit length divided by (not 
multiplied by) I. 

SU M MA R Y ---

Jn thi chapter we 

• con idcred two types of teady electric current : convection current (n t 
governed by Ohm's law) and conduction currents, 

• defined conductivity that led to the point form of Ohm's law, 
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• introduced the equation of continuity and the concept of relaxation time, 

• studied Joule's law and power dissipation, 

• obtained the governing equations for steady current density, 

• examined the boundary conditions for current density, and 

• discussed methods for resistance calculations. 

P.4-1 A d-c voltage of 6 (V) applled to the ends of l (km) of a conducting wire 
of 0.5(mm) radius results in a current of l/6(A). Find 

a) the conductivity of the wire, 

b) the electric field intensity in the wire 

c) the power dissipated in the wire, 

d) the electron drift velocity, assuming electron mobility in the wire to be 
1.4 x 10 - 3 (m 2/V · s). 

P.4-2 A long, round wire of radius a and conductivity a is coated with a 
material of conductivity 0.1 a. 

a) What must be the thickness of the coating so that the resistance per unit 
length of the uncoated wire is reduced by 50%? 

b) Assuming a total current I in the coated wire, find J and E in both the 
core and the coating material. 

P.4-3 Lightning strikes a lossy dielectric sphere- E = l.2E0 , a = I 0 (S/m)­
of radius 0.1 (m) at time t = 0, depositing uniformly in the sphere a total 
charge l (mC). Determine, for all r, 

a) the electric field intensity both inside and outside the sphere, 

b) the current density in the sphere. 

P.4-4 Refer to Problem P.4-3. 

a) Calculate the time it takes for the charge density in the sphere to 
diminish to 1% of its initial value. 

b) Calculate the change in the electrostatic energy stored in the sphere as 
the charge density diminishes from the initial value to 1 % of its value. 
What happens to this energy? 

c) Determine the electrostatic energy stored in the space out ide the 
sphere. Does this energy change with time? 

P.4-5 Find the current and the heat dissipated in each of the five resistors in 
the network shown in Fig. 4-5 if 

R 1 = j(Q), R 2 = 20(Q), R3 = 30(Q), R4 = 8(Q), R 5 = I O(Q), 

and if the source is an ideal d-c voltage generator of 0.7 (V) with its positive 
polarity at terminal 1. What is the total resistance seen by the source at 
terminal pair 1- 2? 
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NI "'1 
I- !(JU RE 4-5 A network prnblt:m (Problem P -l ~I 

P.4-6 T~\<.) lo-.. ) homogu1cuus dtl'kdnL media \\1th J1ckctnc con-.tanh 
€, 1 2, E:ri 3 and conductivities (}' 1 :=-- 1 • (m . ). u 2 IO(m ) arc 111 contact at 
the ::=0 plane In the:: >0 rcgmn !medium I) a uniform electric field 
F. 1 a ,20 a: SO ( m) exists F1nJ (a) E_ 111 medium 2. (b) J 1 and .I •. le) thl' 
angle that J 1 and .J ~ make with 1 he := 0 plane, and (d) the surface charge 
den it) at the interface. 
P.4-7 The '>pace between two parallel conductmg plate each ha\ing an area 
· i · filled with an mhomogcneou · ohmic medium who e conducll\ 1ty \ aric 

linearly from a 1 ill one plate ( 1 OJ to a 2 at the other plate (y = c/). A d-c 
voltage I;> rs applied aero~) rhc pla1e .. Dc1ermim: 

a) the total re rstance het\\cen tht! plall:'>, and 

b) the <;urface Lharge dcn:>tlle 011 the pl.t tc . 

P.4-8 A d-c voltage V0 1~ applied across a parallel-plate capacitor of area S. 
The space between the conducting plates 1 · tilled with two difTert!nt lmsy 
dielectric of th1cknessc c/ 1 and d 2• perm1tti\ille € 1 and 2• and l'onJuctnt­
tics a 1 and a 2• respectl\cly. <b hown 111 I 1g. 4-6. Determine 

a) the current den-,ll) bt!tv.t:en the pl.!le'>. 

b) the electric field intc11~1tic~ 111 both d1dectnc . and 

c) the cqul',aknt R-C. c1rcu11 bctv.een lcrminab a and h. 

" 
+ 

€, . er, 

IJGURI 4-o Paralkl-phlle capa1:1tor with two In ~Y <l1electnc (Prohlcm P.4 -8) 

P.4-9 J\ d-c voltage V0 1s applied acros~ a cyltndrtcal capacitor of length L. 
The radij of the inner and outer condu~tor arc a and h. rc~pectively. The 
space betv.een the rnnductors 1s filled v.1th t\\O d1ffen:nt lo S) dielectric 
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having. respectively, perm1tt1v1ty E 1 and conductivity 11 1 in the region 
u < r < c, and permittivity E 2 and conductivity t1z in the region c < r < b. 
Determine 

a) the equivalent R-C circuit between the inner and outer conducto rs, and 

b) the cu rrent density in each region. 

HINT: Use the results in Example 4-3(a). 

P.4-10 Refer to the Rat conducting quarter-circular washer in Example 4-4 
and Fig. 4-4. find the resi ' lance between the top and bottom flat faces . 

P.4-11 Refer to the Rat conducting quarter-circular washer in Example 4-4 
and Fig. 4-4. Find the resistance bet ween the curved sides. 

P.4-12 Find the resistance between two concentric spherical surfaces of radii 
R 1 and R 2 (R 1 < R 2 ) if the space between the surfaces is fi ll ed with a 
homogeneous and isotropic material having a conductivity 11. 
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Two basic 
equations of the 
electrostatic 
model 
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5 - 1 0 V E R V I E W Earlier we d1 cu sed the interaction between 

electric charge · at rest by introducing the concept of elect ric field. We U\\ in 

'hapter 3 that elcctri field inten it) E is the onl) fundamental vector field 

quantity required for the study of electrostatics in free . pace. In a material 
medium it i convenient to define a second vector field quantity. the electric Om. 

density (or electric di placement) 0. to account for the effect of polarization. The 

following two equation-; form the ba . is of the electrostatic m de!: 

· O - p, .. 

x E = 0. 

(5-1 J 

(5-2) 

The electrical property of the medium determines the relation between 0 and E. If 

the medium is linear and i otropic, we have the simple con lltutive relauon 

0 = EE. \\here the permilll\it)' E i a '>Cahn. 

The phenomenon of magncti m was di::.co ered when piece. of magnetic 

lode ·tone were fount! to exhibit a mysteriou attractive power. Since the 
lotlestone piece were found near the ancient Greek 1ty called \/aq111.> ia. the 

derived terms 111ay11e1. 111ay11eti 111. 111ay11e11 :ari1111. and me11111elro11 ha\'e come into 

u e. We study magnetism by introducing the concept of111uy11e1icf1eld. /\magnetic 

fieltl can be caused by a permanent magnet (like the magnetized lod tone). b) 
moving charge\ or by a current !lov. . 



Static Magnetic Fields 

Electric intensity 
defined in terms 
of force on a 

When a small test charge q is placed in an electric field E, it experiences an 

electric force Fe• which is a function of the position of q. 

I F. = qE (5-3) 

stationary charge When the test charge is in motion in a magnetic field characterized by a magnetic 

flux density B,t experiments show that charge q also experiences a magnetic force 

Fm given by 

Magnetic flux 
density defined in 
terms of force 
experienced by a 
moving charge 

SI unit for B 

Lorentz's force 
equation 

I Fm= qu X B (N), (5-4) 

where u (m/s) is the velocity of the moving charge. and B is measured in webers per 

square meter (Wb/ m 2 ) or teslas (T).t The total electromagnetic force on a charge q 

is, then, F = F. + Fm ; that i , 

I F = q(E + u x B) (N), (5-5) 

tYJagnetic flux density is a lso called magnetic induction, mainly in physics texts. 
:one weber per square meter o r one tesla equals 10~ gauss in CGS units. The earth's magnetic 
field is about ~gauss or 0.5 x 10 - ~T. \A weber i the same a~ a volt-seco nd.) 

171 
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which is called Lorent:'sforce equation. Its \ alidity ha · been unque tionably 
e ·tablished by experiments. We may consider F e f q for a small q a the 
definition for electric field in ten ity E (a · we did in Eq. 3-1 ). and F m/q = u x B 
as the defining relation for magnetic flux density B. lternatively, we may 
co n ider Lorentz' f rce equation as a fundamental postulate of our 
electromagnetic model ; it cannot be derived from other po tulatc . 

Charge in motion produce a cum;nt that, in turn. creates a magnetic 
field . Steady currents a re ac ompa nied by tatic magnetic field , which are the 
ubject of study of thi chapter. We begin the tud y of ta tic magnetic field in 

free space by two postulate ·pecifymg the <livergence and the cu rl of B. From 
the olenoidal character of 8 a vector magnetic potential is defined, which is 
hown to obey a vector Poisso n' equation. c t we derive the Biol-Sa art 

law. which can be u ed to determine the magnetic field of a current-car ryi ng 
circuit. The po. tulated curl relation lead directly to Ampere' circuital law. 
which i · particularly useful when ymmetry exis ts. 

The macroscopic effect of magnetic material in a magnetic fie ld can be 

·tudicd b) defining a magnetization vector. Herc we introduce another vector 
field quantity, the m;ignetic field intensity H. From the relation bet\ een B 
and H we define the permeability of the material. and discus the behavior of 
magnetic material . We then examine the boundary ondition of Band Hat 
the interface of two different magnetic media; define self- and mutual 
inductances; and dis u ' nrngneric energy, force , and torque . 

5-2 FUNDAMENTAL POSTULATES OF MAGNETOSTATICS IN FREE SPACE 

Divergence of B 
vanishes 

Curl of static B in 
nonmagnetic media 

To study magneto tatics ( teady magnetic field ) in free pace or in non­
magnetic materiaV we need only con ider the magnetic flux density vector, 
B. The /\\'O fundamemal pvstulate.\ 4 maynelosllll ics r hac .\fN.>cify r he direryence 
and the curl vf B in nonmaynetic media are 

·B = 0, (5-6) 

and 

V x B = Jt 0 J. (in nonmagnetic media) (5-7) 

'Except for ferromagnetic mat..:rials (nickel. cobalt. iron. or their alloys). the permeability of 
~ubstan cs is \t:ry clo c (\\>ith1n 0.01 "0 ) 10110 for free space. ( ee table in Appendix B-5.) In th1' 
book. for s1mplic1t y. when we deal wuh magneuc field 1n nonferromagneuc material such a. air. 
\\<lier, copper, and aluminum. we will consider them to be in free space. 



There are no 
magnetic flow 
sources (no isolated 
magnetic charges) 

Net magnetic flux 
flowing out of any 
closed surface is 
zero . 

5-2 f- L l'oDAMFNTAL Pos l'ULA "I E 01· MAGNETOSTATICS 

In Eq. (5-7) 110 is the permeability of free pace: 

flo = 4n x 10 1 (H/m) 
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(see Eq. 1-9), and J is the current density (A/m 2
) . Since the divergence of the 

curl of any vector field is zero, we obtain from Eq. (5-7) 

V·J = 0, (5-8) 

which is con i tent with Eq. (4-21) for steady currents. 
Taking the volume integral of Eq. (5-6) and applying the divergence 

theorem. we have 

(5-9) 

where the surface integral is carried out over the bounding surface of an 
arbitrary volume. Comparison of Eq. (5-9) with Eq. 11-6) leads us to conclude 
that there is no magnetic analogue for electric charges. There are no magnetic 
flow sources, and the magnetic flux lines always close upon themselves. 
Equation (5-9) is also referred to as an expression for the law of conservation 
of magnetic flux because it states that the total outward magnetic flux 
through any closed surface is zero. 

The traditional designation of north and south poles in a permanent 
bar magnet does not imply that an isolated positive magnetic charge exists at 
the north pole and a corresponding amount of isolated negative magnetic 
charge exists at the south pole. Consider the bar magnet with north and sout h 
poles in Fig. 5-1 (a). If this magnet is cut into two segments, new sou th and 

FIGURE 5-1 ucccssive division or a bar magnet. 
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s 
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North and south 
magnetic poles 
cannot be isolated. 

Ampere 's circuital 
law in nonmagnetic 
media 
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north po le appear, and we have two horter magnet a in Fig. 5-1 (b). lf each 

of the two shorter magnets is cut again into two segments. we have four 
magnets, each with a north pole and a south pole a in Fig. 5-l(c). Thi 
process could be continued until the magnets are of atomic dimensions; but 
each infinitesimally mall magnet would still have a north pole and a south 
pole. Obviou ly, then, magnetic pole cannot be isolated. The magnetic flux 

lines follow clo ed paths from one end of a magnet to the other end outside 

the magnet and then continue inside the magnet back to the first end. The 
designation of north and south poles is in accordance with the fact that the 

respective ends of a bar magnet freely su pended in the earth's magnetic field 
will eek the north and south directions.t 

The in tegral form of the curl relation in Eq. (5-7) can be obtained by 

integrating both ides over an open urface and applying Stokes's theorem. 
We have 

or 

(in nonmagnetic media) (5- IO) 

where the path C for the line integral is the contour bounding the surface S, 

and I is the total current through S. The sen e of tracing C and the direction 
of current flow follow the right-hand rule. Note that Eq. (5-10) is a derived 

relation from the curl postulate for 8. It is a form of Ampere's circuital la w, 

which state that the circulation of the magnetic flux densit3• in a nonmagnetic 

medium around any closed path is equal to µ0 times the total current flowing 

through the surface bou11ded by the path. Ampere's circuital law i very u eful 
in determining the magnetic Rux density B caused by a current I when there i 
a closed path C around the current such that the magnitude of Bis con tant 

over the path. 
The following is a summary of the two fundaMental postulate of 

magnctostatics in free pace: 

'We note here parentheucall) that examination of ome prehi toric rock forma11ons has led to 
the belief that there ha,·e been dramauc re\er<ab of tho: earth's magnet11 .. field e\t:r] ten 11111l1on 
years or so. fhc earth·s magnetic field 1' thought to be produced b~ the wiling motwn' n[ the 
molten iron in the earth's outer core. but the exact reason' for tht: field revcr~ab are su ll 1wt 1vell 
understood. The next such reversal 1s predicted tll be only about 2000 year' from nol'.. One 
cannor conjec1ure all the dire consequence~ of such a reversal. hut among rhern ll'ould he 
disruptions in global navigarinn and drnsuc changes in the migratory patterns of bird,. 
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Postulate of Magnetostatics in 

nonmagnetic media 

Differential Form Integral Form 

V·B =0 f
5
B·ds=0 

v x B =µOJ f B·dt = µ0 1 
c 

An infinitely long, traight, solid, nonmagnetic conductor with a circular 
cros section of radiu h carries a steady current 1. Determine the magnetic 
flux density both inside and outside the conductor. 

SOLUTJON 

First we note that this is a problem with cylindrical symmetry and that 
Ampere's circuital law can be used to advantage. If we align the conductor 
along the z-axis the magnetic flux density B will be ¢-directed and will be 
constant along any circular path around the z-axis. Figure 5-2(a) shows a 
cross section of the conductor and the two circular paths of integration, C 1 

and C2 inside and outside, respectively, the current-carrying conductor. Note 
again that the directions of C 1 and C 2 and the direction of I follow the right­
hand rule. (When the fingers of the right hand follow the directions of C 1 and 
C2, the thumb of the right hand points to the direction of 1.) 

a) l nside the conductor: 

B, = a<l>B</> 1 , cit = a.pr 1 d<P 

J. 8 1 ·dt = (Zn B"' 1r 1 d</> = 2nr 1 B.pi· jc, Jo 
The current through the area enclosed by C 1 is 

l 1 = :;t 1 = ('; )2 l . 

Therefore, from Ampere's circuital law, 

µor1l 
B1 = aq, B<1>1 = a<I> 2nb2 , (5-11) 
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(b ) 

FIGURE 5-2 Magnetic flux density of an infinitely long circular conductor 
carrying a current I out of paper (Example 5-1 ). 

b) Outside the conductor: 

8 2 = a<t>B</> 2 , dt = a4,ri d¢ 

l, B2 • dt = 2nr2B <1> 2 · Jc, 
Path C 2 outside the conductor encloses the total current I. Hence 

µof 
B2 = ac/> 8 4' 2 = aci>-- , 

2nr1 

(5-12) 

Examination of Eqs. (5-11) and (5-1 2) reveals that the magnitude 
of B increases linearly with r 1 from0 until r1 =b, after which it decrease 
inversely with r 2 . The variation of Bel> versus r is sketched in Fig. 5-2(b). 

An infinitely long, very thin cylindrical l:onducting tube of radius b carries a uniform 
surface current J, = a=J s(A/m). Find 8 everywhere. 

ANS. 0 for r < b, a<1> 110J.,h/r for r > b. 
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Determine the magnetic flux density inside a closely wound toroidal coil with 
an air core having N turns of coil and carrying a current I. The toroid has a 
mean radiu b, and the radiu of each turn is a. 

SOLUTION 

Figure 5-3 depict the geometry of this problem. Cylindrical ymmetry 
en ures that B ha only a ¢-component and i con. tant along any circular 
path about the axi of the toroid. We construct a circular contour C with 
radius r as shown. For (b - a) < r < b +a, Eq. (5-10) leads directly to 

fB·dt = 2nrB<I> = µ0Nl, 

where we have assumed that the toroid has an air core with permeability µ0 . 

Therefore, 

(b-a) < r < (h+a). (5-13) 

B = 0 for r < (b - a) and r > (b +a), because the net total current enclosed by a 
contour constructed in these two regions is zero. 

Find the magnetic flux density inside a very long cylindrical solenoid with an air core 
having n turn per meter and carryi ng a current / . 

AN . l'onf. 

FlGURF 5-3 A current-carrying toroidal coil (Example 5-2). 

I 

~Ti 
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R EV I E W Ql E TIO~ -

Q.5-1 What i the e"<press1on for 1he for eon a 1cs1 charge q that m1wc. with \Cl oc11y 
u in a magnetic fi eld of flu x density s~ 

Q.5-Z erify that tesla (T). the unit for magnetic flu'< density. ;, the same "' voll­
second per quare meter(\'· m2 l. 

Q.5~3 Write Lorentz' force equation. 

Q.5-4 What arc the 1wo fundamcnwl postulates of magncto · tatic~· 1 

Q.5-5 Which ro tulate of magnetostatics den1c · the e>.1stcnce of isolated magnellc 
charges? 

Q.5-6 late the law of conservation of magnetic flux . 

Q.S-7 State Ampere's cm:uital la\~ 

Q.5-N In what manner docs the B-ficld of an infini tely long straight filament carrying 
a direct curren t I vary with di lance? 

R EM AR KS -----~~---~----------------, 

I. The magnetic force on charge q mo ing with a velocity u in a magnetic 
fie ld B i perpendicular to both u and 8 ; there i no force on q if u i 
parallel to B. 

2. There are no isola ted magnetic charge . 

3. Magnetic field is solenoidal , and magnetjc flu x line alway clo e upon 
them el ve . 

5-3 VECTOR MAGNETIC POTENTIAL 

Partial definition of 
vector magnetic 
potential A 

SI unit for A 

The divergence-free postulate of Bin q. (5-6), V · B = 0, a urc · that 8 is 
olenoidal. a con ·equence. 8 can be ex pre ed a the url of an ther ve tor 

field. say A, such that 

18= xA (T ). (5-14) 

The vect r field A s defined i ca lled the vector magnetic potential. Tt SI unit 
i weber per meter (Wb m). Thus if we can find A of a urrent di tribution. B 
can be obtained from A by a differential (curl) operation. Thi i quite imilar 
to the introducti n of the sca lar electric potential V for the cu rl-free E in 
electro ta tic (Section 3-5) and the obtain ing of E from the relation E = - v: 
However, the definition of a vector requires the pccification of both it curl 
and it divergence. Hence Eq. (5- 14) alone i not sufficient to define A; we 
must till pecify it divergence. 

How do we choose V ·A? Before we an wer this que tion , let us take the 
curl of B in Eq. (5-l4) and ubstitutc it in Eq. (5-7). We have 
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(5-15) 

Here we digress to introduce a formula for the curl curl of a vector. t 

V x V x A = V(V ·A) - V2 A , (5-16a) 

or 

V2 A = V(V ·A) - V x V x A. (5-16b) 

Equations (5-16a) or (5-16b) can be regarded as the definition of V2 A, the 
Laplacian of A. For Cartesian coordinates it can also be verified by direct 

substitution that 

( 5-17) 

Thus, for Cartesian coordinates the Laplacian of a vector field A is another 
vector field whose components are the Laplacian (the divergence of the 
gradient) of the corresponding components of A. This, however, is not true 

for other coordinate systems. 

Verify Eq. (5- 17) in Cartesian coo rdinates. 

We now expand V x V x A in Eq. (5-15) according to Eq. (5-16a) and 
obtain 

(5-18) 

With the purpose of simplifying Eq. (5-18) to the greatest extent possible we 
choose 

I V·A = 0 

and Eq. (5-18) becomes 

(5-20) 

This is a vector Poisson's equation. Jn Cartesian coordinate , Eq. (5-20) is 
equivalent to three scalar Poisson's equations: 

v2 Ax= - µolx, 

v2 Ay = - µoJr, 

v 2A= = - µoJ,. 

'Thi~ formula can be readily verified in Canesian coo rd inates by direct substitution. 
1T his relation is called Coulomb condition or Coulomb _qauge. 

(5-21 a) 

(5-21 b) 

(5-2 lc) 



180 

Finding vector 
magnetic potent ial 
from current density 
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Relation between 
vector m agnetic 
potent ial and 
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Each of these three equation · is mathematically the same as the 'calar 

Pois on's equation. Eq. (3-126) in electro tatic . In free pace the equation 

ha a particular solution (see Eq. 3-38). 

V= -
1
- ( ~di•' . 

4n€0 j, R 

Hence the solution for Eq. (5-21a) i 

A,.=~ I Jx dr'. 
47t I' ' R 

We can wrile imilar solutions for A1• and A=. Combining the three 
component . we have the solution for Eq. (5-20): 

A= µof ~ dr' 
4n v· R 

(Wb ' m). (5-21) 

Equation (5-22) enable u to find the vector magnetic potential A from the 

volume current den. ity J . The magnetic flux den ity B can then be obtained 

from V x A by differentiation . 

Vector potential A relate to the magnetic flux <l> through a given area S 
that i bounded by contour Cina si mple wa)'.: 

<I> = f B · ds. 
s 

(5-23) 

The SI unit for magnetic flux i weber (Wb), which is equivalent to le la­
quarc meter (T·m 2

). Using Eq. (5-14) and Stoke ' theorem, we have 

<D = f (VxA)·ds=iA·dt (Wb). (5-24) 

Thus, vector magnet ic potential A does ha\ c physical significance in that its 

line integral around any closed path equal the total magnetic ftux passing 

through the area enclosed by the path . 

5-4 T HE BIOT - S AVART LAW AND APPLICATIONS 

In many application · we arc intcre)itcd 111 determining the magnetic field due 

lo a current-carrying. circuit. For a thin wire with ross- ectional area S. di'' 

equals S di ', and the current flow i~ entirely along the wire. We have 

J dr' = JS dt' = l dt', (5-:!5) 
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and Eq . (5-22) becomes 

(Wb/m), (5-26) 

where a circle has been put on the integral sign because the current I must 

flow in a closed path,t which is designated C'. The magnetic flux density is 
then 

B = V x A = V x [~lcJ rh dt'] 
4rr Jc· R 

= JLof J. V X (dt '). 
4rr Jc R 

(5-27) 

It is very important to note in Eq. (5-27) that the unprimed curl operation 
implies differentiations with respect to the space coordinates of the field 
poinr. and that the integral operation is with respect to the primed source 
coordinates. The integrand in Eq. (5-27) can be expanded into two terms by 
using the following identity (see Eq. 2-115): 

V x (/G) =JV x G + (Vf) x G. (5-28) 

We have, with .f = l/ R and G = dt ', 

8 = - - v x d( + v - x dt . µ 0 l f [ I , ( I ) ·] 
4rr c R R 

(5-29) 

Now, since the unprimed and primed coordinates are independent, V x dt ' 
equals 0, and the first term on the right side of Eq. (5-29) vanishes. The 
distance R is mea ured from dt' at (x ', y' , : ')to the field point at (x, y. :). Thu 
we have 

1 7 7 7 
R = [(x - x ')-+ (y-y')- +(: - :')-J 

V - = a - - + a - - + a - -(I) r (I) c (I) ('. (I) 
R x ex R Y i,y R = c-:: R 

= 
a..(.x - x ') + ay(y -y') +a=(;: - z' ) 
[(x _ x ')2 + (y - y' )2 + (: _ : ')2]J12 

R I 
= - RJ = - aRRf ' (5-30) 

rwc are now dealing with direct (no n-t ime-varying) currents that give rise to steady magnetic 
fields. C ircuits conta ining ti.me-varying sources may send time-varying currents a long an open 
wire and depo it charges a t its ends. Antennas are ex amples. 
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where aR i the unit vector directed .fi"om the !>OLIN'c! point to the .field point. 
Substituting Eq. {5-30) in Eq. {5-29). we gel 

!T). (5-3 I) 

Equation (5-31) is kno\.\ n as Biot-Savart la11·. 1t is a formula for determining B 
caused by a current I in a closed path C', and wa deritied from the divergence 

postulate for B. Many books use Biot-Sava rt law a the starting point for 
developing rnagnetostatics, but il is difficult to see the experimental pro­

cedure u ed toe tablish such a preci ·e and complicated relation as Eq. (5-31 ). 
We prefer to derive both Ampere· circuital law and Biot-Savart law from our 

s im ple divergence and curl postulates for B. 
Sometimes it i convenient to write Eq. (5-31) in two ·tep : 

(T), (5-32a) 

with 

d B = /Loi (dt' x aR) 
4n R2 (T), (5-32b) 

which i · the magnetic nux den ity due to a current clement I di'. An 
alternative and sometimes more convenient form for Eq. (5-32b) is 

B - - -d _ 110 1 (cit' x R) 
4rr R3 

(T). (5-32c) 

E XAMPLE 5-3 ----

A direct current I flow in a traight wire of length 2L. Find the magnetic flux 

density B at a point located at a distance r from the wire in the bi ecting 
plane: (a) by determining the vector magnetic potential A first. and (b) by 

applying Biot-Savart law. 

SOL TIO"I 

Direct currents exi t only in elo ·ed circuits. Hence the wire in the pre ent 

problem mu t be a part of n current-carrying closed loop. Since we Jo not 
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d-' 

L 

_l - r 
0 - - - - - - - - - · 

P(r. 0, 0) 

R 

I 
L 

l_ 
FIG RE 5-4 A current-carrying strajght wire (Example 5-3). 

know the rest of the circuit, Ampere's circuital law cannot be used to 
advantage. Refer to Fig. 5-4. The current-carrying line segment is a ligned 
with the ::-axi . A typical element on the wire is 

dt' = a=d:: '. 

The cylindrical coordinates of the field point Pare (r, 0, 0). 

a) By.finding B from V x A. Substituting R = j z'2 + r2 into Eq. (5-26) we 
have 

µ ol I/, A=a_ -
- 4n: L 

dz' 

z'2 + ,.2 

=a= - 0
- [\n (z' + Jz'2 + r 2 

)] 
/l I IL 
471: - L 

µ0 1 L2 +r2 + L 
= a_ - In ---;===--

- 4n L 2 + ,.2 - L 

Therefore, 

1 cA_ i1A-
B = V x A = V x (a_A_) = a, - - · - a,. - - . 

- - r o</J .,, ar 

(5-33) 

Cylindrical symmetry around the wire assures that aA./8</J = 0. Thus, 

B = c [µ 0 1 I j L1 
+r

2 + LJ 
a"'8r -4n n J Li+r2 - L 

(5-34) 
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When r « L, Eq. (5-34) reduces to 

B - a µof 
"' - "' 2n:r ' 

(5-35) 

which is the expression for Bat a point located at a distance r from an 

infinitely long, straight wire carrying current I , as given in Eq. (5-12). 

b) By applying Biot-Savar£ law. From Fig. 5-4 we see that the distance 
vector from the ource element dz' ro the field point P is 

dt' x R = a=ciz' x (a,r-a=:') = a<l> rd:: '. 

Substitution in Eq. (S-32c) give 

B= dB=a -f µ0 1 f L rclz' 
I/> 4n: - L (z'2+r2)312 

= a.p 
2nr L2 +r2 • 

which is the same a Eq. (5-34). 

Find the magnetic flux density at the center of a planar square loop. with side 

w carrying a direct current I. 

SOLUTION 

Assume that the loop lies in the xy-plane, as shown in Fig. 5-5. The magnetic 

flux den ity at the center of the square loop i equal to four times that caused 
by a single side of length w. We have. by setting L =: r = w'2 in Eq. (- -34), 

B - ~ - 2..., 21101 
- a. ;-;; x 4 - a= v 2nw n:w 

(5-36) 

FIGURF 5-5 A square loop carrying current I (Example 5-4). 
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where the direction of Band that of the current in tbe loop follow the right­

hand rule. 

An 8 (cm) x 6 (cm) rectangular conducting loop lies in the xy-plane. A direct current of 
5 (A) nows in a clockwise direction viewing from the top. Find Bat the center of the 
loop. 

Al"S. - a=83.3 (µT). 

Find the magnetic flux density at a point on the axis of a circular loop of 

radius b that carries a direct current/ . 

SOLUTION 

We apply Biot-Savart law to the circular loop shown in Fig. 5-6: 

dt' = aq,hdc/J', 

R = a,z- a,b, 

R = (z2 + b2)1 12. 

Again it is important to remember that R 1s the vector from the source 

element dt' to the field point P. We have 

dt' x R = aq,bdc/J' x (a=:.: - a,h) 

= a,bz d<f/ + a=b 2 dcjJ'. 

Because of cylindrical symmetry, it is easy to see that the a,-cornponent is 
canceled by the contribution of the element located diametrically opposite to 

dt', so we need only consider the a =-cornponent of this cro s product. 

FIGURE 5-6 A circular loop carrying current I (Example 5-5). 

P(O. 0. : l 

.\ 
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We write, from Eq . (5-32a) and (5-32c), 

B =µo/J2na b2d<f/ 
4n o z (z2+b2)3 2, 

or 

µ Jb2 
B = a --=-0--=-=-= , 2(z2 + b2)J12 (T). (5-37) 

-- - - - -------
Refer to Fig. 5-6. Find B: 

a) at the center of a circular loop of radius S(cm) carrying a direct current 2(A}. 
and 

b) at the center of a semi-circular loop of radiu 8 (cm} carrying a direct current 
4(A). 

A s. (a) 8n (pT), (b) Sn (pT). 

5-5 THE MAGNETIC DIPOLE 

EXAMPLE 5-6 

A magnetic dipole 

We begin this section with an example. 

Find the magnetic flux density at a distant point of a small circular loop of 

radius b that carries a current I (a magnetic dipole) . 

SOLUTION 

We select the center of the loop to be the origin of spherical coordinates, as 

shown in Fig. 5-7. The source coordinates are primed. We fir · t find the vector 

magnetic potential A and then determine B by V x A: 

A=µo!J, dt' 
4rr Jc R 1 ' 

(5-38) 

where R 1 denotes the di ta nee between the source element dt ' at P' and the 
field point P, as shown in Fig. 5-7. Because of symmetry, the magnetic field is 

obviously independent of the angle </J of the field point. We pick P(R, 8, n/2) in 

the yz-plane for convenience. 

It is important to note that a"' at dt' i · not the same a a<I> at point P. [n 
fact , a q, at P, shown in Fig. 5-7 is - ax, and 

dt ' =( - a .. in </J'+a,. cos </>')bd<f>'. (5-39) 
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For every J dt' there is another symmetrically located differential current 
element on the other side of the y-axis that will contribute an equal amount to 
A in the - ax direction but will cancel the contribution of I dt' in the aY 

direction . Equation (5-38) can be written as 

or 

110 l f 2 " b sin </>' , 
A= - a, - d</J , 

· 4n o R 1 

J.lo lb f" 2 
sin <{>' /A. ' A = aip-

1
- - - tv' · 
~n - rr 2 R, 

The law of cosine applied to the triangle OPP' gives 

Ri = R1 + b2 - 2bR cos 1/1 , 

(5-40) 

where R cos t/J is the projection of R on the radius 0 P', which is the same as 
the projection of OP" (OP" = R . in 0) on OP'. Hence, 

Rf= R 2 + b2 -2hR in 8 sin<//, 

and 

- = - 1 + - - '.::__ in V sin ¢' . 
J [ ( h2 lb ) I '2 

RL R R2 R 

When R 2 » ?2
, h1/R2 can be neglected in comparison with 1: 

-
1
- ~ ~ ( [ -

2/J Sin f} Sin A.')-I l 
R

1 
- R R 'P 

I ( b . . ) ~ R 1 + R sm e sm ¢ ' . (5-41) 

FlG URE 5-7 A small circular loop carrying current I (Example 5-6) . . 
P! R. 0. rr/'J. l 

H 

y 
.\ 
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Sub titution of Eq. (5-41) in Eq. (5-40) gives 

µ Jb f n 2 ( b ) A = a"' -
2
° I + - sin 0 sin </>' "in <fl d<f>'. 
nR n 2 R 

which yields 

µolb2 
A = a"' 4R 2 in 0. (5-42) 

The magnetic flux density i B = \"" x A. Equation (2-97) or the formula on 
the in ide of the back cover can be used to find 

(5-43) 

which i our an wer. 

Al this point we recognize the similarity between q. (5-43) and the 
e pre sion for the electric field intensi ty in 1he far field of an electro tatic 
dipole a given in Eq . (3-37). Hence, at di tant point the magnetic flu x lines of 
a magnetic dipole (placed in the xy-plane) uch a that in Fig. 5-7 will have 
the same form as the electric field line of an electric dipole (lying in the :­
direction). In the vicinity of the dipoles, however. the !lux lines of a magnetic 
dipole arc continuous. whereas the field lines of an electric dipole terminate 
on the charges, always going from the positi\'e to the negative charge. This is 
illustrated in Fig. 5-8. 

Let u now rearrange the expression of the vector magnetic potential in 
Eq . (5-42) a 

or 

where 

A = _µ_om __ x_a_R 
4nR 1 (Wb/m), (5-44) 

(5-45) 

is defined a the magnetic dipole moment, which i a vector who e magnitude 
is the product of the current in and the area of the loop and who e direction i 
the direction of the thumb as the fingers of the right hand follow the direction 
of the current. ompari on of Eq. (5-44) with thee pres ion for the calar 
electric potential of an clectri dipole in Eq. (3-36}, 
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(a) Electric dirole . (b) Magnetic dipole. 

l· IG ' RE 5-8 Electric field line of an electric dipole and magnetic flux lines of a 
magnetic dipole. 

p·a V= R 
4rrE0 R 2 (V), (5-46) 

reveals that, for the two cases, A is analogous to V. We call a small current­
carrying loop a magnetic dipole . 

lo a similar manner we can al o rewrite Eq. (5-43) as 

/tom . 
B = - - 3 {ai< 2 cos V + a0 sm 8) 

4nR 
(T). (S-4 7) 

Except for the change of p tom and Eo to 1/µ0 , Eq. (5-47) has the same form as 
Eq. (3-37) for the expre sion for E at a distant point of an electric dipole. 

Although the magnetic dipole in Example 5-6 was taken to be a mall circular 
loop, it can be ·hown that the same far-zone expressions- Eqs. 
(5-44) and (5-47)- are obtained when the loop has other shapes. with m =IS. 

REVIEW' QLIE'iTIO"iS 

Q.5-9 Define 1•ector nW{flletic potential A. What is its SI unit? 

Q .S-10 Whal i the relation between vector magnetic potential A and the magnetic 
llux through a given area? 

Q.5-11 State Biot-Sav:.irt law. 

Q.5-12 What is a magnetic dipole'? Define magnetic dipole moment. What is its SI 
unit? 
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REM AR KS -------------------------, 

l. In determining B due to a current distribution, il is simplest to apply 
Ampere's circuital law if a closed path can be found, over wruch B has 
a constant magnitude. The geometry of the problem usually has 
cylindrical symmetry and/or infinite length. 

2. If the above condition does not exist, the Biot-Savart law should be 
used to find B from the current in a given circuit. 

3. Analogous quantities in the computation of the E-field due to an 
electric dipole and the B-field due to a magnetic dipole (small current 
loop): 

Electric dipole Magnetic dipole 

p = qd m = a"/S 

E B 

Eo l/µo 

5-6 MAGNETIZATION A N D EQUIVALENT C URRENT D ENSITIES 

- - - - - --
Ma gnetization vector 
is the volume densit y 
of magnetic dipole 
moment . 

According to the elementary atomic model of matter, all materials are 
composed of atoms, each with a positively charged nucleu and a number of 
orbiting negatively charged electrons. The orbiting electrons cause circulat­
ing currents and form microscopic magnetic dipoles. In addition, both the 
electrons and the nucleus of an atom rotate (spin) on their own axes with 
certain magnetic dipole moments. The magnetic dipole moment of a spinning 
nucleus is usually negligible in comparison to that of an orbiting or spinning 
electron because of the much larger mass and lower angular velocity of the 
nucleus. 

ln the ab ence of an external magnetic field , the magnetic dipoles of the 
atom of most materials (except permanent magnets) have random orienta­
tions, resul ting in no net magnetic moment. The application of an external 
magnetic field causes both an alignment of the magnetic moment of the 
spinning electrons and an induced magnetic moment due to a change in the 
orbital motion of electrons. To obtain a formula for determining the 
quantita tive change in the magnetic flux density caused by the presence of a 
magnetic material , we let mk be the magnetic dipole moment of an atom. If 
there are n atoms per unit volume, we define a magnetization uector, M , a 

(A/m), (5-48) 



Equivalent 
magnetization 
surface current 
density 

Equivalent 
magnetization 
volume current 
density 
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which is the volume den ity of magnetic dipole moment. The magnetic dipole 

moment dm of an elemental volume dv' is dm = M dv' that, according to Eq. 

(5-44). will produce a vector magnetic potential 

dA=J1oM x aRd " 
4rrR 2 L · 

(5-49) 

The total A is the volume integral of dA in Eq. (5-49), and the contribution of 

magnetization to the magnetic flux density B is V x A. Equation (5-49) is 
analogous to the expression of dV in Eq. (3-55) from which we obtained the 

potential V due to a polarized dielectric medium, and E from - V V. 
Similar to the equivalence of P of induced electric dipoles to a 

polarization surface charge density Pp.• = P ·a" and a polarization volume 
charge density pp,·= -V · P di cussed in Subsection 3-6.2, we can prove 

analytically the equivalence of M of magnetic dipoles to a magnetization 
surf ace current density 

(A/m), (5-50) 

where a" is the unit outward normal to the boundary, and a magnetization 
volume current density 

I Jmt• = V X M (5-51) 

A qualitative interpretation can be had by referring to Fig. 5-9, which 

FIGURE 5-9 A cross ection of a magnetized material. 

'I, out of paper 

+­
all 

_. 
a 

fl 
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EXAMPLE 5-7 

CHAPTER 5 STATIC MAGNETlC FIELDS 

represents a cross section of a magnetized material having a certain thickness. 
We see that the magnetic dipoles at the surface effectively contribute to a 
surface current beyond the dashed lines. The magnitude of the surface current 
is directly proportional to the volume density of the magnetic dipole moment, 
and the direction of the current on both boundaries is correctly given by 
M x a" in the figure, a stipulated in Eq. (5-50). 

The equivalent magnetization volume current density Jm, , given in Eq. 
(5-51), is a little difficult to visualize, but we can accept that magnetic-moment 
density M produces an internal flux density B; which is proportional to M . 
We may write 

or 

B; =M. 
flo 

From Eq. (5- 7} we see that 

v x (:;) = J, 

(5-52) 

(5-53) 

(5-54) 

where Be denotes the e.xternaJ magnetic flu.x density due to the free current 
density J. We write from Eq. (5-53): 

B. 
V x ~ = V x M = J"',., 

µo 
(5-55) 

where Jm,, is the equivalent magnetization volume current density. Adding 
Eqs. (5-54) and (5-55). we have 

V X B = /Lo(J + J,m,), (5-56) 

where B = B10 ra1 = Be + B;. Hence the resultant magnetic flux density in the 
presence of a magnetized material is changed by an amount Bi. lf M is 
uniform inside the material, the currents of the neighboring atomic dipoles 
that flow in opposite direction will cancel everywhere, leaving no net 
currents in the interior. This is predicted by Eq. (5-51 ), since the space 
derivatives (and therefore the curl) of a constant M vanish. However. if M has 
space variations and V x M # 0. the internal atomic currents do not 
completely cancel, resulting in a net volume current density J"', .. 

Determine the magnetic flux density on the axis of a uniformly magnetized 
circular cylinder of a magnetic material. The cylinder has a radius b, length L, 
and axial magnetization M = a"M 0. 
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f'(O. 0. ;: l 

\' 

FIG URF 5-1 0 A uniformly magnetized circular cylinder (Example 5-7). 

SOLUTION 

In this problem concerning a cylindrical bar magnet, let the axis of the 

magnetized cylinder coincide with the :-axis of a cy!indrical coordinate 

ystem, a shown in Fig. 5-10. Since the magnetization Mis a constant within 

the magnet , Jm = V' x M = 0, and there is no equivalent volume current 

den ity. The equivalent magnetization urface current density on the side wall 

Jm, = M x a~=(a: Mo) x a, 

= a41 M 0 • 
(5-57) 

The magnet is then like a cylindrical sheet with a lineal circumferential current 

density of M 0 {A/m). There is no surface current on the top and bottom faces. 

To find B at P(O, 0, :), we consider a differential length dz' with a current 

aq, M0 dz' and use Eq. (5-37) to obtain 

and 

µ0 M 0b2 dz' 
dB = a= 2[(: - :')2 + h2] 3 i 

(5-58) 



194 

• EXERCISE 5.6 

C'HAPIER5 TAT!( MAG l TIC Fil.LOS 

A cylindrical magnet of radiu~ 5(cm) and length 12(cm) ha ' an axial magnctwnion 
a= 130(A/cm). Find B al 

a) 1 he center of the top face. 

b) the center of the bottom face, and 

c) !he cen!cr of !he magnet 

AN~. (a) and (b) a =7.5-t (mT). (c) ay!.:- (mT). 

5-7 MAGN ETIC FIELD INT ENSITY AND RELATIV E PERMEAB ILITY 

Defin ition of 
magnetic field 
intensity H 

Because the application of an external magnetic field causes both an 
alignment of the internal dipole moment · and an induced magnetic moment 
in a magnetic materia l, we expect that the re, ultant magnetic nux density in 
1hc pre cncc of a magnetic material wiJJ be different from its value in free 
pace. The macroscopic effect of magnetization can be tudied by incorporat­

ing the equivalent magnetization volume current den ity, J,.11 in Eq. (5- -1 ). 
into the ha. ic curl equation. Eq. (5-7). We have 

or 

I 
- V x B = J + J,,11 = J + V x M. 
Po 

V x (! -M) = J . 
flo 

(5-59) 

We now define a new fundamental field quantity, the magnetic field intensity 

H, uch that 

I 
H~~ M 

. Jlo 
m). (5-60) 

Combining Eq . (5-59) and (5-60). we obtain the new equation 

[ vxH = J (5-61) 

where J (A/M 2
) is the vo lume density of free current. Equation . (5-6) and 

(5-61) arc the two fundamenta l governing differentjal equations for mag­
netostatics. The permeability of the medium doe not appear explicit!) in 
these two equation . 

The com::~ponding integral fo rm of Eq. (5-61) i obtained by taking the 
scalar surface integral of both ides: 

J (V x H ) · d = f J · d . 
s s 

(5-62) 
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Generalized 
Ampere's circuital 
law for steady 
currents- applicable 
in nonmagnetic as 
well as magnetic 
media . 

Definition of 
magnetic 
susceptibility 

Relative permeability 
and absolute 
permeability of a 
medium 

Definition of a 
simple medium 

or, according to Stokes's theorem, 

(A). 1 (5-63) 

where C is the contour (closed path) bounding the surface Sand I is the total 

free current passing through S. The relative directions of C a nd current flow 1 

follow the right-hand rule. Equation (5-63) is another form of Ampere's 

circuital law. which hold in a nonmagnetic a well as a magnetic medium. It 
states that the circulation of the magnetic.field intensity around any closed path 

is equal to the .free current flowing through the surface bounded by the path . 

When the magnetic properties of the medium are linear and isotropic, 

the magnetiza tion is directly proportional to the magnetic field intensity: 

(5-64) 

where x,,, is a dimensionless quantity called magnetic susceptibility. Substitu­
tion of Eq. (5-64) in Eq. (5-60) yields lhe following constitutive relation: 

or 

where 

8 = JL 0( I + ;(,,,)H 

= flol'rH = JlH 

I 
H= - 8 

JL 
(Am). 

Ji 
µ,=I+/.,,,=­

JLo 

(5-65) 

(5-66) 

(5-67) 

i another dimen ionless quantity known as the relative permeability of the 

medium. The parameterµ = JloJ.L, is the absolute permeability (or ometimes 

ju t permeability) of the medium and is measured in H/ m; ;(,,, , and therefore 
11,, can be a function of space coordinates. For a simple medium - linear, 

i otropic, and homogeneous- x,,, and Ji, are co nstar.ts. 
The permeability of most material is very clo c to that of free space 

(JL0). for ferromagnetic ma terial s uch as iron, nickel. and cobalt,µ, could be 
very large (50 5000, a nd up to I 06 or more for special alloys); the 

permeability depend not only on the magnitude of H but al o on the 
previ ws hi ·tory of the material. Section 5-8 contains some qualitative 

di cu ion of the macroscopic behavior of magnetic material . 
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5-8 BEHAVIOR OF MAGNETI C MATERIALS 

-------
Three types of 
magnetic material 

In Eq. (5-64) of the previous section, we dcscribcc.I the macroscopic magnetic 
property of a linear. i otropic mcc.lium h) defining the magnetic susceptibility 
/,,,, a dimensionless cocmcient of propon1onalit) between magnet11atton M 
and magnetic fielc.I intensity H. The relative permeability /t, 1s imply 1 + Xm· 
Magnetic malcriab can be roughly c!ass1fied 11110 three mam group\ 1n 

accordance with the1r µ,values . A material is said lo be 

Diamagnetic, if /t, ~ I (/ 111 is a very small negamc number). 

Paramagnetic. if 11, <: I (/,,,is a \ef\ :.mall po. 1(1\.C number). 

Ferromagnetic, if p, » 1 (/m is a large positive number). 

A thorough understanding of micrmcop1c magnetic phenomena reqwrcs a 
know lcc.Ige of quantum thcor~ . Herc we . imply slate that c.Iiamagnct1srn arises 
mainly from the orbital motion of the electrons within an atom. ,.,.hcreas 
paramagnetism is main!) from the magnetic dipole moments of the spinnmg 
electrons. The magnetH: -;usceptibtlity for most known cliamaqm!ll< ma1cnals 
(copper. germanium. si ln:r. gold) 1s of the or<ler of - 10 5

, and that for 
parw11ay11e11c materiab ·uch as alummum, magne ium. titanium and 
tungsten is of the order of 10 5

. 

The magnet1zatwn of ji.•rro11wy11t..'t1t matcnab can he mJn) orders of 
magnitude larger than that of paramagnetic ubstances. (See Appendix B-5 
for typical values of ,·clative permcabillt) .I 

Ferromagnerism can be cxplainec.I in terms of magneti1ed domain.~. 

According to th1s model. which has been ex pcnment,11ly confirmed, a 
ferromagnetic material (such as cobalt. nickel. and iron) is composed of many 
small domains. their linear c.I1mcns1om ranging from a fe\\ microns to .ibout 
1 mm. Thee domains. each contaming. about 10 1 5 or 10 16 atoms. arc fully 
magnetized in the sense th.it they contain aligned magnetic dipoles resulting 
from spinnmg electrons e\en in the :i bscnce of an applit-d magnet 1c field . 
Quantum theory asserts that strong couphng forces C\i ·t bet\\ccn the 
magnetic dipole moments f the atom-. in a domain. holding the dipole 
moments in parallel. Between ad,1acent domains there 1s t1 tran ·ition region 
ahout 100 atoms thick called a domain wall In an unmagnetized state the 
magnetic moments of the adjacent dom.1ins 111 a ferromagnetic matenal ha Ye 
ditferent din:ctions. as exemplified 111 Fig. 5-11 by the po!ycrysta11ine 
specimen shown. Viewed as a whole, the random nature of the orientattons 111 
the \ ariou domatns result-. in no net magnetization 

When an external magnetic field 1s appltcd to a ferromagnetic matenal. 
the walls of tho c d ma111 ha\iog magnetic moments aligned with the 
applied field move 111 such a ""'llY as to malo.c the volumes of tho c domains 
grow at the C\peo -c of ther domain' As a result. magnetic flux c.lensity ts 
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Ma!!neliLed 
don1ain 

Domain 
wall 

FIG URE 5-l I Domain structure of a polycrysta lline ferromagnetic speci men. 

197 

increased. For weak applied fields, say up to point P 1 on the B- H 
magnetization curve in Fig. 5-12 domain-wall movement are reversible. But 
when an applied field becomes stronger (past P 1 ). domain-wall movements 
are no longer reversible, and domain rotation toward the direction of the 
applied field will also occur. For example, if an applied field is reduced to zero 
at point Pi., the B- H relationship will not follow the solid curve P2P 10, but 
will go down from P 2 to P'2 , along the broken curve in the figure. This 
phenomenon of magnetization lagging behind the field producing it is called 
hysteresis, which is derived from a Greek word meaning " to lag." As the 
applied field becomes even much stronger (past P2 to P3 ), domain-wall 
motion and domain rotation will cause es entiatly a total alignment of the 
microscopic magnetic moments with the applied field, at which point the 
magnetic material is said to have reached saturation. The curve OP 1 P2 P3 on 
the B- H plane is called the normal magnetization curve. 

FIG URE 5-12 Hysteresis loops in the B- H plane for ferromagnetic material. 
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Permanent magnets 
have remanent fluJc 
density . 

Hysteresis loss 

··soft " and "hard" 

ferromagnetic 

materials 

Definition of curie 
temperature 

Characteristics of 
fer rites 

If the applied magnetic field is reduced to 7ero from the 'aim; at P J· the 
magnetic flux density docs not go to zero but a sume the value al B,. This 
value i called the residual or remanent flux den~ity (in Wb m2

) and is 
dependent on the maximum applied field intensity. The existence of a 
remanent flux den it} in a forromagnetic material mak.e permanent magneb 
pos.,ible. 

To make the magnetic flux den it} of a pecimen zero. it i ncce ary to 
apply a magnetic field intensity Hr in the opposite direction. This required H, 
is called coerciref(Jrce, but a more appropriate name i · coercive field intensity 

(in A m). Like B,. H .. al o depends on the maximum value of the applied 
magnetic field inten. it} . 

Ferromagnetic materials for u e in electric gcnerator5. motor.,, and 
transform~r should have a large magnetization for a very ·mall applied field : 
the) hould ha\e tall. narrow hystere i loops. A the applied magnetic field 
intensity varies periodically bel\\een ± Hm~.- the hysteresi loop i traced 
once per cycle. The area of the hy teresi loop corre ponds to energy lo s 
(hysteresis loss) per unit volume per cycle. Hystere. 1. loss is the energy lost in 
the form of heat in overcoming the friction encountered during domain-wall 
motion and domain rotation. Ferromagnetic materiab, v. hich ha\e tall. 
narrow hytere. i loop with small lo p areas. arc referred to as "soft" 
material ; they are u ually well-annealed materials v.ith very few dislocations 
and impuritic · ·o that the domain wall can move easily. 

Good pcrman~nt magnets. on the other hand. '>hould -.hm\ a high 
re ·i tance to demagnl'lization . 1 hi requires that they be made with materials 
that ha1·e large cocrci1·c field inten itics fl, and hence fat h}stcrc ... ; ... loops. 
These material · an: rererred to as '"hard .. ferromagnetic material.. 1 he 
coerci\~ field intensity of hard ferromagnetic material hueh a., lnico alloys) 
can be 105 (A ml or more. \~herea that for <.;oft materials is U'>ually 50(A m) 
or les . 

\ hen the temperature of a ferromagnetic material is rai ·ed to such an 
extent 1 hat the thermal energy exceeds the coupling cnerg) of magnetic dipole 
moment . the magncti7cd domain become di organi1ed . Above this critical 
temperature. knovvn as the curie temperature. a ferromagnetic material 
behave-. like a paramagnetic ubstance. The curie temperature of most 
fcrromagneti material lie between a fev.. hundred to a thou and degrees 
' clcius. that of iron being 770 C. 

Ft.:rritcs belong to a not her clas" of magnetic materials. Some rerriles are 
ccram1clike compounds \Vi th very low conducti\ ities (for in ... tancc. 10 4 to 
I (S m) compared with IO- ( , m) for iron). Low conductiucy limrt eddy­
current lo se-; at high frequencie . Hence rcrrite'> find t.:xtcns1ve use in ... uch 
high-frequency and microwave applications as cores for FM antennas. high­
frcqucncJ tran ·formcr-,. and phase shifter.,. Ferrite materiul also has broad 
appl1ct1 lions in computer mugnetic-core anti magnel1c-d1 !... memor) de\ ice . 
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5-9 BOUNDARY CONDITIONS FOR MAGNETOSTATIC FIELDS 

The normal 
component of B is 
continuous across an 
interface. 

Tn order to olve problems concerning magnetic fields in regions having 
media with different physical properties, it is necessary to study the 
condition (boundary conditions) that B and H vectors must atisfy at the 

interfaces of different media. U ing techniques simi lar to those employed in 
Section 3-8 to obtain the boundary conditions for electro tatic fields, we can 
derive magneto tatic boundary co nditions by applying the two fundamental 
governing equations, Eqs. (5-6) and (5-61 ) to a smal l pillbox and a small 
closed path, re. pcctively, which include the interface. From the divergenceless 
nature of the B field in Eq. (5-6) we may conclude directly, as in Eq. (4-34), 

that the normal component of B is cot1tinuous across"" interface; that is, 

(T}. I (5-68) 

For linear and isotropic media, 8 1 = µ 1 H 1 and B2 = f.L 2 H 2 , Eq. (5-68) 
becomes 

(5-69) 

The tangential component of magnetic field is not continuous if there is 
a surface current along the interface. An expression of the boundary 
condition for the tangential components of H can be derived by applying Eq. 

(5-63) to a closed path abcda about the interface of two media, a shown in 
Fig. 5-13. We have, in letting the sides be= da = ~h approach zero, 

f H;·dt = H 1 ·~w+ H 2 ·(-~w) = J.,,, 
abcda 

FIG RE 5-13 Clo ed path about the interface of two media for dcterminjng the 
boundary condition of H, . 

Medium I 

H 
Medium 2 



200 

Boundary c ondit ion 
for tangentia l 
component o f H 

• EXERClSE 5.7 

CHAP1LR5 \)f\llt \ 1 \G"f11 l ·lL:lD'i 

or 

(Arn). (5-70) 

v.here J,. 1 lhe surfa1.;e current den-.1ty on the interface normal tn the contour 
a bee/a The direction of J,n 1s that of the th umb "' hen the finger · of the right 
hanJ follov. the <lin:ctwn of the pJt h. In I 1g. --13. the positive d irect1on of J,,,, 
fo r the chose n path is out of the paper The more gcncral form for Eq. 15-70) I'> 

I a nl x (H I H 2) = J , m). 1 (5-71) 

v. hcrc a. 1 1 lhe 11L1111 ari/ w111 1111rnwl jro111 medium 2 at thc interfacc. 
When the conuudt \ ltlC'> (lr both media arc lin1le. currcnls are -.pecified 

b} Vl>l umc <.: urrent <lcmitie ... and free urface currents an~ 1101 defined on the 
in terface . Hence J , equa l tero. and the tangential component of H is 

cominuou!I aaoss the boundary of almo!l t all phpical m edia; it is di.\continuou!I 

011/}' when an i11terfac:e with an ideal per/ ecr conductor or u !l uperconductor i!I 
a.\ .\Umed I hus. for mag11dn-.tal1c field wc norma ll y have 

(5-72) 

The magnetic fie ld 1n tcn'>1ty 11 1 in medium I having d rermeahil1ty 11 1 mak1:'> an angl.: 
:r 1 \\Ith tht: nMmal .u an interl.in: .... 11h nicd1um 2 ha\1ng a permeabili ty i.1 2. Find the 
rcla11on ht:t.,..c1:n the .mglc :r_ lthat H_ 111;1~e" \\llh th~ nl)rm,dl .ind :t 1 

REVIE\\ QlJF\.jTIO'\ . 

Q.5-13 Dl!fine 11w11m•11-11tio111<'<111r Wha l 1s it~ ~ I umt? 

Q. ~- 14 Wh,111~ meant b) "equl\aknt magnetization current dcm1t1c ... , What arc the 
SI llllll'> for \ x i\I anJ t\ I x a;' 

Q5 15 Dd111e 1111141u't1< field 111/el/\ll\' 1 e!'ltir Wh~1t I\ its C) t unit '1 

Q.S-16 Write the t.,.. l) lundJml!nt.tl gmcrii111g d1ITerent1al equation'> for 
magneto~1.111c .. 

Q 5- l 7 Dclrne r1uu1ne1ic .\U\cep1ihtlit.t and re/,u1cf! permec1ht!11r \.Vhat are cheir ' I 
unn~? 

Q."-18 Does the magnet1L lidd inten~ltj due to <1 current d1.,tnbut1nn dcrend on the 
properc1e:-. of the meJ1u111'? Due . ., chc magnetic tJux den IC}'? 

Q.:' 19 f)dinc d11111w1111e111. p11rw1wtJlll'llL and f~rroma411e1u· matcnab 

Q.S..20 What 1~ a h;-,tae~1" lnnp'! 

Q .S-21 Dehne n •m1111e111 J/11\ t/1'11 in• and «nerrin fw/d inte/1\11\'. 
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Discus the difference between oft and hard ferromagnetic materials. 

What 1s curie remperature'? 
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What are the boundary condition for magneto tatic fields at an in terface 
between two rlilfercnt magnetic media'> 

REM ARKS -~---------~------~-----~ 

1. Cylindrical permanent magnets having uniform magnetization are 
like cylind rical sheet with a constant circumferential surface current. 

2. Do not confu ·e the relative pem1eability, 11, , of a medium with jts 
(ab olute) permeability. µ. µ, equals I + Xm and is a djmensionles 
quantity, while the SI unit for µ is (H/m). 

3. ;t, for nonferromagnetic materials can be taken as unity. Ferro­
magnetic material (nickel , cobalt, iron, and their alloys) have very 
large µ, and are nonlinear. (B is not proportional to H.} 

5-10 IN DU CTANCES AND INDUCTORS 

nnsi<lcr two neighhoring c.:lo-;cd loop . . C 1 and C2 bounding surfaces S 1 and 
S 2 • respectively. a shown in 1-ig. 5- 14. lfa urrcnt 11 nows in C 1• a magnetic 
fleld 8 1 will he created. omc of the magnetic nu x due to 8 1 will link with 
(', - that is. \.\.ill pass through the surface S 2 bounded by C 2. Let us des ignate 
tlm rn111t1al nux <1> 12 We have 

<1>12 = ( RI '""2 .k (WhJ (5-73) 

r 1Gl 1R t "-14 Tv.o magne11cally coupled Jo(1p' 
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Mutual inductance 

Self-inductance 

CHAPTER 5 STATIC MAGNETIC FIELDS 

From Biot-Savart law, Eq. (5-31). we see that B1 is directly proportional lo 

l 1 : hence <1> 1 2 is also proportional to l 1 • We write 

(5-74) 

where the proportionality constant L 1 2 is called the mutual inductancet 
between loops C 1 and C2 • with Sf unit henry (H). In case C2 ha · N 2 turn . the 

flux linkage J\ 12 due to <1> 11 is 

(Wb). (5-75) 

Equation (5-74) then generalizes to 

(Wb). (5-76) 

or 

{H). (5-77) 

The mutual inductance between two circuits is then 1he may11eric flux linkage 
with one cirwil per unit current in I he other. In Eq. (5-77) it i.s implied that the 
permeability of the medium does not change with / 1. In other words, Eq. 

(5-74) and hence Eq. (5-77) apply only to linear media. 

Some of the magnetic flux produced by I 1 links only with C 1 it elf. and 

not with C 1. The total Aux linkage with C 1 caused by I 1 1s 

A I I = N 1 <I), I > N I <I> l 2. (5-78) 

The se(f-i11d11ctanc:e of loop C 1 is defined us the maynetic .flux linkage per unit 
curren1 in lhe loop ilse/(; that is. 

(H), (5-79) 

for a linear medium. The self-inductance of a loop or circuit depends on the 

geometrical shape and the physical arrangement of the conductor con. titut­

ing the loop or circuit, as well as on the permeability of the medium. With a 
linear medium, self-inductance docs not depcn<l on the current in the loop or 

circuit. 

A conductor arranged in an appropriate shape (such as a conducting 

wire wound as a coil) to supply a certain amount of self-inductance i called 

an inductor. Just as a capacitor can store electric energy. an inductor can 

torage magnetic energy. as we shall see in Section 5-l l. When we deal with 

1In circuit theory books, the ymbol M is frequently used to denote mutual inductance. We use 
L 12 here. as M has been used for magnetization. 
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onl} one loop or coil. there i no need to carry the subscripts in Eq. (5-79), and 
inducttrnce without an adjective will be taken to mean self-inductance. The 
procedure for determining the self-inductance of an inductor is as fo llows: 

1. 

2. 

3. 

Choose an appropriate coordinate sy tern for the given geometry. 

Assume a current 1 in the conducting wire. 

Find B from l by Ampere' circuital law, Eq. (5-10), if ymmetry exi ts; if 
not. B!ot-Savart law. Eq. (5-3 1) must be used. 

4. Find the flux linking with each turn. <I>, from B by integration: 

<I> = { B· ds. Js 
where S i the area over which B exi ·ts and link with the assumed 
current. 

5. Find the flux linkage J\ by multiplying <1> by the number of turns. 

6. Find L by taking the ratio L = J\ 1/ . 

Only a slight modification of this procedure is needed to determine the 
mutual inductance L 12 between two ci rcuits. After choosing an appropriate 
coordinate system. proceed as follow : Assume 11 -+ Find 8 1 -+Find <1> 12 by 
integrating 8 1 over surface S 2 -+ find flux. linkage A12 = N 2<l> 12 -+ Find 

L12=A12 1I ,. 

--------

'V turns of wire arc tightly wound on a toroidal frame of a rectangular cross 
section with dimen ions a · shown in Fig. 5- 15. A suming the permeability of 
the medium to be /lo· find the elf-inductance of the toroidal coil. 

SOLLTJON 

1t is clear that the cylindrical coordinate system i appropria te for thi 
problem because the toroid is . ymmctrical about its axis. A suming a current 
I in the conducting wire. we find, by applying Eq. (5-10) to a circular path 
with radius r(a < r < h): 

B = a4,B<t> . 

dt = a,p rd</J, 

i f lr. Jc B · dt = 
0 

B</> r d</J = 2nrB.p. 

This re ult is obtained because both B<I> and rare co nstant around the circular 
path C. Since the path encircles a total current N J, we have 

2nr B,~ = p0 N I 
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1+-- -/1 

FIG RF 5-15 A clo ·ely wound toroidal coi l ( xample 5-8). 

and 

/to I 
B"'=-J- . _1u 

(5-80) 

which i the same a Eq. (5-13) in Example 5-2 for a toroidal coil with a 
circular cros ection . 

Next we find 

The flux linkage J\ is ct> or 

/lo 2Jh h 
J\ = -- In 

2n: a 

Finall y, we btain 

J\ µo i h h 
L =-= - - ln -

1 2n: a (H). I ( 5-8 J ) 

We note that the self-inductance i not a function of I (for a con tanl 
medium permeabilit y) and that it i proportional to the quare of the number 
of turns. The qualification that the coil be clo ely wound on the toroid i 
minimize the linkage flux around the individual turns of the wire. 



E'\ .\ \,JPLE 5-9 

Inductance per unit 
length of a long 
solenoid 

EXAMPLE 5-10 

5 - I 0 I '\I I> lJ < I AN CE S A N D I ND l I CT ORS 205 

Find the inductance per unit length of a very lo ng so lenoid having 11 turns per 

unit length . The permeability of the core is I'· 

SOI UTIO"\ 

The magnetic llux density inside a very long solenoid can be obtained from 

l·q. (5-80) by regarding the solenoid as a toroidal coil with an infinite radius . 

In such a ca ·e the dimensions of the cross section of the core are very small in 
comparison with the radius. and the magnetic flux density inside the solenoid 

1 approximately constant. We have, from Eq. (5-80). 

B = Jt ( N ) I = itnl. 
2nr 

where /1 is the number of turns per unit length. Thus, 

B = 1ml. 

which is constant inside the olenoid. Hence. 

<l> = BS = 1wS!. 

(5-82) 

(5-83) 

where Si · the cross-sectiona l area of the solenoid . The llux linkage per unit 

lengtht is 

J\ ' = 11<1> = 1m 1SI. (5-84) 

Therefore the inductance per unit length is 

I L' = J..tn2S (H/m). 1 (5-85) 

Equation (5-85) is an approximate formula. based on the assumption that the 

length of the solenoid is very much greater than the linear dimensions of its 
cross section. A more acl:urate derivation for the magnetic Oux density and 

flux linkage per unit length near the ends of a finite olenoid will show that 

they are less than the values given, respectively, by Eqs. (5-82) and (5-84). 

Hence the total inductance of a finite solenoid i somewhat less than the 

\alue. of L'. as given in Eq . (5-85) multiplied by the length. 

An air coaxial tran mission line has a solid inner conductor of radius a and a 

ver; thin outer conductor of inner radius h. Determine the inductance per 

unit length of the line. 

1 We use a prime to indicate quantities that are per umt length. 
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SOL TIO'\o 

Refer lo Fig. 5-16. Assume that a current / llow in the inner conductor and 
returns via the outer conductor in the other direction. Because of the 
cylindrical symmetry. B has only a ¢-component. A umc al o that the 
current 1 is uniformly distribucetl over the cro section of the inner 
conductor. We find the values of B first. 

a) Inside l he inner rnnductor. 

0 .s; r .s; a. 

From Eq. (5-11 ). 

b) Between the inner and ourer conductors, 

a..::::; r S b. 

From Eq. (5-12}. 

(5-86) 

(5-87) 

Now consider an annular ring in the inner conductor between radii r 

and r + dr . The current in a unit length of this annular ring is linked by the 
flux that can be btaincd by integrating Eq . (5-86} and (5-87). We have 

=-- rtll"+ - -Pol f '' J.t 0 1 I b dr 
2na 2 

• r 2n a r 

Jt 01 2 , Jlof h 
=--, (a -r-)+ - In -. 

4na- 2n 11 
(5-88) 

But the current in the annular ring b only a fraction (2nrclr jna 1 = 2rdrja1 ) 

FIGURE 5-16 Two views of a coa ial transmiss ion line (Example 5-10). 

@ ) 

b 
(/ 
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of the total current f. Hence the tlux linkage for this annular ring is 

2rdr 
dA' = - 2- d$' . 

a 

The total flux linkage per unit length is 

A' = I r = a dA' 
r - 0 

= --;- - 2 (a 2 
- r 2 )r dr + In - r dr ft I [ I f 0 

( b) f" J 
na 2a o a o 

=µof (~+In~). 
2n 4 a 

207 

(5-89) 

The inductance of a unit length of the coaxial transmission line is therefore 

L' = A' = J.Lo + µ.o In ~ 
I 8n 2n a 

(H /m). (5-90) 

The first term 1in /8n arises from the flux linkage internal to the solid inner 
conductor: it i known as the internal inductance per unit length of the inner 

conductor. The second term comes from the linkage of the nux that exist 

between the inner and the outer conductors; this term is known as the 

external intluctance per unit length of the coaxial line. If the inner conductor is 

a thin hollow tube, then the /to / 8n term does not exist; we would only have 

external inductance. 

Calculate the internal and external inductances per unit length of a trans­
mission line consisting of two long parallel conducting wires of radiu a thal 
carry currents in opposite directions. The axes of the wires arc separated by a 

distance d, which is much larger than a. 

SOLUTION 

The internal self-inductance per unit length of each wire is, from Eq. (5-90) 

µ0 /8n. So for two wires we have 

L '. = 2 x /to = !!?.. 
' 8rr 4n 

(H/ m). (5-91) 

To find the external self-inductance per unit length, we first calculate 

the magnetic flux linking with a unit length of the transmission line for an 
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1-IGURE 5-17 A two-wire transm1 · ion line (Example 5- 11). 

as urned current I in the wires. ln the x:-plane where the two wire lie. a. in 
Fig. 5-17, the contributing B vectors due to the equal and oppo ite current in 

the two wire have only a y-component : 

(5-92) 

µof 
8 .7 =-- - -
)- 2n.(d-x) 

(5-93) 

The flux linkage per unit length is then 

$ ' = f "(8, 1 + B, 2)dx 

=fad a !!..E.!_ [~+_I J dx 
2n. x d -x 

= J-Lo l In (d-a) ~ 1101 In~ 
n a rr a 

(Wb/m). 

Therefore. 

(\)' d 
L' =- = µ o In -

" 1 7t (J 

(Hm). (5-94) 

and the total elf-inductance per unit length of the two-wire line i 

L' = L ; I µQ (l d) L" =- - + ln -
n 4 a 

(H /m). (5-95) 
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It can be proved formally that the mutual inductance L12 between two 

circuits C 1 and C 2 obtained from the magnetic flux linking C 2 due to a unit 

current in C 1 i the same as the mutual inductance L 21 obtained from the 

magnetic flux linking C 1 due to a unit current in C 2 ; that is, L 12 = L 21 . 

Therefore, as a first step in working a problem of determining mutual 

inductance, we should examine the given geometry and use the impler of the 

two ways. 

Determine the mutual inductance between a conducting rectangular loop 

and a very long traight wire as shown in Fig. 5-18. 

SOLUTION 

In the present problem we see that it is quite simple to assume a current in the 
long straight wire, write the magnetic flux density, and find the flux linking 

with the rectangular loop. However, it would be more involved to find the 

magnetic flux density and the flux linking with the straight wire due to an 

assumed current in the rectangular loop. 
Let us designate the long straight wire as circuit I and the rectangular 

loop as circuit 2. Magnetic flux density 8 1 due to a current / 1 in the wire is, by 

FIGURE 5-18 A conducting rectangular loop and a long straight wire (Example 
5-12). 

h 

+-r-+I cir 
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applying mpere· circuital law, 

l'o I, 
8 1 = a"'-?-. 

~nr 

The Aux linkage 12 = <1>1 2 is 

A12=J B1·d 2, 
s, 

where d 2 = aq,h dr. Combination of q . (5-96) and (5-97) give 

Jlof 1 f d+w dr 
;\IZ = -- /J -

2n d r 

= 110 hl 1 In (i + ~1/~) . 
2n c 

Hence the mutual inductance i., 

_ A1 2 _ /Loh I (1 w) 
L12 - - ., n + d 

/ 1 _n 
(H). 

(5-96) 

(5-97) 

(5-98) 

(5-99) 

5-11 MAGNETIC ENERGY 

So far we have di cu ed self- and mutual inductance in tatic term . 
However, we know that resistanceles inductor appear a · hort-circuiL to 
steady (d-c) currents; it is obviou ly neccs, ary that we con ider alternating 
current when the effect of inductance. on circuit and magnetic field are of 
intere t. general consideration of time-varying electromagnetic field 
(electrodynamic ) will be deferred until the next chapter. 

In Section 3-10 we discus ed the fact that work is required to as cmble a 
gr up of charge and that the work i. stored as electric energy. We certainly 
expect that '' ork also need · lo be expended in sending currents into 
conducting loops and that it will be ~l red a magnetic energy. Consider a 
single closed loop with a self-inductance L1 in \! hich the current i~ initially 
zero. A current generator i connected to the loop, which increases the 
current i 1 from zero to/ 1. F- rom phy ics we know that an electromotive force 
(emf) will be induced in the loop that oppo e the current change. An amount 
of work must be done to overcome this induced emf. Let r 1 = L 1 c/1 1 dr be the 
voltage aero the inductance. The work required is 

iJ/i = J r 1 i 1 dr = L 1 J:' i 1 di 1 = iL 1fi. (5-100) 

which is stored as ma?111e1ic energy. 
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Now con ider two closed loops C 1 and C 2 carrying current i 1 and i 2 , 

respectively. The currents are initially zero and are to be increased to / 1 and 

/ 2, respectively. To find the amount of work required, we first keep i 2 ::::: 0 and 

increa e i 1 from zero to 11 • This requires a work W1 in loop C 1, as given in Eq. 

(5-100); no work is done in loop C 2 , since i 2 = 0. Next we keep i 1 at / 1 and 

increase i 2 from zero to 12 . Because of mutual coupling, some of the magnetic 

flux due to i 2 will link with loop C1 , giving rise to an induced emf that must 

be overcome by a voltage v21 = ± L 21 di 2/dt in order to keep i 1 constant at 

it value 11• The work involved is 

W21 =I V21 l1 dr = ±L21 I1 J:2 di2 = ± L21lil2 · (5-101) 

In Eq. (5-101), the plus sign applies if 11 and 12 in C1 and C2 are such that 

their magnetic fields strengthen each other and the minus sign applies if their 

magnetic fields oppose each other. 

At the same time a work W22 must be done in loop C2 in order to 
counteract the induced emf as i 2 is increased from 0 to / 2. 

(5-102) 

The total amount of work done in raising the currents in loops C 1 and C 2 

from zero to 11 and 12 , respectively, is then the sum of W1 , W21 , and W22 : 

(5-103) 

which is the energy stored in the magnetic field of the two coupled current­

carrying loops. 

For a current I flowing in a single inductor with inductance L, the 

stored magnetic energy is 

(J). (5-104) 

Express the stored magnetic energy in terms of flux linkage <I> and current I in an 
inductor having an inductance L. 

A . <I>/ /2. 

5-11.1 MAGNETIC ENERGY IN TERMS OF FIELD QUANTITIES 

When we di cus ed electrostatic energy in Sub ection 3-10.1, we found it 

convenient to express J.¥,, in term of field quantities E and D, a was done in 

Eqs. (3-105) and (3-106). From our work so far we notice tbe following 
analogous relations between the quantities in electro tatics and those in 
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magneto ' ta tic 

Electro tati 

E 
D 
E 

Magnetostatic 

B 
H 
I Jl 

It turn out that we could correctly write magnetic energy Wm in a linear 
medium in terms f B and H from Eq. (3-105) u ing the above analogy. Thu , 

W =~f H·B d,. 
m 2 I 

{J). (5-105) 

On u ing the con ·titutive relation H = S ip for a linear medium, we can write 

w = - - di' I I 81 
m 2 I µ 

(J). (5-106) 

A separate formal derivation of q . (5-105) and (5-106) will not be included 
here. We will deal with electric and magnetic energie again in Section 7-5 
when we d i cu flow of electromagnetic power. 

If we define a magnetic energy density, 11·'". uch that it volume integral 
eq uals the to tal magnetic energy 

H-;n = J \I'm dr, 

\ e can v. rite 11'm a 

Wm=t H·B 

or 

81 
w = 

m 2JL 

(5-107) 

(5-108a) 

(5-108b) 

By using ·q. (5-104) in conjun tion with Eq. (5-105) or Eq. (5-106), we 
can often determine .'elf-inductance more ea ily from st red magnetic energy 
calculated in term of B and or H. than from flux linkage. We have 

? 14' 
L==------.:!!. 

12 (H ). J 
(5-109) 
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By using ·tored magnetic energy, determine the inductance per unit length of 

an air coaxial tran mission line that has a solid inner co nductor of radius a 

and a very thin outer conductor of inner radius b. 

SOLUTION 

This is the same problem a that in Example S- 10, in which the self­

inductance was determined through a con ideration of fl ux linkages. Refer 

again to Fig. 5-16. Assume that a uniform current I fl ows in the inner 

conductor and returns in the outer conductor. T he magnetic energy per unit 

length stored in the inner conductor is, from Eqs. (5-86) and (5-106), 

w;, 1 = -
2

1 fa B~ 1 2nrdr 
µo o 

= µ012 l" r3 dr = µ012 
4n:a4 J 0 16n: 

(5-110) 
(J/m). 

The magnetic energy per unit length stored in the region between the inner 

and outer cond uctors is, from Eq. (5-87) and (5-106), 

W~2 = -
2

1 f b B~2 2n:r dr 
Jlo a 

=110 ! 2 fh ~dr={lol2 ln!!_ 
4n a ,. 4n: a 

Therefore, from Eq. (5-109) we have 

2 
L' = j2 ( w;, 1 + W,:, 2) 

= µo + µo In~ 
8n: 2n: a 

(H/ m), 

(5- 111 ) 
(J/m). 

(S-112) 

which is the same as Eq. (5-90). The procedure used in this solution is 

comparatively simpler than that used in Exam ple 5- 10. 

A current I flow in the N-turn toroidal coil in Fig. 5- 15. 

a) Obtain an expre sion for the stored magnetic energy. 

b) Use Eq . (5- 109) to determine it self-inductance and check yo ur result with Eq. 
(5-81 ). 

ANS. (a) [Jt0 (N 1)2 /i In (h/a)]/4n (J). 
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Q .!\-25 D efine (a) th e mu tual inductance between two circu its. and lb) the self­
inductance of a single coil. 

Q.S-26 Wha t is meant by the internal ind uctance of a cond uctor"? 

Q.5-27 Write the e press ion for !be stored magnetic energy of two coupled currenl­
carr yi ng loo ps. 

Q.S-28 Write the ex pressio n fo r sto red magnetic energy in terms t)f fi eld qu a ntities. 

REMARKS 

1. The elf-inductance of wi re-wo und olenoidal and toro idal coil i. 
proportional to the square of the number of turns. 

2. The tnterna l inductance of tra ighc, thjn conducting tubes is approx­
imately zero. a nd that of traighl. solid, nonferromagnetic conductors 
is µ0 /8n (H/ m). 

3. The mutua l inductance between two oupled circuit · ha the pro perty 
that L 12 = L2 1 . 

4. Con ideration of inductances nece sa rily invol es a lt ernating cu rrents 
(a.c.) beca use at d .c. resistanceless inductors appear as ·ho rt circuits. 

5. At ver y high frequencies, current distribu tio n in co nductors i not 
uniform and tends to concentrate on the surface (due to skin effect , 
which will be discus ed in Chapter 7). This phenomenon hould be 
taken into consideration in inductance calculations . 

5-12 M AG NETI C FO RCES AND T ORQU ES 

Ea rlier we no ted tha t a charge q m vin g with a ve locity u in a magneti c field 

with ftux. density B experiences a magnet ic fo rce F,,, given by Eq. (5- 4). v. hich 

repeated belo w: 

F,,, = qu x B {N). (5- 11 ~) 

In thi ect ion '"'e \\il l discuss various aspects of force a nd to rques o n 

current-carrying circuits in la tic magnetic fi elds. 

5·12.1 FORCES A~D TORQUES ON C URRENT - CA RRYI NG C OND UCT O RS 

Let us consider a n element of cond uctor dt with a cros. -sect io nal area S. [( 
there are N charge carrie rs (e lectrons) per unit volume moving with a velocity 

u in the direction of dt . then the magne tic force o n the differenti al element is. 

according to Eq. \5- 113\. 
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dFm= - NeSldt lu x B 

= - NeS lul dt x 8, (5-114) 

where e is the electronic charge. The two expressions in Eq. (5-114) are 

equivalent. since u and dt have the same direction. Now. since - NeSlul 
equal the current in the conductor, we can write Eq. (5-114) as 

dF,,, = I dt x B IN}. j (5-115) 

The magnetic force on a complete (c losed) circuit of contour C that carries a 
current 1 in a magnetic field B is then 

F,,, = l f cit x B (NJ. (5-116) 

When we have two circuits carrying currents I 1 and J 2, respectively, the 
situation is that of one current-carrying circuit in the magnetic field of the 
other. In the presence of the magnetic flux 8 12 , which was caused by the 
current 11 in C 1 • the force F 12 on circuit C 2 can be written a 

F12 =1 2 J. dt 2 xB12 , Jc , 
where 8 12 is, from the Bio t-Savart law in Eq. (5-31 ), 

Combining Eqs. (5-117a) and (5-117b), we obtain 

(N), 

(5-117a) 

(5-117b) 

(5-118) 

which is Ampere's law of force between two current-carrying circuits. It is an 
inverse-square relationship and should be compared with Coulomb's law of 

force in Eq. (3-13) between two stationary charges. We see that the force 
formula for two current-carrying circuits is much more complicated than that 
for two tationary charges. T n actual computation it is convenient to break 
the formidable-looking Eq. (5-118) into two steps as represented by Eqs. 
(5-117a) and (5-IJ7b). 

The force F 21 on circuit C 1 due to magnetic flux caused by current I 2 in 
C2 is obtained from Eq. (5-118) by simply interchanging 1 and 2 in the 
sub cripts. Newton' third law governing action and reaction assures that 

F 21 = - F1 2· 
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(repulsion ) between 
wires carrying 
currents in the same 
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opposite directions) 
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Determine the force per unit length betwcl.!n two infinitely Jong, thin, parallel 
conducting wires carrying current!> 11 and/ 2 in the same direction . The wires 
arc separated b) a distance J. 

SOLUTION 

Let l he \\ires lie in the .1·.:-plane and the left-hand wire be designa tcd circuit I, 

a.s .sho\\ n in hg. 5-19. This problem i · a straightforward applic.:1tion of Eq. 
(5-1I7a). Using F"11 to denote the force per unit length on wire 2. we have 

(5-119) 

where B12 , the magnetic nux density at wire 2, set up by the current/ 1 in wire 
l. is constant over v.irc 2. Becau e the wires arc assumed to be infinitely long 
and cylindrical s) mmetry exists. 1t 1 not ncccs<,ary to use Eq. (5- 1 I 7b) for the 
determination of 8 12. We apply Ampere\ circuital law and write, from Eq. 
(5-12). 

• 

Substitution of Eq. (5-120) in Eq. (5-119) )ields 

F' - - !Lo f 1 f 1 
i 2 - a, '.> d 

-1l 

(5-120) 

(5-12 l J 

We see that the force on \.\lfC 2 pulls It toward \.\ire I. Hence the force between 
two wires carrying current\ in the same> dirc>nion i one of at1rac1io11 (unlike 
the force between two charges oft he ame polarity, which i-. one of repulsion). 

1-IG\ RI- 5-19 hm;e between two parallel current-carrying wires (Example 5- 14). 

· t 
I 
I 
I -
I 
I 

I l· 12 
I 
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Assume that a current 12 flows in the rectangular loop in Fig. 5-18 in the clockwise 
direction. Dctcrmini.: the net force on the loop. 

A's. - a,µ0 1111 /m 2rrd(d + 11 ·). 

Let us now consider a small circular loop of radius b and carrying a 

current 1 in a uniform magnetic field or flux density B. 1t is convenient Lo 

resolve B into two components, B = BJ.+ B
11

, where BJ. and B are 
perpendicular and parallel, respectively, to the plane of the loop. As 

illustrated in Fig. 5-20(a), the perpendicular component B_,_ tends to expand 

the loop (or contract it ]f the direction of I is reversed), but exerts no net force 

to move the loop. The parallel component 8
11 

produces an upward force dF 1 

(out from the paper) on element dt 1 and a downward force (into the paper) 

dF 2 == -dF 1 on the ymmctrically located element dt 2 • as shown in Fig. 

5-20{b). Although the net force on the entire loop caused by 8
11 

is also zero, a 

torque exists that tends to rotate the loop about the x-axis in such a way as to 

align the magnetic field (due to /)with the externa l 8 11 field. The differential 

torque produced by dF 1 and c/F2 is 

dT = ay(dF)?.h sin </> 

=a_.(/ dt B sin cj>)2h sin cf> 

= a,,2Ib 2B in 2 </>d</>, (5-122) 

where dF=ldF 1l=ldF2 J and dt=ldt 1l=ldt1 l=hd</>. The total torque 
acting on the loop is then 

T= f dT=a,2fh 2 B Ln sin 2 </Jd¢ 

(S-123) 

rIGURl- 5-!0 A circular loop \n a uniform magnetic field B = B.L + 8 1 • 

• 

e-+ X 

T 

<al (b) 
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Torque experienced 
by a current-carrying 
circuit in a magnetic 
field 

EXAMPLE 5-15 

Cll ·\PTER5 STAii( MAG l· llCFIELD'i 

If the definition of the magnetic dipole moment in Eq. (5-45) is used. 

m = a0 J(rrb1
) = a,J S. 

where a,, is a unit vector in the direction of the nght thumb (normal to the 

plane of the loop) as the fingers of the right hand follow the direction of the 

current, we can write Eq. (5-123) a 

(N·m). , (5-124) 

The vector B (in tead ofB
11

) i u ed in q. (5-124) because m x (B . + B J = 
m x B 

1
• This is the torque that aligns the microscopic magnetic dipole in 

magnetic material and causes the material to be magnetized by an applied 

magnetic field. Tl hould be remembered that Eq. (5-124) dot:s not hold if Bi 

not uniform over the current-carrying loop. 

A rectangular loop in the :q·-plane with sides h1 and b2 carrying a current I 
lies in a uniform magnetic field B =a, 8, + a,B,. + a=B=. Determine the force 

and torque on the loop. 

SOLUTION 

Re olving B into perpendicular and parallel components Bi and B
11

. we have 

Bi= a=B=; (5-125a) 

(5-l 25b) 

As urning that the current now in a clockwi e direction. a shown in Fig. 

5-21. we find that the perpendicular C0mponent a=B= result in forces JhtB. 
on ·ides (1) and (3) and forces lh 2 B= on side (2) and (4). all directed toward 

the center of the loop. The vector sum of the ·c four contracting forces i zero. 

and no torque is produced . 

The parallel comronent of the magnetic flux density, B
11

, produces the 

following force-; on the four side·: 

F 1 = /hta, x (a,J~., 1- ayBy) 

= a=lh 1 B,. = - F-': 

F 2 = /h 2(- ay) x (a,,B, + aJ81) 

= a=lh1 B .. = - F4 . 

(5-126a) 

(5-126b) 

Again. the net force on the loop. f 1 + F 2 + F3 + F4 , is 1ero. However. these 

forces re ult in a net torque that can be computed a~ follows. The torque Tu, 
due to force F 1 and F3 on sides ( 1) and (J), is 

(5-127a) 
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I· IGL RI- '-~I A rectangular loop in a uniform magnetic field (Example 5-15). 

the torque T 2.i.. due to forces F2 and F.i. on ·ides (2) and (4). i 

T !.i. = a,.lh 1h2 B,. 

The total torque on 1he rectangular loop is then 

• 111 ). 

(5-127b) 

(5-128) 

ince the magnet11.: moment of the loop i m = - a=lh 1h2 • the result in 
Eq. (5-128) 1s c\.actl) T = m x {a,B, -a,B,.) = m x B. Hence in spite of the 
fact that q. (5-124) was derived for a circular loop, the torque formula holds 
al o for a rectangular loop. As a matter of fact. it can be proved that Eq. (5-
124) holds for a planar loop of any hape as long as it i located in a uniform 
magnetic field. 

5-12.2 DIRECT CURRENT MOTORS 

Pnnc1ple of 
operation of d -c 
motors 

The principle of operation of dtn:ct-current (d-c) motor-, 1.., based on Eq. 
(--124). Figure 5-22(a) shO\\s a schematic diagram of such a motor. The 
magnetic field Bis produced b) a field current 11 in a v.inding arou nd the 
pole pieces. When a current Ii'> sent through the rectangular loop. a torque 
re_ull'i that makes the loop rotate in a clock-wise direction a , viewed from the 
+ \-<lirccuon. Thi-.. 1s illu trated in l ig. --22(bl. A split ring with brushes is 
nccc.,sary so that 1he currenl'i in the tv..o legs of the coil rever e their 
<lirc<:tions every half of a turn in order to maintain the torque T alway in the 
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(a) Per pectin: \ iew. ( b) cht'rnatic 'il!\\ from -1- \ tlirection. 

flGURf 5-22 Illustrating the principle of operation of d-c motor. 

same direction; the magnetic moment m of the loop mu t have a po itive :­

component. 
To obtain a mooth and efficient operation, an actual d-c motor has 

man) such rectangular loops v.:ound and distributed around an armature 

with a ferromagn tic core. The end of each loop arc attached to a pair of 
conducting bar. arranged on a small cylindrical drum called a commutator. 

The commutator ha t\'.icc a ' many parallel conducting bars in ulated from 

one another as there arc loop . 

5-12.3 FORCES AND TORQUES IN TERMS OF STORED MAGNETIC ENERGY 

All current-carrying conductors and circuits experience magnetic f rces when 

ituatcd in a magnetic field . They arc held in place only if mechanical forces. 
equal and opposite to the magnetic force ·, exi t. cept for special sym­

metrical cases ( uch as the case of the two infinitely long, current-carrying. 

parallel conducting wire:-. in Example 5-14). determining the magnetic force 

between current-carrying circuit by Ampere· law of force is ften a tediou 

ta k. We now examine an alternative method of finding magnetic force. and 

torque · based on the principle of uirtual displacement. This principle was used 

m ub ection 3-10.2 to determine electro'\tatic force between charged 
cond uclors. 

lf we assume that no changes in nu linkages result from a virtual 

differential di ·placement dt of one of the current-carrying circuits. there will 

be no induced emf' , and the source will supply no energy to the sy tern. The 
mechanical work, F <1> ·lit. done hr I he SJ'.'>lem i at the expense of a decrease in 

the lo red magnetic energy. Ii;,. . Here, F <1> denote · the force under the 



Determining 
magnetic force on a 
current-carrying 
circuit. by method of 
virtual displacement 

Torque about a given 
axis on a current­
carrying circuit in a 
magnetic field , by 
method of virtual 
displacement 

EXAMPLE 5-16 
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constant-flux condition. We have 

(5-129) 

from which it follow that 

(5 -1 30) 

In three-dimensional space. the vector equation (5-130) i actual ly three 
equation . I-or in iance. in Carte ian coordinate the f rec in the x-di rect ion 
IS 

riv,,, 
(5- 131) 

( \' 

imilar expre ions can be written for the other directions. 
If the circuit is constrained lo rotate about an axi , say the ;:-axis, the 

mechanical work done by the system will be ( T11>l: dqJ, and 

(N·m), (5-132) 

which is the :-component of the torque acting on the circui t under the 
condition of constant flux linl..ages. 

Consider the electromagnet in Fig. 5-23 in which a current I in an -t urn coi l 
produces a flux <I> 111 the magnetic circuit. The cross- ectiona l area of the core 
1s S. Determine the lifting force on the armature. 

FJGl RI· 5-23 An electromagnet (Example 5-16). 

'" r 
f 
I 

I 
I 
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OL TI01 

Let the arma ture take a vir tu a l displacement dy (a differential increa e in y) 

a nd the ource be ad j u ' ted to keep the flu x <I> co nstant. A di placement of the 
a rma ture changes onl y the length of the air ga p ; con equent ly, the 
di placement cha nge o nly th magnetic energ tored in the two a ir gaps. 

We have, fro m Eq. (5- 106), 

dWm = d(Wm)air = 2 (
2

8 2 
S dy) 

&•P µ0 

<1> 2 
=-dr. 

µoS -
(5-133) 

An iocrea e in the ai r-gap length (a po itive dy) increa e the stored mag­

netic energy if <I> is consta nt. Using Eq. (5- 130), we ob tai n the for e in the 
y-di rect io n: 

Fa> = a1.(FCD)y = a)'( - ' ~¥m) = - a)' <1>
2
S 

. ry µo 
(N). (5- 134) 

Here the negative ign indicates th at the fo rce tend to reduce the air-ga p 
lengt h; that is, it is a fo rce of attraction. 

R F \ I [ \\ Q -.; ·110 .... 

Q5- ll Give the in tegral expression for the force on a closed circuit that carrie a 
current I in a magnetic field B. 

Q . . "\II Write the formu la expre ing the torque on a current-carrying circuit in a 
magnetic fie ld. 

Q . Explain the principle of opera tion of d-c motors. 

What i the relation between the force and the stored magneti energy in a 
system of current-carrying circuits under the condition of con tant flux linkage.? 

REMARKS ---

1. The magnetic force between two current-carrying wires is one of 
attraction if the curre nt ' are in the ame direction, and o ne of repulsion 
if the currents a re in opposite directions. 

2. The torque on a current-carrying loop (incl uding micro copic magne­
tic dipole ) i in a directi on that tends to align the magnetic moment of 
the loop wi th the a ppl ied magnetic field . 

3. The torque formula T = m x B holds only if the ex terna l magnetic 
field is uniform over the current-carrying loop. 

L ____ _ 
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A charge in motion in a region where electric and magnetic fields exist 

experiences both an electric force and a magnetic force. The total 
electromagnetic force is given by the Lorentz's force equation. After introduc­
ing the formula for the magnetic force on a moving charge in a magnetic field , 
we 

• pre ented the two fundamental postulates of magnetostatics in free space 
that specify the divergence and the curl of B, 

• derived Ampere's circuital law, which enabled us to determine the magnetic 
flux density due to a current distribution under conditions of symmetry, 

• introduced the concept of magnetic vector potential, 

• derived Biot-Savart law for determining B caused by a current flowing in a 
closed path, 

• discussed the microscopic effect of induced dipole moments by finding the 
equivalent magnetization current densities, 

• defined magnetic field intensity, H, and relative permeability, 

• compared the behavior of different magnetic materials, 

• found the boundary conditions for static magnetic fields, 

• defined self-inductance and mutual inductance, and explained the pro­
cedure for their determination 

• found the formula for stored magnetic energy, 

• discussed the forces and torques on current-carrying circuits in magnetic 
fields, and 

• explained the principle of operation of direct-current motors. 

P.5-1 A point charge Q with a velocity u = axuo enters a region having a 
uniform magnetic field B =ax Bx + ayBy + azBz . What E field should exist in 
the region so that the charge proceeds without a change of velocity? 

P.S-2 Find the total magnetic flux through a circular toroid with a rectan­
gular cross ection of height h. The inner and outer radii of the toroid are a 
and b, respectively. A current l flows in N turns of closely wound wire around 
the toroid. Determine the percentage of error if the flux is found by 
multiplying the cross-sectional area by the flux density at the mean radius. 
What is the error if b/a = 5? 
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rlG RF S-24 A finite straight conductor carrying a 
current I (Problem PS-3). 

FIGLIRl 5-25 thin conducting hcct carrying a 
current I (for Problems P 5-.t and P.5<l 

P.5-3 A direct current I flow in a straight filamentary conductor P 1P2 • 

a) Prove that B at a poini P. ·who e location i pecified by the 
perpendicular di lance rand the two angles :X 1 and :X 2 hown in Fig. 
5-24 is 

Jil B,, = a ... 
4 

( in :x 2 ' in :xi). (5-135) 
'I' Jlr 

b) Verify that Eq. (5-135) reduce · to Eq. (5-35) when the \.\ire i infinite!) 
long. 

P.5-4 A current I 11ows lcngthwi e in a very long, thin conducting heel of 
width w, as hown in Fig. 5-25. A suming that the current flows into the 
paper, determine the magnetic flux den it) 8 1 at point P1(0,d). 

P.5-5 Refer to Problem P.S-4 and Fig. 5-25. Find the magnetic flux den ity 8 2 

at point P 2 (w + d1 . 0). 

P.5-6 current I flows in the inner conductor of an infinite!) long coaxial line 
and returns via the outer conductor. The radius of the inner conductor is a, 

and the inner and outer radii of the outer conductor arch and c, re pecti,el) . 
Find the magnetic flux density B for all region and plot IBI versus r . 

P.5-7 A thin conducting wire of length 3w form a planar equilateral triangle. 
A direct current I nows in the wire. Find the magnetic flux den ity at the 
center of the triangle. 

P.5-8 Refer to Fig. 5-26. Determine the magnetic flux density at a point Pon 

the axi of a olenoid with radiu band length L. and with a current I in it i\ ' 

rurns of clo ely wound coil. how that !he result reduces lO that given in Eq. 
(5-82) when L approaches infinity. flint : Use Eq. (5-37). 

P.5-9 A direct current I Rows in an infinitely long wire of a radiu 2(mmJ 

along the :-axis. 
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FIGUR E 5-26 A solenoid with circular cross section (Problem P.5-8). 

a) Obtain the vector magnetic potential A at r > 2 (mm) from the 
expression ofB in Eq. (5-12). Choose the reference zero potential at wire 

surface. 

b) If I = 10 (A), determine from A the total amount of magnetic flux 

pas ing through a square loop specified by z = ± 0.3 (m) and 

y = 0.1 (m) and 0.7 (m). 

P.5-10 A d-c surface current with density axlso flows in an infinite conducting 

sheet coinciding with the xy-plaoe. 

a) Determine the magnetic flux density B at (0, 0, z) and at (0, 0, -z). 

b) Find the vector magnetic potential A at (0, 0, z) from B. Choose the 

reference zero potential at an arbitrary point z = z0 . 

P.5-11 A very large slab of material of thickness d lies perpendicularly to a 

uniform magnetic field of intensity H 0 = a z H 0 . Ignoring edge effect, deter­
mine the magnetic field intensity in the slab: 

a) if the slab material has a permeability µ, and 

b) if the slab i a permanent magnet having a magnetization vector 

M i= a=M i. 

P.5-12 A circular rod of magnetic material with permeability µ is inserted 
coaxially in a very long air olenoid. The radius of the rod, a is less than the 

inner radius, b, of the solenoid. The solenoid's winding has 11 turns per unit 

length and carries a current / . 

a) Find the values of B, H and M inside the solenoid for r < a and for 

a< r < b. 

b) What are the equivalent magnetization current densities Jmv and Jms for 

the magnetized rod? 

P.5-13 A ferromagnetic sphere of radius b is magnetized uniformly with a 

magnetization M = a=M 0 . 

a) Determine the equivalent magnetization current densities Jm ,, and Jms· 

b) Determine the magnetic Aux density at the center of the sphere. 
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P.5-14 on jder a plane boundary()' = 0) between air (region I· l-'r1 = J) and 
iron (region 2, µ, 2 = 5000). 

a) A suming B, = ax2- aylO(mT), find B 2 and the angle that 8 2 makes 

with the interface. 

b) A urning B2 = axl 0 + a1.2 (mT), find BL and the angle that 8 1 make 

with the normal to the interface. 

P.5-15 Determine the self-inductance of a toroidal coil of lurns of wire 

wound on an air frame wjth mean radius r0 and a circular cross section of 

radius b. Obtain an approximate expression a urning h « ru. 

P.5-16 Determine the mutual inductance between a very long. traight wire 
and a conducting equilateral triangular loop, a hown in Fig. 5-27. 

P.5-17 Find the mutual inductance between lwo coplanar rectangular loop · 

with parallel side, a hown in Fig. 5-28. A ume that '1 1 » h2(h 2 > 1~· 2 > d). 

P.5-18 Calculate the force per unit length on each of three equidistant, 

infinitely long, parallel wires 10 (cm) apart, each carrying a current of 25 (A) in 
the . ame clirection. A cro s se tion of the arrangement is shown in Fig. 5-29. 
Specify the direction of the force. 

P.5-19 The cros section of a long thin metal trip and a parallel wire i:-. shown 

in Fig. 5-30. Equal and oppo ite current I flow in the conductors. Find the 

for e per unit length on the conductors. 

P.5-20 The bar AA' in Fig. 5-31 erves as a conducting path ( uch a the blade 

FIG RE 5-'.'.7 A long. traight 
wire and a conducting equilateral 
triangular lo p (Problem P.5- 16). 

FlG RE 5-28 Two coplanar 
rectangular loops. h 1 » h1 
(Problem P.5-17). 

FlGURE 5-29 Three equidistant, 
infinitely Jong. current-carrying 
wires ( Proble]11 P.5- 18). 

-d 
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0} 
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FIGURE 5-30 Cro ection of 11-------~--,.J 
A' "111-et---- J 

parallel strip and wire conductor 
(Problem P.5-19). FIGURE 5-31 Force on end conducting bar (Problem P.5-20). 

of a circuit breaker) for the current I in two very long parallel line . The lines 
have a radius band are spaced at a di lanced apart. Find the direction and 

the magnitude of the magnetic force on the bar. 

P.5-21 A d-c current I = 10 (A) flow in a triangular loop in the xy-planc as in 

Fig. 5-32. Assuming a uniform magnetic flux density B = aJ6 (mT) in the 
region, find the forces and torque on the loop. The dimensions are in (cm). 

y 

• • 
I 

B n 
(0. 20) 

1(-10, 0) 0 oo. o) I 

FIGURE 5-32 A triangular loop in a uniform magnetic field (Problem P.5-2 1). 

P.5-22 A small circular turn of wire of radius r1 that carries a steady current 
11 is placed al the center of a much larger turn of wire of radius r2 (r 2 » ri) 
that carries a teady current I 2 in the ame directjon. The angle between the 

normal of the two circuits is e and the mall circular wire is free to turn about 
its diameter. Determine the magnitude and the direction of the torque on the 
small circular wire. 
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6 - 1 0 V E R V I f W So far we have only dealt with fields that do not 

change with time. In constructing the electro tatic model we defined an electric 

field intensity vector, E. and an electric flux density (electric di placement) vector, 

D. The fundamental governing differential equation are 

V x E = 0, 

V·D = p,,. 

(3-4)(6-1) 

(3-63)(6-2) 

For linear and i otropic (not neces arily homogeneou ) media, E and D are 

related by tbe constitutive relation 

D = EE. (3-67)( 6-3) 

For the magneto tatic model we defined a magnetic flux density vector, B, 

and a magnetic field intensity vector, H. The fundamental governing differential 

equation are 

·B = O. (5-6)(6-4) 

V x H = J . (5-61 )(6-5) 

The con. titutive relation for B and H in linear and i otropic media is 

I 
H = - B. 

µ 
( 5-66 )( 6-6) 

We ob crve that E and Din the electrostatic model are not related to Band 

H in the magneto tatic model. In a conducting medium, static electric and 
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Time-Varying Fields and 
Maxvvell' s Equations 

Electromagneto­
static field 

magnetic fields may both exist and form an electromagnetostatic fie ld. A static 

electric field in a conducting medium causes a steady current to flow that, in turn, 

gives rise to a static magnetic field. However, the electric field can be completely 

determined from the static electric charges or potential distributions. The 

magnetic field is a consequence; it does not enter into the calculation of the 

electric field. 

Static models are simple, but they are inadequate for explaining time­

varying electromagnetic phenomena. Static electric and magnetic fields do not 

give rise to waves that propagate and carry energy and information. Waves are 

thee sence of electromagnetic action at a distance. In this chapter we will see that 

a changing magnetic field induces an electric field, and vice versa. Under time­

varying condition it is necessary to construct an electromagnetic model in which 

the electric field vectors E and D are properly related to the magnetic field vectors 

Band H. 

We will begin with a fundamental postulate that modifies the V x E 

equation in Eq. (6-1) and leads to Faraday' law of electromagnetic induction. The 

concepts of transformer emf and motional emf will be discussed. With the new 

postulate we will also need to modify the V x H equation in order to make the 

governing equations consistent with the law of conservation of charge. T he two 

modified curl equation together with the two divergence equations (6-2) and 

(6-4). are known as Maxwell' equations and form the foundation of electromag-

229 
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netic theory. The governmg. cquauons for dcctro. tat1c<; and magneto tatic-. 
are special form · of Maxwell's equations \\hen all quantities are 111dependent 
of time. Maxwell" equation-. can be combined to yield wave equalions that 
predict the existence of electromagnetic \\a\C~ propagatmg wnh the \elncity 
of light. The olutions of the wave c4uat1ons, especially for ti111e-ha rmo1m: 
field . will be discussed in thi~ chapter. 

I 

6 - 2 FARADAY' S LAW OF ELECTROMAGNETIC INDUCTION 

Fundamental 
postulate for 
electromagnetic 
induction 

Electric field 
intensity in a time ­
vary•ng magnetic 
field is not 
conservative. 

major advance in electromagnct1c theory wa. made by Michael f'aracJay. 
who, in 1831. discovered cxpenmcntally that a current \\<I induced in a 
conducting loop when thc magnetic flux linking the loop changed. The 
4uant1tative relatton b1p between the induced emf and the rate of change of 
nux linkage, based on cx perimcnta l ob t:rvat1on. is known a~ Faraday's law 

It i · an experimental ]a\\ and can be con~idered a' a postulate. However. we 
do not take the experimental relatton concerning a finite loop ai. the starting 
point for developing the theory of electromagnetic inductton. lni.tead . we 
fo ll ow our approach in Chapter 3 for electrostatic'\ and in Chapter 5 for 
magnetostatics by lating a fundamental po tulatc and tlewlop111g from it lhe 
integral forms of Farada} 's la\\ . 

T lte jimda111e111<1I postulate for dec1ro111<1q1wt i< induce ion i., 

<'B 
VxE = - Tr . 16-7) 

Equat1 t1 n (6-7) expresses a pomt-functmn relat1onsh1p. that 1s, tl applies lo 
ever) point in pace. whether 1\ be in free pa~c or in a material medium . Tlie 

eleclflc fie/cl inten.,ilJ 111 a rt'11i11n <!f 11me-rt1rnnq nw1111elic fill\ de11s1n is 

rhere/ore 11011co11seru11i1·c• and cw111or he• t''l:pre .... wcl as rht neqacne yrmlient o/ a 
scalar porentwl. 

fakmg the urface intcgrnl of both Sllk'i of 1--4 (6-7} over an pen 
urfacc and applying Stokes's theorem. we obtain 

i F..· tit = Jc f t B 
~ . . ti~ . 

~ ( t 
(6- J 

Equation (6-81 is \ ahd for an} surface S \\1th <J bounding contour ( . "'hct her 
or not a phy ·1cal c1rc u1t ex ists around C. Of course. in a field v.ith no time 
vanat1on. t B t1 = 0. Eqs. (6-7) and 16-8) reduce to Fqs. (6- 1) a nd (3-7). 
re pcctively, for elcdrostatic-;. 



6-2 FA RADA) ·s LAW OF ELEC'lROMAGl\.I:' I IC: fND UC I ION 231 

In the following subsections we discus separately the cases of a 
stationary circuit in a time-varying magnetic field, a moving conductor in a 
static magnetic field, and a moving circuit in a time-varying magnetic field. 

6-2.1 A STATIONARY CIRCUIT IN A TIME-VARYING MAGNETIC FIELD 

Faraday's law of 
electromagnetic 
induction 

lenz's law of 
transformer emf 

EXAMPLE 6-1 

For a stationary circuit with a contour C and surface S, Eq. (6-8) can be 
written as 

J E · dt = - :!_ f B · ds. Jc dt s 
If we define 

·r = f c E · dt =emf induced in circuit with contour C 

and 

<I> = Is B · ds = magnetic flux crossing surface S 

then Eq. (6-9) becomes 

(V). 

(Wb), 

(6-9) 

(V) (6-10) 

(6- [ l) 

(6-12) 

Equation (6-12) states that the electromotive force induced in a stationary 

closed circuit is equal to the negative rate of increase of the magnetic flux 

linking the circuit. This is a statement of Faraday's law of electromagnetic 
induction. The negative sign in Eq. (6-12) is an assertion that the induced emf 

will cause a current to flow in the closed loop in such a direction as to oppose 
the change in the linking magnetic flux . This as crtion is known as Lenz'.'> law. 
The emf induced in a tationary loop caused by a time-varying magnetic field 
is a transformer emf. 

A circular loop of N turns of conducting wire lies in the xy-planc with its 

center at the origin of a magnetic field specified by 8 = a=B0 cos (nr/ 2b) sin wt, 
where his the radius of the loop and w is the angular frequency. Find the emf 

induced in the loop. 

SOLUTION 

The problem specified a stationary loop in a time-varying magnetic field; 

hence Eq. (6-12) can be used directly to find the induced emf, "I . The 
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magnet ic flux linking each turn of the circular loop is 

<I>= ( B·ds 
Js 

= J: [a=Bo cos(;~) sin wt}(a:2nrdr) 

8b
2 (n ) = rr 2 - I B0 sin cor. 

Since there are N turns. the total flux linkage is Ncfi, and we obtain 

- dcti 
'f = - N ­

dt 

8N 2 (n ) = - - h - - l B 0 co co wt 
n 2 

(V). 

As the phase of cos wt leads that of sin &t by 90', we see that the phase of the 
induced emf lags behind that of the flux linkage by 90°. 

Find the emf induced in the N-turn circular loop of radius b in Example 6-1 if 
the magnetic flux density is B = a=B0 (h-r)coswt. What is the phase 
relationship between the induced emf and the magnetic field? 

11: 
ANS. 'f · = 

3 
wh3 8 0 sin M, lags 90 behind Bin phase. 

6-2.2 TRANSFOR M ERS 

Functions of a 
t ransformer 

A transformer is an allerna ting-current (a-c) device that transforms voltages, 

currents, and impedances. ll usually consists of two or more coils coupled 
magnetically through a common ferromagnetic core, such as that sketched in 
Fig. 6-1. For the closed path in the magnetic circuit traced by magnetic flux cfi, 
we have 

(6-13) 

where N 1 , N 2 and i 1 , i 2 are the nllmbers of turns and the currents in the 
primary and secondary circuits, respectively. The left ide of Eq. (6-13) is the 

closed line integral f H · dt around the transformer core, a consequence of 

Ampere's circuital law as expressed in Eq. (5-63), and represent the net 
maynetomocive force (mmf- SI unit: ampere-turn). We have noted, in 

accordance with Lenz's law, that the induced mmf in the secondary circuit, 

N 2 i 2 , opposes the flow of magnetic flux created by the mmf in the primary 

circuit, N 1 i 1 . On lhe right side of Eq. (6-13) 211 denotes the reluctance of the 
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ct> , .. --- - ... ---- - ... 
\ 

-... --....... 
<1> --- ... _ ... 

rIGURF 6-1 Schematit: diagram of a transformer. 

magnetic circuit, which depends on the geometry and is inversely pro­

portional to the permeability of the core materiat.t Equation (6-13) for a 

magnetic circuit is analogous to an ex pre sion of Kirchhoff's voltage law for a 

d-c electric circuit, which say. that the net emf around a closed circuit is equal 

to the sum of the re istances times the current. Herc :Jf and <l> are analogous 

to resistance and current respectively. 

For ideal tran former we assume there is no leakage flux, and that 
11-+ Y, .3f = 0. Equation {6-13) becomes 

~ 
~ 

(6-14) 

Equation (6-14) states that the ratio of the currents in the primary and 
secontlary winding.~ of a11 ideal transformer is equal to the inverse ratio of the 

numbers of turns. Faraday's law tell us that 

and 

d<l> 
!'1 = N1dl 

d<l> 
t ' 2 =Ni dt' 

(6-15) 

(6-J 6) 

tThe calculauon of the reluctam:e of a magnetic cin.:uit i similar to that of a resistance in an 
electric circuit, bur the result can only be approx.imate because of the ex.istence of leakage flux 
and the nonuniformity of the cross-sectional area of the transformer core. (Leakage flux is that 
part of magnetic flux that doe~ nol link with the entire magnetic circuit.) We will not elaborate on 
the determination of .?P here. ·1 he SI unll for reluctanc.:e rs re1:iprocal henry (H - 1 ). 
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transformation by an 
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Impedance 
transformation by an 
ideal transformer 

Why an exact 
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difficult 

Defintion of eddy 
current 

Principle of 
induction heating 
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the proper signs for r 1 and i·1 having been taken care of by the de 1gnatcd 

polarities in Fig. 6-l. rom Eqs. (6-15} and (6-16) we have 

~ 
~ 

(6-1 7) 

Thu., the rat it> of the l'Oltages across the primary and secondary windings of an 

ideal trans/ ormer is equal to the fllrns ratio. 

When the secondary winding is terminated in a load resistance R1_, as 
shown in Fig. 6- 1. the effective load seen by the source connected to primary 

'"inding 1s 

f 6-18) 

or 

(6-19) 

which is the luad resistance multiplied by the square of the turns ratio. For a 
sinusoidal ource c1(t} and a load impedance ZL, the effective load seen by the 
source i (N 1 / N 2)

22 1, , an impedance transformation. We have 

(6-20) 

We note from ection 5-10 that the inductance of a coil is proportional to the 
permeability of the medium. Thus, the as um pt ion of an infinite 11 for an ideal 

transformer also implies infinite inductance . 

hr real tran former we have the following real-life conditions: the 

existence of lcak::ige flux, noninfinite inductances. non7.ero winding re­

sistances, and the presence of hysleresi and eddy-current losses. The 
nonlinear nature of the ferromagnetic core (the dependence of p1.:rmeability 

on magnetic field intensity) further compounds the diflkulty of an exact 

analysis of real tran formers. 

When time-varying magnetic Oux nows in the ferromagnetic core. an 
induced emf will re ult in accordance with Faraday' law. This induced emf 

will produce local current · in the conducting core normal to the magnetic 

ftux. These currents are called eddy currents. Eddy current · produce ohmic 

power loss and cause local heating. A a matter of fact. thi" i the principle of 

induction heating. Induction furnaces have been built to produce high 
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FICil RI- 6-2 Laminated cores in a time-varying magnetic field. 

enough temperatures to melt metals. In transformers this eddy-current power 
loss is undesirable and can be reduced by using core materials that have high 

permeability but low conductivity (high µ and low a). Ferrites are such 
materials. For low-frequency, high-power applications, an economical way 

for reducing eddy-current power loss is to use laminated cores; that is, to 
make transformer cores out of stacked ferromagnetic (iron) sheets, each 

electrically in ulatcd from its neighbors by thin varnish or oxide coatings. 
The in ulating coatings should be parallel to the direction of the magnetic 

flux, as hown in Fig. 6-2(a). so that eddy currents normal to the flux are 
restricted to the laminated sheets. The arrangement in Fig. 6-2(b) with 
in ulated layers normal to the magnetic flux clearly has little effect in 
reducing eddy-current power loss. It can be proved that the total eddy­

current power loss decreases as the number of laminations increases. The 
amount of power-lo ·s reduction depends on the shape and ize of the cross 
section as well a on the method of lamination. 

A resistance of 75 (Q) i to be converted into 300 (Q) by means of an ideal 
transformer. What turns-ratio should the transformer have? 

Al\S. 2: l. 

6-2.3 A MOVING CONDUCTOR IN A STATIC MAGNETIC FIELD 

When a conductor moves with a velocity u in a ' tatic (non-time-varying) 
magnetic field B as hown in Fig. 6-3, a force Fm= qu x B will cause the 
freely movable electron in the conductor to drift toward one end of the 

conductor and leave the other end positively charged. This separation of the 
positive and negative charges creates a Coulombian force of attraction. The 
charge-separation process continues until the electric and magnetic forces 
balance each other and a state of equilibrium is reached. At equilibrium, 
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FlG Rr 6-3 A conducting bar moving in a magnetic field . 

which i reached very rapidly, the net force on the free charge in the moving 

conductor i zero. 

To an ob erver moving with the conductor there is no apparent motion, 
and the magnetic force per unit charge F m/q = u x B can be interpreted as an 

induced electric field acting along the conductor and producing a voltage 

V21 = f1 

(u x B)·dt . (6-21) 

If the moving condu tor is a part of a clo ed circuit C, then the emf generated 
around the circuit i_ 

(6-22) 

Thi~ i referred to as a flux-cutting emf or a motional emf. Obviou ·ly, only the 

part of the circuit that moves in a direction not parallel to (and hence, 
figuratively, "cutting") the magnetic flux will contribute t 'I -· in Eq. (6-22). 

A metal bar lide over a pair of conducting rail in a uniform magnetic field 

B = a=B0 with a constant velocity u, a hown in Fig. 6-4. 

a) Determine the open-circuit voltage V0 that appears across terminals I 

and 2. 

b) , urning that a re i tance R i connected between the terminal , find 

the electric power <li ipated in R. 

c) Show that this electric power i equal to the mechanical power required 

to move the sliding bar with a velocity u. Neglect the electric re i tance 

of the metal bar and of the conducting rail . Neglect al o the 

mechanical friction at the contact points. 
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SOLUTION 

a) The moving bar generates a flux-cutting emf. We use Eq. (6-22) to find 

the open-circu it voltage V0 : 

V0 = V1 - V2 = tc (u x B) · dt 

(6-23) 

b) When a resistance R is connected between terminals 1 and 2 a current 
I = uB0 h/R will flow from terminal 2 to terminal I, so the electric 

power, Pe, dissipated in R is 

p = 12 R = (uBoh)2 
e R (W). (6-24) 

c) The mechanical power, Pm • required to move the sliding bar is 

(W), (6-25) 

where F is the mechanical force required to counteract the magnetic 

force, Fm• which the magnetic field exerts on the current-carrying metal 

bar. From Eq. (5-116) we have 

f
l ' 

Fm=/ dtx B = - a,JB0 h 
2 · 

(N). (6-26) 

The negative sign in Eq. (6-26) arises because current I flows in a 

direction opposite to that of dt. Hence, 

F = - Fm = axlB0 h=axuB&h2/R (N). (6-27) 

FIGURE 6-4 A metal bar sliding over conducting rails (Example 6-2}. 
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ub 1itution of Eq. (6-27) in Eq. (6-25) prove that Pm = P,., which 
upholds the principle of con ervation of energy. 

The Faraday disk generator con i t of a cir ular metal di k rotating with a 
constant angular velocity <v in a uniform and con tant magnetic field of flux 
density B = at Bo that is parallel to the axi of rotation. Bru h contact are 
provided at the axi and n the rim of the di k, a depicted in Fig. 6-5. 

Determine the open-circuit voltage of the generator if the radius of the disk 
i b. 

SoLVTION 

let u con ider the circuit l 22'341 ' 1. Of the part 2'34 1ha1 move wi1h the 
di k, onl the traight porti n 34" ut " the magnetic flux. We have, from Eq. 
{6-22). 

V0 = f (u x B)·dt 

= t~ [(a<l>rwl x a: BoJ · (a,clr) 

f, o w Boh2 = oJ B0 r dr = - ---

" '"' 

( ), (6-_ ) 

which is the emf of the Faraday di k generator. To mea ·ure V0 , we mu tu ea 
voltmeter of a er) high re. i tance o that no appreciable current flow in the 
circuit to modify the ex ternally applied magnetic field. 

RE fi-5 Faraday d1 k generator ( ample 6-3). 

I 
• 

J' • 

• 

"l 
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6-2.4 A MOVING CIRCUIT IN A TIME-VARYING MAGNETIC FIELD 

Lorentz 's force 
equation 

General form of 
Faraday's law 

Another form of 
Faraday's law 

When a charge q moves with a velocity u in a region where both an electric 
field E and a magnetic field B exist, the electromagnetic force F on q, as 
measured by a laboratory ob erver, is given by Lorentz's force equation: 

F = q(E + u x 8). (5-5)(6-29) 

To an observer moving with q, there is no apparent motion, and the force on 
q can be interpreted as caused by an electric field E', where 

E' = E+u x B, (6-30) 

or 

E = E' - u x B. (6-31) 

Hence, when a conducting circuit with contour C and surface S moves with a 
velocity u in a field (E, B), we u e Eq. (6-31) in Eq . (6-8) to obtain 

I J. E' ·dt = -f <l B ·ds + J. (u x B)·dt Jc s ot Jc (V). (6-32) 

Equation (6-32) is the general form of Faraday's law for a moving circuit in a 
time-varying magnetic field. The line integral on the left side is the emf 
induced in the moving frame of reference. The first term on the right side 
represents the transformer emf due to the time variation of B, and the second 
term represents the motional emf due to the motion of the circuit in B. 

If we designate the left ide of Eq. (6-32) by 

·r' = fc E' ·dt 

= emf induced in circuit C measured in the moving frame, (6-33) 

it can be proved in general that Eq. (6-32) is equivalent to 

1/'' = _!!_f B·ds 
dt s 

d<l> 

dt 
(V), 

(6-34) 

which is of the same form as Eq. (6-12). Of course, if a circuit is not in motion, 
r ·' reduces to '//'. Hence, Faraday's law that the emf induced in a closed 
circuit equa1s the negative time-rate of increase of the magnetic flux linking a 
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circuit applies to a ·tationary circuit as weU a a moving one. Either Eq. (6-32) 
or Eq. (6-34) can be used to evaluate the induced emf in the general ca e. 

Determ ine the open-circuit voltage of the Faraday disk generator in Example 
6-3 by using Eq. (6-34). 

SOLLTION 

We ol ed the problem in Example 6-3 by u ing Eq. (6-22). which is Eq. (6-32) 
with 1~B/rt = 0. In order to use Eq. (6-34), we first find the magnetic Aux 
linking the circuit 122'341'1 in Fig. 6-5, which i the flux pas ing through the 
wedge- haped area 2'342'. 

and 

ct>= Is B· ds = B0 f: t" rd<f> dr 

b2 
= B0(wt) -

2 

., d<f> <.o 8ob 2 

Vo='f = -- = ---
dr 2 

which is the ame as Eq . (6-28). 

(6-35) 

(6-36) 

Determjne the open-circuit voltage that appears across terminals I and 2 in Example 
6-2 b using q . (6-34). 

A" . - u80h. 

n h by \\' rectangular conducting loop i ituated in a changing magnetic 
field B = a>.8 0 in wr. Then rmal of the loop initiall make an angle '.X with 
a)', as shown in Fig. 6-6. Find the induced emf in the loop: (a) when the loop is 
at rest, and (bl when the loop rotate with an angular velocity w about the 
x-axis. 

SOLUTION 

a) When the loop i a t rest, we u e Eq . (6-12): 

<1> = f 8 · ds 

= (ayBo in wt) · (a"lzw) 

= B0 hw sin OJI cos x. 
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B 

ll~/ 

(al Per,pcc1ive view. (h) iew from +.1 direction . 

FIG RE 6-6 A rectangular conducting loop rotating in a changing magnetic field 
(Example 6-5). 

Therefore, 

dcl) 
'I .= - - = - 8 0 Sw co cut cos "1.. 

u dt (6-37) 

where S = /rn· i the area of the loop. The relative polarities of the 

terminal are as indicated. If the circuit is completed through an 

external Joad. '/~ will produce a current that wiJJ oppose the change 
in <I>. 

b) When the loop rotates about the x-axis, both terms in Eq. (6-32) 
contribute : the first term contributes the Iran former emf i ~ in Eq. 
(6-37). and .the econd term contributes a motional emf 'f ~',where 

'I a' = 1 (u x 8 ) . dt 
Jc· 

=I [(an I w) x (a>'80 sin wc)J(axdx) 

+I: [( -an~w) x (a1.B0 sinwr)l(axdx) 

(\\ ' ) 
= 2 T wB0 in wt sin :x h. 
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Note that the -.ide 23 and 41 do not contribute to 'f 0 ' and that the 
contn butions of sides 12 and 34 are of equal magnitude and in the ·a me 

direction. lf !X = 0 at r = 0. then 'X = wr. and we can write 

'fa' = B0 Sw ·in wt sin wr. (6-38) 

The total emf induced or generated in the rotating loop is the um of 'fa 

tn q. (6-37) and 'f 0 ' in Eq. (6-38): 

'f, ' = - 8 0 Srl)(Co 2 
UJI in 2 wr) = - B0 Sw cos 2wt, (6-39) 

which has an angular frequency 201. Thu the arrangement in Fig. 6-6 is 
a generator of ·econd harmonic . 

We can determine the total induced emf 'f, ' by applying h.J. (6-341 
directly. At any time I. the magnetic Ou linking the loop is 

= B0 S sin OJI cos <•JI = 1B0 S sin 2(1)1. 

Hence, 

1 ·'-
1 -

d<l> 

dr 
d (' - dt 2 8 0 

- B0 Sw co '2rr1/ 

a before. 

R E \'IE W Q L' EST I 0 "' ~ 

Q.6-l What con~t1tutes an eleccru111e1y1u'l11.,caric }le/J'' In what ways arc E and B 
related in a con<lucting mc<lium under static condition~'! 

Q.6-2 Write th.: fundamental postulate for electromagnetic in<luction. 

Q.6-J State LcnL\ law. 

Q.6-' Write the cxpres!'>ion for transformer emf. 

Q.6-5 How do the pnm<1r)-tO-<>econdar1 voltage and current rallm 111 an ideal 
transformer depend on the turns ratio of 1h windrng-,? 

Q.6-6 What arc eddy 1·11m'1Hs? 

Q .6-7 What i~ the pnnc1plt: of inductiong heat mg'? 

Q.6~8 Why are materials having high permeability and low conducti~lly preferred as 
transformer cores'? 

Q.6-9 Why arc the cores of power Iran formers laminated'' 

Q.6-IO Write the general fnrm of Faraday\ law. 

Q.6-11 What 1s a Farada) disk generator'' 
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REMARKS 

1. E in a region of time-varying magnetic field is not conserva tive, a nd 
cannot be expressed as the gradient of a scala r potential a lone. 

2. A time-varying magnetic field linking with a circuit induces an emf in 
the circujt. 

3. T ransformers a re inherently a-c devices. 

4. An ideal transformer assumes infinite permeabili ty fo r its core and 
infi nite inductances fo r its windings. 

5. The insulated lamina tions of a transformer core to reduce eddy­
current power loss hould be parallel to the direction of the magnetic 
flux. 

6-3 MAXWELL' S EQUATIONS 
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The fundamental postulate for electromagnetic induction assures us that a 
time-varying magnetic field gives rise lo an electric field. Thi a surance has 
been amply verified by numerous experiments. The V x E = 0 equation (6-1) 
must therefore be replaced by Eq . (6-7) in the time-varying case. We now have 
the following coJlection of two curl equations, (6-7) and (6-5), and two 
divergence equation , (6-2) and (6-4): 

c1B 
V x E = -­t r ' 

V x H = J, 

V·D =p, .. 

V·B = 0. 

(6-7)(6-40a) 

(6-5)(6-40b) 

(6-2)(6-40c) 

(6-4)(6-40d) 

In addition, we know that the principle of conservation of charge must be 
satisfied at all times. The mathematical expression of charge conservation is 
the equation of continuity: 

'.1 

V·J = - '~ · · . 
(' ( 

(4-20)(6-41) 

The crucial question here i whether the set of four equations in (6-40a. b, c, 
and d) i now consistent with the requirement specified by Eq. (6-41) in a 
time-varying situation. That the answer is in the negative is immediately 
obvious by simply taking the divergence of Eq. (6-40b), 

V·(V x H)= O = V·J . (6-42) 

Equation (6-42) rollows from the null identity. Eq. (2-109). which asse rts that 
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the divergence of the curl of any well-behaved vector field i zero. Since Eq. 
(6-41) indicates that V · J doe not vanish in a time-varying iruation, Eq. 
(6-40b) is, in general, not true. 

How hould Eq . (6-40a. b.c. and d) be modified so that they are 
con istent with Eq . (6-41)? First of all, a term (p,.(t'r must be added to the 
right ide of Eq . (6-42) : 

V·( x HJ = 0 = V·J 
i'p, 
er . 

U ing q. (6-40c) in Eq . (6-43). we have 

·(V x H ) = V·(J + ~-~)· 
which implie that 

(0 
xH = J +-,-. 

(( 

(6-43) 

(6-44) 

E4uation (6-44) indicates that a time-varying electric field will give ri e to a 
magnetic field , even in the ab ence of a free current flow (i.e .. even when 
J = 0). The additional term cO 'er i • necessary to make Eq. (6-44) consistent 
with the principle of conservation of charge. 

It i ea y to verify that ( 0 t r ha the diroen ion fa current den ity (SI 
unit : A fm 2 ). The term t Olc1 is called displacement current densit.l" and its 
introduction in the V x H equation was one of the major contributions of 
James Clerk Max\\ell ( 1 31 I 79). In order to be con i tent with the 
equation of continuity in a time-varying situation. both of the curl equar1ons 
in (6-1 J and (6-5) must be generalized. The et of four consi tent equation to 
replace the incon istent equation in Eq . (6-40a. b. c. and d) i 

VxE = 

?O 
VxH = J +-::­

u 

V·D = p,. 

V·B = 0. 

(6-45a) 

(6-45b) 

(6-45c) 

(6-45d) 

They are known a Maxwell's equations. ote that p,, in Eq. (6-45c) is the 
volume den ity of free charges, and J in Eq. (6-45b) i the density of free 

currenrs. which may compri e both convection current (p, u) and c nduction 

current (uE). Thee four equation . together with the equation of continuity 
in Eq . (6-41) and Lorentz' force equation in q . (5-5). form the foundati n of 
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electromagnetic theory. These equations can be used to explain and predict 
ull macroscopic d<::clromagm:tic phcnom<::na. 

Although the four Maxwell's equati o ns in Eqs. (6-45a, b, c, and d) are 
consistent, they are not all independent. As a matter of fact, the two 
divergence equations, Eqs. (6-45c and d), can be derived from the two curl 
equations, Eqs. (6-45a and b), by making use of the equation of continuity, 
Eq. (6-41). See Exerci e 6.4 below. 

Take the divergence of the two curl equations (6-45a) and (6-45b) and derive the two 
divergence equa tions (6-45c) and (6-45d) with the aid of the equation of continuity (6-
41). 

6-3.1 INTEGRAL FORM OF MAXWE LL ' S EQUATIONS 

Integral form of 
Maxwell's equations 

The four Maxwell's equations in (6-45a. b, c, a nd d) are differential equations 
that are valid at every point in space. In explaining electromagnetic 
phenomena in a physical environment we must deal with finite objects of 
specified shapes and boundaries. It is convenien t to convert the differential 
forms into their integral-form equivalents. We take the surface integral of 
both sides uf the curl <::tjuations in Etjs. (6-45a) and (6-45b) over an open 

surface S with a contour C and apply Stokes' theorem to obtain 

J. E·dt =-I 88 
·ds Jc s ct (6-46a) 

and 

1 H ·dt = J (J + 
00

) · ds. Jc s ft 
(6-46b) 

Taking the volume integral of both sides of the divergence equations in Eqs. 
(6-45c) and (6-45d) over a volume V with a closed surface S a nd using 
divergence theorem, we have 

J. D·ds= ( p,.dv Js Jv (6- 46c) 

and 

(6-46d) 
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EXA \t Pl.f. 6-6 

CH\l'I!-R6 fl'llE-V.\R)ll'.GFll · ID . A~DMAX\\lll " '>E(Jl \llONS 

TABLE 6-1 MAXWELLS EQUATIONS AND THEIR SIGNIFICANCE 

Oifferential Form 

(8 
V x E = -

,~ ( 

Vx ll = J 

V · D = p,. 

V·B = 0 

Integral Form Significa nce 

E·dt = - -f c/cJ) 

( cit 
Faraday's la\\ 

I h// = I I ~D. rt ... 
~ ( ( 

mpcre's cin:uital law 

,( D·ds = Q f, Gauss's law 

£s·c/s = O o i olated magnetic charge 

The ·ct of four equations in (6-46a. b. c. and d) i the integral form of 
Maxwell' · equations. Both the differential and integral f rm of Maxwell' 
equations a.., well a their ignificance are Ii ted in Table 6-1 for ea y reference. 

An a-c ource of amplitude ~ -0 and angular frequency w. r, = 10 inwr. 
is connected aero a parallel-plate capaci tor C 1 , as shown in Fig. 6-7. (a) 

erif; that the di placement current in the capacitor is the same a the 
rnnduction current in the \\ires. (b) Determine the magnetic field inten ity at 
a distance,. from the wire. 

OU T ION 

a) The conduction current in the connecting wire i~ 

. . drc , 
tc = C 1 - = C 1 V0 wcosuJI. 

cit 

For a parallel-plate capacitor \\ith an area .4. plate eparntion ii. and a 
dielectric medium of permittivity E, the capacitance i::. 

With a \Oltagc re appearing between the plate ·. the uniform electric 
field intensit; E in the dielectric i equal to (neglecting fringing effect'>) 
E = 1·cf d, whence ,. 
D = EE= E ,; sin w1 . 

The displacement current is then 



~---------1 '\.., 1-------~ 

+ 
FIG URE 6-7 A parallel-plate capacitor connected to an a-c voltage source 
(Example 6-6). 

----------

iv= f c~D · ds = (r: ~) V0 w cos o>I 
A Cl d 

= C 1 V0 w co wt= ic. 

which is what we wanted to verify. 
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b) The magnetic field intensity at a distance r from the conducting wire 
can be found by applying the generalized Ampere's circuital law. Eq. 
(6-46b), to contour C in Fig. 6-7. Two typical open surfaces with rim C 
may be chosen: (1) a planar disk surface S1 , or (2) a curved surface S2 

pa sing through the dielectric medium. Symmetry around the wire 
en ures a con tant H <t> along the contour C. The line integral on the left 
ide of Eq. (6-46b) i 

fc H · dt = 2nrH4,. 

For the surface S 1 , only the first term on the right side of Eq . (6-46b) is 

nonzero because no charges are deposited along the wire and. con-
equently. D = 0. 

f J ·ds = ic = C 1 V0w cos wt. 
.s, 

Since the surface S2 passes through the dielectric medium, no conduc­
tion current flows through S2 . If the econd surface integral were not 
there, the right side of Eq. (6-46b) would be zero. This would result in a 
contradiction. The inclusion of the displacement-current term by 
Maxwell eliminates this contradiction. As we have shown in part (a), 
i0 = ic . Hence we obtain the same result whether surface S 1 or surface 
S2 i chosen . Equating the two previous integrals, we find that 

Ci Vo 
Hq, = - w cos WI . 

2nr 
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6-3.2 ELECTROMAGNETIC BOUNDARY CONDITIONS 

Boundary condition 
for tangential 
component of E 

Boundary cond1t1on 
for tangential 
component of H 

Boundary condition 
for normal 
component of D 

Boundary cond1t1on 
tor normal 
component of B 

In order to solve electromagnetic problems involving contigltOU. region of 
different con titutive parameters. it i necessary to know the boundary 
conditions that the field vectors E, 0, B, and·H mu ·t at1sfy at the interface . 
Boundary conditions are deriYcd by appl;ing the integral form of Maxwell's 
equation~ (6-46a, b, c, and d) to a small region at an interface of two media in 
manner 1milar to those u ed in obtaining the boundary conditions for ·tatic 
ekctric and magnetic field . The integral equation · are a urned to hold for 
region containing discontinu us media . (You should review the pr ccdures 
followed in Section 3-8 and 5-9.J In general. the application of the integral 
form of a curl equation to a flat closed path at a boundary with top and 
bottom '>ides in the t~ o touching media yield the boundar) condition for the 
tangential components. On the other hand, the application of the integral 
form of a diYergence equation to a hallo~ pillbox at an interface with top 
and bottom faces in the two contiguous media gh.e the boundary condition 
for the normal component . 

The boundary condi!lon for the tangential component · of E and H are 
obtained from Fq . (6-46a) and (6-46b). re pectively: 

(V m) ; (6-47a) 

(A/ m). (6-47b) 

We note that Fq . (6-47a) and (6-47b) for the time-varying case arc exact ly 
the same a q. ( 3-72) for ta uc electric field and Eq. ( 5-71) for ta tic 
magnetic fields. respectively. in pile of the cxi Lenee of the time-varying term 
1n Eq'>. (6-46a) and (6-46b). 

Similarly, the boundary condition for the normal components of D 
and Bare obtained from Eq . (6-46c) and (6-46d) : 

(6-47c) 

where the reference normal direction is outward from medium 2: and 

(Tl. 1 (6-47d) 

These are the same a . respective!). Eq . (3-75b) for ·ta tic electric field and l:.q. 
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(5-68) for static magnetic fields because we start from the same divergence 

equations. 
In the following we summarize the boundary conditions of two 

important pecial cases. 

A. lnze1face between rwo lossless media 
A losslc s linear medium can be pecified by a permittivity E and a 
permeability Jl, with a = 0. There are usually no free charges and no 
surface currents at the interface between cwo lossless media. We set 
p, = 0 and J5 = 0 in Eqs. (6-47c) and (6-47b), and obtain the boundary 
conditions Ii ted in Table 6-2. We see that in this ca e £,. H,. D" and B,, 
are all continuous at the interface. 

B. 1 nte1face hetween a dielectric and a perfecr conductor 
A perfect conductor is one with an infinite conductivity. In the physical 
world we have an abundance of '"good conductors" such as silver. 
copper, gold. and aluminium. whose conductivities are of the order of 
107 (S;m). (See the table in Appendix B-4.) ln order to simplify the 
analytical solution of field problem , good conductors arc often 
considered perfect conductors in regard to boundary conditions. In the 
imerior of a perfect conductor the electric field is zero (otherwise, it 
would produce an infinite current den · ity), and any charge the 
conductor will have will reside on the surface only. The interrelation­
ship between (E. Dl and (B. H) through Maxwell's equations ensures 
that B and H are al o zero in the interior of a conductor in a time­
rnryiny situation . Consider an interface between a loss less dielectric 
(medium I) and a perfect conductor (medium 2). In medium 2, E1 = 0. 
H 2 = 0, 0 1 = 0. and 8 2 = 0. The general boundary conditions in Eq . 
(6-47a, b, c. and d) reduce lo those listed in Table 6-3. In this case. E, 
and B,, are continuous, but H, and D,, are discontinuous by an amount 
equal to the surface current density J, and surface charge density p,, 
respectively. It is important to note that. when we apply Eqs. (6-49b) 
and (6-49c). the reference normal is outward from the surface of the 
conductor (medium 2). 

TABLE 6-2 BOUNDARY CONDITIONS BETWEEN Two LOSSLESS MEDIA 

D,, E1 
E1r = E2,----+ 

D2, Ei 

B, , 111 
H11 = Hi,--->i- = 

8 2, fl i 

Din = D 2. ----->E1E1. = E2 E 211 

B,n= B2,, ?LJl1. = P2H 2n 

(6-48a) 

(6-48b) 

(6-48c) 

(6-48d} 
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TABLE 6 -3 BOUNDARY CONDITIONS BETWEEN A D IELECTRIC ( M EDIUM 1) AND A 

P ERFECT CONDUCTOR (MEDIUM 2) (TIME -VARYING CASE) 

O n the Side of Medium I 

1-; 11 = 0 

a,, 2 x H 1 = J , 

Di,,= P, 

81,, = 0 

O n the Side of Medium 2 

£ 21 = 0 

H2, - 0 

0 2,, = 0 

8 2,, = 0 

(6-49a) 

(6-49b) 

(6-49c) 

(6-49d) 

• EXER I E 6.5 A ume that the v = 0 plane separate, air in the upper half-l>pace (y>O) from a good 
conduct r and that a urface charge den ity fl, "" Ci . in P'I: and a surface current 
den ity J , = a AC 2 co /h ex 1st on the interface. ( C 1• C 2 • and fi are con .. tants.) 
Determine E and H in the air al the interface. 

R E \ ' I E\\ Q l F 5 TI 0 '\ S 

Q.6-12 Write the differential form of Maxwell's equat ions. 

Q.6-lJ xplain the !>ign1/icanc:c of d1splace111em currl!nt . 

Q.6-l..t Write the integra l form of Ma well'i, equation:.. and 1den11fy each equation 
with the proper experimental law. 

Q.6-15 la te 1he boundary condition~ for £,and f r 8,, . 

Q.6-16 tate the boundary condition for If, and for D,, . 

Q.6-17 Why is the E field immediately out ·ide ofa perfect conducto r pcrpendt ular to 
the conductor surface'! 

Q.6-H! Wh) i the H field 1mmed1atcl) oul!.1dc of a perfect conductor tangential to 
the conductor surface? 

Q.6-19 Can a "ta tic magnetic field exist in the in tenor of a perfect conductor? Explain. 
Can a time-varying magnetic field? F,plain. 

REMARKS 

1. A changing magnetic field produces an electric field, and a changing 
electric field produce a di placement current that contribute to the 
magnetic field . rn time-var ing ituation the electric and magnetic 
fields arc coupled through Maxwell' curl equation . 

2. ot a ll four Maxwell' equa tion a re independent. 

3. T he ta ngential compo nent f E and the no rmal component of 8 arc 
onlinuou at the interface of any two med ia. J 
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6-4 POTENTIAL FUNCTIONS 

In time-varying case. 
E is a function of 
both scalar electric 
potential V and 
vector magnetic 
potential A . 

Jn Section 5-3 the concept of the vector magnetic potential A was introduced 
bccau ·e of the solenoidal nature of B (V · B =OJ: 

I B=VxA (TJ. , (6-50) 

If Eq. (6-50) is ub titutcd in the differential form of Faraday's law, Eq. (6-7), 
we get 

,-
v x E = -

Ir 
x Al. (6-51) 

or 

( t-A) V x E +fr = 0. ( 6-52) 

Since the sum of the two vector quantitic in the parenthe e of Eq. (6-52) is 
curl-free, it can be ex pre sed a the gradient of a scalar. To be consistent with 
the definition of the sca lar electric potential Vin Eq. (3-26) for electro ta tics, 
we write 

f A 
E + - =- VV 

<' l ' 

from which we obtain 

E ~ -VV- -I <'A t' t 
(V/m). (6-53) 

In the static case, fA/c~t = 0. and Eq. (6-53) reduces to E = - VV. Hence 
E can be determined from V alone, and B from A by Eq. (6-50). For time­
varying fields, E depends on both V and A; that is, an electric field intensity 
can result both from accumulations of charge through the -V V term and 
from time-varying magnetic fields through the -?A/Cl term. Inasmuch as B 
aL o depend on A. E and B are coupled. 

Let us substitute Eqs. (6-50) and (6-53) into Eq. (6-45b) and make use of 
the constitutive relations H = B/µ and D =EE. We have 

f ( cA) v x v x A = 1LJ + µE -::;- - v v - -,- ' 
ct et 

(6-54) 

where a homogeneous medium has been assumed. Recalling the vector 



252 

Lorentz condition for 
potentials 

Wave equation for 
vector potential A 

W ave potential for 

scalar potential V 

• EXERCI E 6.6 

CHAl'TtR 6 TJMl: - YARYI G FIELD A D MAXWELL ' EQUATIO s 

identity for V x x A in Eq. (5-16a), we can write Eq. (6-54) as 

V(V · A) - 2 A = JI J - V (µE C:) -~IE c~ ~, 
('( c I 

or 

(6-55) 

Now, the definition of a vector require the pecification of both its curl and 

it divergence. Although the curl of A i de ignated B in q . (6-50), we are till 

at liberty to choose the divergence of A. We let 

tv 
V · A + µE -~- = 0, 

({ 
(6-56) 

which make the ·econd term on the right ide of Eq . (6-55) vanish and 

reduce Eq . (6-55) to a simple t po ible form. We then have 

~2 A 
l c 

V A - JlE - = - Jt.f . 
( r2 

(6-57) 

Equation (6-57) i the nonhomogeneous wave equation for vector potential A. lt 

is called a wave equation becau e it olutions represent wave traveling with 

a velocity equal to l / .. ./ µE . Thi · will become clear in Sub. ection 6-4. 1 when 

the olution of wave equations is <liscu · ed. The relatio n between A and Vin 
Eq. (6-56) i called the Lol"enr= condition (or Lorent: gauge) for potentials. It 
reduces to the condition V ·A = 0 in Eq. (5-19) for static field . 

A corresponding wave equation for the scalar potential V is 

p,. 
(6-58) 

E 

which i the nonhomogeneous wave equation for scalar potential V. H ence the 

Lorentz condition in Eq. (6-56) uncouple · the wave equation for A and for V 
Note the similarities of Eqs. (6-57) and (6-58), and the analogy among the 

quantities: A - V. J "'p,,, and Jl ...... l /E. 

Derive the wave equation (6-58) for l' by u ing Eq. (6-53) tn Eq . (6-40c). 
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RE\IEWQLE TlO"iS 

Q.6-20 How are the sca lar electric potential V and the vector magnetic potential A 

defined? 

Q.6-21 What i a wave equation? 

REMARKS 

I Time-varying potential functions V and A satisfy the wave equation. __] 

6-4.1 SOLUTION OF WAVE EQUATIONS 

We now consider the solution of the nonhomogeneous wave equation (6-58) 

for scalar potentiaJ V due to a charge distribution p,. in a restricted region. Let 

an elemental point charge p,, dl'' be situated at the origin at time t. At a 

distance R far away from the origin we can as ume spherical symmetry (that 

is, V depends only on R andt, not on e or¢). Using Eq. (3-129), we can write 
Eq. (6-58) as 

_I_ !__ (R2 r:V)- flE c..,2 ~ = 0. 
R2 cR r·R c1-

(6-59) 

We now introduce a new variable 

I 
V( R , 1) - R U( R ,t), (6-60) 

which simplifies Eq. (6-59) to 

c2 u r 1u 
- -µE- =0. 
<1R2 ? 12 

( 6-61) 

Equation (6-61) is a one-dimensional homogeneous wave equation. It can be 

verified by direct substitution ( ee Problem P.6-11) that any twice­

differentiable function of(T - R J.LE) is a solution of Eq. (6-61). We write 

U( R, r) = f(t - R µE). (6-62) 

The function at new distance R + !J.R at a later time t + !J.t i 

U(R + !J.R. I -l !J.t) = f[ t ~ !J.t - (R I AR) µE] 

which equals f(t - R J.IE) and retains its form if !J.1 = !iR µE = !iR/uP . The 
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Velocity of wave 

propagation in a 
medium with 
constitutive 
parameters c and µ is 

1 /.,_ µ c. 

Finding retarded 
scalar potential V 
from charge 
distribution 

Finding retarded 
vector potential A 
from current 
distribution 

Circuit theory 
ignores time­
retardation effect 

CllAPrFR 6 TIMC-V RYING FIELDS AND M AXWELL "S EQ UA TIONS 

quantity 

Up= -- (6-63) 
µE 

is the velocity of wave propagation, a characteristic of the medium. In air, it i 

equal to c = I/ µ0E0 . From Eqs. (6-60) and (6-62) we have 

I . 
V(R, l) =Rf (t - R/ up). (6-64) 

To determine what the specific function f(I - R/up) must be, we note 

from Eq. (3-29) that for a static point charge p(l) ~v' at the origin, 

~V(R) = p,. (r)~v ' 
4n:ER 

Comparison of Eqs. {6-64) and {6-65) enables us to identify 

Af( / ) Pc(r - R/up) ~v' 
o c - RuP = --- - '------

4nE 

The potential due to a charge distribution over a volume V' is then 

V(R,t) = _ l_ J p,, (1 - R/ up) dv' 
4nE v· R 

(V). 

(6-65) 

(6-66) 

(6-67) 

Equation (6-67) indicates that the scalar potential at a distance R from the 
source at time t depends on the value of the charge density at an earlier time 
(1 - R/ up). For this reason, V(R, t) in Eq. (6-67) is called the retarded scalar 

potential. 
The solution of the nonhomogeneous wave equation. Eq. (6-57), for 

vecto r magnetic potential A can proceed in exactly the same way as that for V. 
The vector equation, Eq. (6-57), for A can be decomposed into three scalar 

equations, each similar to Eq. (6-58) for V The retarded vector potential is thus 

given by 

A(R , I)=_!:!__ f J(i - R/up) dv' 
4n ,,. R 

(Wb/ m). (6-68) 

The electric and magnetic field derived from A and V by differentiation 

will obviously also be functions of(t - R/ up) and therefore retarded in time_ It 
takes time for electromagnetic waves to travel and for the effects of time­
varying charges a nd currents to be felt a! distant points. Jn circuit theory this 
time-retardation effect is ignored and instant re ponse is assumed. 
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A radar signal sen t from earth to the moon is received back on the earth a fter a dela y 
of 2.562 ( ). Determine the distance bet ween the !>urfaces of cart h and the moo n at tha t 
moment in kilometer:, and in miles. 

Ar-;s. 3.843 x I 05 (km). or 238,844 miles. 

What is the distance equivalent to one light year? 

ANS. 9.46 x 10 12 (km), o r 5.88 trillion miles. 

REVIE \>t QLEST IO'IS 

Q .6-22 Wha l does retarded po1e111ial mean in electromagnetic '? 

Q.6-23 In what ways do the reta rdation Lime and the velocity of wave propagation 
depend o n the constitutive parameters of the medium? 

REMARKS 

1. The response at a distance of changing charge and current distribu­
tion is not instantaneous, but is delayed in time. 

2. The velocity of wave propagation is a characteristic of tbe medium 
and is independent of frequency. 

6-5 Tl ME - HARMON IC Fl ELDS 

Time-harmonic fields 
are sinusoidal fields . 

Maxwell 's equation and all the equations derived from them o far in this 
chapter hold for electromagnetic quantities with an arbitrary time­
dependence. The actual type of time functions that the field quantities assume 

depend on the ource functions Pv and J. ln engineering, inusoidal time 
function occupy a unique posi tion. They are easy to generate; arbitrary 
periodic time functions can be expanded into Fourier erie of harmonic 
sinusoidal components; and transient nonperiodic functions can be expressed 
as Fourier integrals. Hence for ource function with an arbitrary time 
dependence, electrodynamic fields can be determined in terms of those caused 
by the various frequency components of the source functions. The application 
of the principle of uperposition (adding the results due to the various 
frequencies) will give us the total fields. In this section we examine time­
harmonic (s teady-sta te si nusoidal) field relationships. 

6-5.1 THE USE OF PHASORS- A REVIEW 

For time-harmonic fields it is convenient to use a phasor notation . At this 
time we digress briefly to review the use of phasors. Conceptually, it is impler 
to discuss a scalar pha or. The instantaneous (time-dependent) expression of 
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a inu oidal scalar quantity. uch a a current i, can be written as either a 
cosine or a ·inc function. If v.c choo e a co ine function a. the reference 
(which 1 • u ually dictated by the functional form of the excitation), then all 
derived re ult will refer to the co ine function. The pccification of a 
sinu oidal quantity require the knowledge of three parameter : amplitude. 
frequency, and phase. For example, 

i( 1) = I 0 cos ( <!)e + </> ). (6-69) 

where /0 is the amplitude; <1> is the angular frequency (rad s) - w is always 
equal to 2rrf f being the frequency in hert7: and </>is the phase angle referred 
to the cosine function . We can al o write i(I) in E4. (6-69) a a inc function if 
we wish: i(t) = ! 0 ·in (wt+¢'). with</>'= </> + n ·2. Thus it i important to decide 
at the outset\\ hether our reference i a cosine or a sine function. then to ·tick 
to that dec1 ion throughout a problem. 

To work directly with an in tantancou cxpre sion such as the co ine 
function i · inconvenient when dilTerentiation or integrations of i(I) arc 
involved because the)- lead to both sine (fir ·t-order ui1Terentiat1on or 
integration) and co ine ( econd-order differentiation or integration) functions 
and because it i tediou to combine inc and cosine functions . For instance, 
the loop equation for a scrie · RLC circuit v.ith an applied \Oltage 
L'(I) = V0 co we is 

di I f L di + Ri + C i de = c(T). (6-70) 

If we write the resulting current i(I) in the form of Eq. (6-69). q. (6-70) yields 

o)L in (wt+</>)+ R co (wt + ¢)+ 
1 

in (we+¢)] (l)c 

= ~0 co we . (6-71) 

Obviously. complicated mathematical manipulations an; required in order to 
ddermine the unkn wn l 0 and ¢ from Eq. (6-71 ). 

Tt is much simpler to use exponential function t b) writing the applied 
voltage as 

rlrl = ~ 0 co wr = .~. [1~ '0 e-i0 Je i' "J 

and i(t) in Eq . (6-69) a · 

i(l) = -~c [(lei<l>)e 1t01] 

(6-72) 

= .Xl (/ ,e ""). (6-73) 

1e1"" = CO'" " ' ..,- jsin wt. co <111 :if, (t.'1' ''). >1J1 r1 /I - Jl'ml<' 1"" ). 



Phasors : polar forms 
of complex 
quantities containing 
amplitude and phase 
information 

Converting phasors 
to instantaneous 
sinusoidal time 
functions 

E'\A'\ll'LE 6-7 

6-- TIME-11/\RMONIC FtLLD 

where .J/I, means '"the real part of." In Eqs. 16-72) and (6-73), 

V, = ~;>eiO = ~o 

I ,= lneid> 

257 

(6-74) 

(6-75) 

arc (scalar) plrasors that contain amplitude and phase information but arc 
inclepC'11<le111 t?f l. The phasor I ~ in Fq. (6-74) with 1ero pha e angle i · the 
reference pha ·or. From Eq. (6-73) we have 

di 
dt = .fl <(j11J/ ~ e'"' ), and (6-76) 

r idt = .J/I, ( .
1
• eJ'''). 

t<•J . . 
(6-77) 

Sub t1tution of Eqs. (6-7_) through (6-77) in Eq. (6-70) yields 

IR 1((vL wlC )]1., = 1 ~ - (6-78) 

from which the current pha or I , can be solved ca ily. ote that the timc­
depcndent factor eJ"'' disappears from Eq. (6-78) because it is pre ent in every 
term after the sub-; tit ution in Eq . (6- 70) and is therefore canceled. After I, has 
been determined. the instantaneous current response ilt) can be found from 
Eq. t6-73) by multiplying I , by e;w and taking the real part of the product. 

If the applied oltage had been given as a _,ine function such as 
r(t) = ~ 0 sin 11J1. the erie R L ' -ci rcuit problem v. ould be solved in terms of 
pha . ors in exactly the same way; only the instantaneous ex pre sions would be 
obta1 ned hy taking the i111ayi11ary part oft he product of I he phasor with ej"'. 
The complex phasors represent the magnitude and the phase shift · of the 
quanlitie in the ..;olution of time-harmonic problems. 

Wril1.: the phasor expression I, for the following current functions using a 
cosi nc reference. 

a) i(t) - I 0 cos (wt 30 ), anc.l 

b) i(I) - I 0 . in (C'H -t 0.2rr). 

For co inc reference we write 

i(I) = .!-f, (J_eJ"" ). 

a) i(t) = - / 0 co (1 1> t - 30 ) 

= .J/I, [! - l o£' J 30 )C'Jrll]. 
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• EXERCISE 6.9 

EXAMPLE 6-8 

• EXERCISE 6.10 

• EXERCISE 6.11 

• EXERCISE 6.12 
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b) i(t) = I 0 sin (wt+ 0.2n) 

= Jl>i[(/oej0.2•)e jnl2.ejw1], 

where thee j •
11 factor is needed because the phase of in cvt lag behind 

that of cos wt by 90 · or n/ 2 (rad). We have 

I.=Uoej0.2•)e jrr12=loe j0.3" 

Find the phasor expressions /~fo r the current functions in faample 6- 7 using a , me 
reference, i(1) = .fm(/~eiw'). 

ANS. (a) - 10e1" 13
• or / 0 e- ' 2

" 3 . (b) / 0e' 0 i._ 

Write the instantaneous expressions v(t) for the following phasors using a 

cosine reference: 

a) 

b) 

V. = Voej n/4, 

v. = 3 - j4. 

SOLUTION 

a) v(t) = ;}! 1 [ V.ej'°'] 

and 

= .~" [( Voei •14)ei""] 

= V0 cos (wt+ n/4). 

b) V,,=3 - }4 = 32+ 42ej1an •( - 4 / 3) 

=Se 1sJ. 1 

Thus, 

r(t) = .. ~ l [(Se i 53 · 1 )ei""] 

= 5 cos (M - 53. J "). 

Write the phasor expression V, for the voltage 1~1) = I 0 cos((!)/ - 45 ). 

A,.,.s. IOe i•·4 , 

Write the instantaneous expression L1(1) for the phasor V, = 4 + j3 using a co inc 
reference. 

ANS. 5 cos (wt + 36.9 ). 

Write the instantaneous expres ion v(t) for the phasor V, = 4 + j3 u ing a sine 
reference. 

ANS. 5 sin (WI + 126.9"). 
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RE\ IE\\ Qt F~TIO '\ ':i 

Q.6-24 What p, a pharnr'1 Are ph<hOrs fun<.:t1on~ of 1'.' functi on\ of 1·1'! 

Q.6-25 What ,., the d1fferem:e between a pha. or and a vecto r? 

REMARKS 

L 

I. Pha o rs a re complex quantit ie (ex pres ed in po lar form) representing 
the magnitude and the pha e of inu oidal fun lions. 

2. Phase a ngles can be ex p res ·ed either in radian o r in degree . Do not 
forget t he ign when exp res ed in degree . 

3. el'er m ix fact r containing j with in tantaneou time functions. 
Ex pre ion uch a j cos wt. eN• sin oJt. and ( 1 - j)i(1) are incorrect. 

6- 5.2 TIME-HARMONIC ELECTROMAGNETICS 

Time-harmonic 
Maxwell's equations 
in terms of phasors 

Field vector that vary with pace coordinate and are inu oidal functio ns of 

time ca n imilarly be repre ented by vector pba ·or that depend on space 
coordinates but not on time. A an example, we can write a time-harm nic E 

field referri11y to c · cot t as 

E(x, y. :: t) = .!-f, [E(x, .I'· :)e1"'], (6-79) 

where E(x. y. :) i a t•ecror plr a ·or that contains information n direction. 

magnitude. and phase. From Fqs. (6-76} aml (6-77) we sect hat, if E(x, y. :: 1} is 
to be repre ented by the \ector pha. or E(X"._r.:). then r E(x.y. : : 1) rt and 

JEf\.y.:;l)r/t would he reprc ented by vector phasor j(IJE(X.J',:) and 

E(x. y. :) jc11. re pectively. Higher-order differentiations and integration with 

re peel to t would bt.: repre en tcd by multiplication and divisions, re-

pectively. f the pha or E( x. y. ::) b higher powers of jw. 
We now write time-harmonic Maxwell' equations (6-45a, b, c, and d) 

in term of vector field pha or · ( E, H) and source pha r (p,, J) in a ·imple 

(linear, isotropic. and homogeneous) medium as follows. 

V x E = - jw/t H, 

\ x H = J +jwEE, 

v. E = p,./E. 

V·H =0. 

(6-80a) 

(6-80b) 

(6-80c} 

(6-80d) 

The pace-coo rdinate argument a nd the ub eript s indicating a pha or 

quantity have been omi tted for simplicity. The fact that the same no ta ti o ns 

-----~----

' If the 1ime reference is nol c..;plici1!y :;pec1ficd. ii 1 customarily taken a c WI. 
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are used for the phasor · a are u ed for their corresponding time-dependent 
quanlitie hould create little confu. ion becau e we will deal almost 
exclusively with time-harmonic fields (and therefore with pha or ) in the re l 
of thi book. When there i · a need to distinguish an in tantaneous quantity 
from a phasor, the tiinc dependence of the instantaneous quantity will be 
indicated explicit! by the inclusion of a t in its a rgument. 

R t::VIF W QL ESTIOt'. 

Q.6-26 Di cuss the advantage of using phasor~ in electromagnetic . 

REM ARKS - ---- -----------

Helmholtz' s equation 
for scalar potential V 

Definition of wave 
number 

Helmholtz' s equation 
for vector potential A 

1. Phasor quantitie are not function oft. 

2. Jnstanlaneou time functions cannot contain complex numbers. 

3. Any electromagnetic cxpre sion containing j mu t necc arily be a 
relation of phasors. 

In term of pha ors we ca n write time-harmonic wa e equation (6-58) 
for calar potential V as 

or 

where 

or 

(I) 

I.. = (!)" Jl€ = - , 
ll p 

2rr /' 
k =-· 

tip 

p,. 

p,, 

€ 

(6- I) 

(6-82a) 

(6-82b) 

is called the wavenumber. It is a measure of the number of wavelength in a 
cle . . imilarly. the pha or form of time-harmonic wave equation (6-57) for 

vector potential A i 

(6-83) 
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Equations (6-81) and (6-83) are referred to a nonhomogeneous Helmholtz 's 
equations. 

• EXERCISE 6.13 Write the phasor form for the Lorentz condition for potentials, Eq . (6-56). 

Phasor form for 
retarded scalar 
potential 

Phasor form for 
retarded vector 
potential 

R E \' I £ \\' Q L ES Tl 0 1'i 

Q.6-27 Define wat'e11umher. What i its SJ unit? 

REMARKS 

l. H elmh oltz's equations are lime-harmonic wave equations in terms of 
phasors. 

2. Wavenumber depends on medi um characteristics a well as o n the 
frequency of the wave, but is always equa l to 2n d ivided by the 
wavelength. 

The solution of the nonhomogeneous Helmholtz's equation (6-81) for V 

can be obtained from Eq. (6-67). The potential V(R , 1) involve a time advance 

R/uP for p,, , which is equivalent to a phase lead of w(R/up) or kR. In phasor 
notation this requires a multiplying factor e jkR. Hence the phasor form for 

Eq. (6-67) is 

V(R) = -
1- µ ,.e du' I 

j kR 

4nE v· R 
(V). 

Similarly, the phasor solution of Eq. (6-83) for A is 

µ I Je jkR 
A(R) = - --- dv' 

4n v· R 
(Wb/m). 

(6-84) 

(6-85) 

These are the expressions for the retarded scalar and vector potentials due to 
time-harmonic sources. Now the Taylor-series expansion for the exponential 
factor e - jkR is 

k2R2 
- jk R +-

2
- + ... . 

Thus, if 

R 
kR = 2n ---:- « 1, 

A. 

(6-86) 

(6-87) 

or if the distance R is ·;ery small in comparison to the wavelength;,, e - ikR can 
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Procedure for 
determining 
instantaneous 
electric and 
magnetic fields 

EXAMPLE 6-9 

CHAPTrR 6 T1v1 F-VARY Jl\J G F1 1:LDSAND M AXWI:LL·s EQUATIONS 

be approximated by I. Equations (6-84) and (6-85) then simplify to the static 

expressions in Eqs. (3-39) and (5 -22), respectively. 

The formal procedure for determining the ele.ctric a nd magnetic fields 

due to time-harmonic charge and current distributions is as follows : 

I. Find pbasors V(R) and A(R) from Eqs. (6-84) and (6-85). 

2. Find phasors E(R) = - VV - jwA and B(R) = V x A. 

3. Find instantaneous E(R, t)=Jf~ [E(R)eJwr] and B(R, t)=.1P, [B(_R)ei"' 1
] 

for a cosine reference. 

The degree of difficulty of a problem depends on how difficult it is to perform 

the integrations in Step I. We will u e this procedure to determine the 
radiation properties of antennas in Chapter 10. 

Given that the electric field intensity of an electromagnetic wave in a 
nonconducting dielectric medium with permittivity E = 9E0 and permeability 

µO IS 

(V/ m), (6-88) 

find the magnetic field intensity H and the value of /3. 

SOLlJTION 

The given E(.:-, t) in Eq. (6-88) is a harmonic time function with angular 

frequency w = I 09 (rad/ s). Using phasors with a cosine reference, we have 

E(:) = a>,5e - iP=. 

The magnetic field intensity can be calculated from Eq. (6-80a). 

1 
H(:) = - -.-V x E 

;wµo 

a .. 
c 

=---
jwµo ex 

a>' 
? 

(iy 

0 Se JfJ= 

a= 
(J = __ I (-a ? £.) 
c: jwµo x 2: -' 

0 

I ( . R ·p-) fi 5 iP= = --- a .11,Se J - = - a .- - e 
jUJf,lo ·' · _, wµo 

(6-89) 

(6-90) 

ln order to determine /J, we use Eq. (6-80b). For a nonconducting medium, 

a= 0, J = 0. Thus, 

E( .:-) = -. - V x H = -. - a .~ H~ 1 l ( (1 ) 

]WE ]WE Jc: 

{J2 
= a.-- Se ifJ= 

> o;i J.lot: 
(6-91) 
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Equating Eqs. (6-89) and t6-9l), we require 

c-:- 3w 
(J = w µ 0E = 3wy- µ 0 t 0 = -

c 

3 x 109 

= 3 x 108 = to (rad/ m). 

From Eq. (6-90) we obtain 

5(10) 
H(z) = - ax-(1-0-9)(_4_n_l_0_7) e - i•O= 

= -ax0.0398e - i ' 0 =. 

263 

(6-92) 

The phasor H(z) in Eq. (6-92) corresponds to the following instantaneous 

time function: 

H(z, t) = - ax0.0398 co (109t- !Oz) (A/ m). (6-93) 

REVIEW QCEST I O~ S 

Q.6-28 Write the pha or expression of scala r electric potential V(R) in terms of charge 
distribution p,, . 

Q .6-29 Write the phasor expression of vector magnetic potential A(R) in terms of 
current distribution J . 

REM AR KS ------------------------~ 

The electric and magnetic field intensities ofan electromagnetic wave in a 
given medium are definitely related_ They must satisfy Maxwell's 
equations, and their amplitudes and phases cannot be specified 
independen ti y. 

6-5.3 THE ELECTROMAGNETIC SPECTRUM 

Maxwell ' s equations 
in source- free 
nonconducting 
media 

In source:free nonconducting media characterized by E and µ(a = 0) 
Maxwell's equations (6-45a, b, c, and d) reduce to 

8H 
V x E = - µ ­ot , 

oE 
v x H = Ea,, 

V·E = 0, 

V·H=O. 

(6-94a) 

(6-94b) 

(6-94c) 

(6-94d) 
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Homogeneous wave 
equation for E 

Homogeneous wave 
equation for H 

Homogeneous 
Helmholtz's equation 
for phasor Es 

Homogeneous 
Helmholtz' s equation 
tor phasor Hs 

CHAPTER 6 TIME -VARYING FIELDS AND MAXW ELL' S EQUATIO S 

Equations (6-94a, b, c, and d) are first-order differential equations in the two 

variables E and H. They can be combined to give a second-order equation in 

E or H alone. To do this, we take the curl of Eq. (6-94a) and use Eq. (6-94b) : 

(' c2 E 
V x V x E = - J1 - (V x H) = - {LE - , . cc er-

Now V x V x E = V(V · E)-V2E = - V2 E because of Eq . (6-94c). Hence we 

have 

(6-95) 

or, since uP = 1/ µ£, 

(6-96) 

In an entirely similar way we can also obtain an equation in H: 

(6-97) 

Equations (6-96) and (6-97) are homogeneous vector 11·ave equations. 

We can see that in Cartesian coordinates Eqs. (6-96) and (6-97) can each 

be decomposed into three o ne-dimensional , homogeneou , calar wave 

equations. Each component of E and of H will sa tisfy an equation exactly like 

Eq. (6-61), whose solutions represent waves. We will extensively discus. wave 

behavior in various environment in the next chapter. 

For time-harmonic fields it is convenient to use phasors. Thus Eq. 

(6-96) becomes 

or 

in view of Eq . (6-82a). Similarly Eq. (6-97) lead to 

I v2 H" + k2 H, = o. j 

'Subscnpt ·'has been added 10 emphasize that E, and H, are phasors and are not the same as the 
llme-dependenl E <1nd H in Eq.s. (6-96/ <1nd (6-97). 
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The olutions of Eq . (6-98) and (6-99) represent propagating waves, which 
will be the subject of study of the next chapter. 

REVIEW QL ESTIO"li 

Q.6-30 Explain why there ma)' be nonvanisbing solutions for electric and magnetic 
fields in source-free regions. 

REM AR KS ------------------------~ 

Tho electromagnetic 
spectrum and 
applications 

The visible-light 
spectrum 

Wireless 
transmission 

Microwave rodar 
bands 

l. In source-free nonconducting media E and H satisfy the same 
homogeneous wave equation, in Eqs. (6-96) and (6-97). 

2. For time-harmonic waves in source-free media phasors E, and Hs 
sati fy the same homogeneous Helmholtz's equation, in Eqs. (6-98) 
and (6-99). 

3. Maxwell's equations, and therefore the wave and Helmholtz's 
equations, impose no limit on the frequency of the waves. 

The electromagnetic spectrum that has been investigated experiment­
ally extend from very low power frequencies through radio, television, 
microwave, infrared. vi ible light, ultraviolet, X-ray, and gamma (y)-ray 
frequencies exceeding 1024 (Hz). Figure 6-8 shows the electromagnetic spec­
trum divided into frequency and wavelength ranges on logarithmic scales 
according to application and natural occurrence. 

The term "microwave" is somewhat nebulou and imprecise; it could 
mean electromagnetic waves above a frequency of l (GHz) and all the way up 
to the lower limit of the infrared band, encompa sing UHF, SHF, EHF, and 
mm-wave regions. The wavelength range of visible light i from deep red at 
720 (nm) to violet at 380 (nm) or from 0.72 (lim) to 0.38 (µm), corresponding 
to a frequency range of from 4.2x10 14 (Hz) to 7.9 x 10 14 (Hz). The bands 
used for radar, satellite communication, navigation aids, television (TV), FM 
and AM radio, citizen's band radio (CB), sonar, and others are al o noted . 
Frequencies below the VLF range are seldom used for wireless transmission 
because huge antennas would be needed for efficient radiation of 
electromagnetic waves and because of the very low data rate at these low 
frequencies. There have been propo als to use these frequencie for strategic 
global communication with submarines submerged in conducting seawater. 
In radar work it has been found convenient to assign alphabet names to the 
different microwave frequency bands. They are listed in Table 6-4. 

In the next chapter we shall discuss the characteristics of plane 
electromagnetic wave and examine their behavior as they propagate across 
di continuous boundaries. 
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Wavelength (m) Frequency (H1:) Cla ification Applications 

10 l 

10 12 

(;\) 10 1 ll 

(nm) 10 '1 

(Jim) 10 n 

(mm) 10 3 

(cm) 10 

l() I 

(ml I 

10 

102 

(km) 103 

104 

105 

(Mm) 10° 

10 

108 

1021 

10 1 t1 (EH7) 

10 1
' (PH7) 

J0 12 (THz) 

109 (GH1) 

;·- ra Y' Food 1rrad1a1um 
cancer thcrap~ 

-ray 

Ultraviolet 

V1>1hlc li1thl 

Infrared 

mm wa e 

E:HF(30 300GH1) 

HF (3 30 GH1) 

HF (300- 3000 MHz) 

VHF (JO- JOO MHz) 

HF (3 30 MHz) 

1cnh7a1u111 

1gh1 v1s1on 

Radar. '>pace cxploratllln 

RJdar. satellite 
t:llmmunu.:~tllt)n 

R:1<J,.r, T\', m111gauon 

l V. rM r<•hcc. mobile 
rad1'1. air lraflic contn>f 
~ J • 1m1hc. '> W radio, 
.:1111cn\ band 

~~~~~~~~~~-

10" (MHl) MF (300- 3000 kHz) 

LF (30- 300 kHz) 

LF {3 30 kH1:) 

<\M . man11mc ratl10. 
tlircc11on finding 
('..iqgam'n 
radio beacon 

"J~t v1gatton. "unar 

103 (kHt) LF (300- 3000 Hz) l dephonc audio ran~c 
~~~~~~~~~~~~~~~~~ 

60 (Hz) Lf- (30- 300 1 lz) Commun1ca11on w11h 'uhmergetl 
'uhmannc. elt!ClnL· power 
Dctewon "f huned 

LI- ( 3 30 H /.) metal object> 

I (Hz) 

Wavelength range of human vi i n: 7'.!0(nm) - 3 O(nm) 
(Deep red} (Violet} 

FIGlJRI· 6- pt:drum of electromagnetic wave:-. 

RE\'IF\\ Ql I ' TIO 

Q .6-Jl What is the wavelength range of visible light '! 

Q .6-.U Why are lrequcncie below the YU- range rarely u. ed for wireless 
transmission? 
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TABLE 6-4 RADAR BAND DESIGNATIONS FOR MICROWAVE FREQUENCIES 

Band Frequency Range (GHz) Wavelength Range (cm) 

u 40 60 0.75 0.50 

Ka 26.5- 40 1.13- 0.75 

K 18- 26.5 l.67- 1.13 

Ku 12.4- 18 2.42- 1.67 

x 8-12.4 3.75 2.42 

c 4- 8 7.5- 3.75 

s 2 4 15- 7.5 

L 1- 2 30- 15 

REMARKS -

SUMMAR Y 

1. Electromagnetic waves of al/frequencies propagate in a given medium 

with the same velocity. uP = 1/ /IE. 

2. The operating frequency of microwave ovens is aro und 2.45 (GH z). 

In time-varying situations electric and magnetic fields are coupled and the 

postulates that we introduced in previous chapters for static fields no longer 
suffice. In thi chapter we 

• added a fundamental postulate for electromagnetic induction, 

• introduced Faraday's Jaw that relate quantitatively the emf ind uced in a 
circuit to the time rate of change of flux linkage, 

• explained that the induced emf may be decomposed into two parts: a 
transformer emf and a motional (flux-cutting) emf, 

• discussed the characteristic of ideal transformers, 

• obtained a set of four Maxwell 's equations (two divergence and two curl 
equation ) that are consistent with the equation of continuity, 

• considered the general boundary conditions for field vectors at the 
interface of contiguous regions of different constitutive parameters, 

• ex pres ed electric and magnetic field intensities in terms of a sca lar electric 
potential function V and a vector magnetic potential function A, 
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PROBLEM 

CH\PTfR6 T1\1f - Y.\R\1 c,FJfIDSA."-DMAXWHI' EQLA110 s 

• derived nonh mogencou \v;:ne cyuatiom for V and A. 

• introduced the concept of retarded potentials. 

• convened \\ave equations into Hclmholti · equation for time-harmonic 
fields. and 

• discus.,cd the electromagnetic '>pcctrum in source-free pace. 

P.6-1 E press the tram,former emf induced in a talionar) loop in term of 
time-var ing vector potential A. 

P.6-2 The circuit in Fig. 6-9 is situated in a magnetic field 

B - a~3 cos (5rcl0 71-trcr) (JIT). 

·. urning R = 15 (Q). tind the current i. 

P.6-3 A stationary rectangular conducting loop of width 11· and height h i 
~ituated near a very long wire carrying a current i 1 a in Fig. 6-10. Assume 
i 1 = / 1 sin w1 and the elf-inductance of the rectangular loop Lo be L. Find the 
induced current ii in the loop. 

H1:-. r: e phasor . 

P.6-4 In Fig.6-IOa umcacon ·tantcurrenli 1 = / 0 .butthattherectangular 
loop moves away with a constant velocity u = a, 110 . Determine i 2 when the 
loop is al a po-.ition as -;ho\\ n. 

P.6-5 A IO(cm) by IO(cm) square conducting loop ha ing a re istance 
R = 0.5(Q) rotates in a constant magnetic field B = a 1.0.04(T) with an 

I IGURE' 6-9 A circutl in a time-varying magm:tic 
field 1Prohlem P6-2J 

rtGURF 6-10 A rectangular loop near a long 
current-carrying wire (for Problem · P.6-3 
and P.6-4). 

0 0 (!) R 
R B R 

[] (9) 0 (!_' 
() ,. 

'· " 0.3( 111 l 
y 

\\ 
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angular frequency w = IOOn(rad/s) about one of its legs, as shown in Fig. 
6-1 l. Assuming that the loop initially lies in the x::-plane, find the induced 
current i 

a) if the self-inductance of the loop is neglected, and 
b) if the self-inductance of the loop is 3.5 (mH). 

B B 

---
iO(crnJ 

-d ~ y 

wt 

_\ 

FIGURE 6-11 A rotating square loop in a constant magnetic field (Problem P.6-5). 

P.6-6 A conducting sliding bar oscillates over two parallel conducting rails in 
a sinusoidally varying magnetic field 

(mT), 

as shown in Fig. 6-12. The position of the sliding bar i given by x = 
0.35(1 - cosmt)(m), and the rails are terminated in a resistance R=0.2(Q). 
Find i. 

-"j 

(!) 
0.2(m) 

(!) (!) 
B 

(!) 

(!) (!) (!) (!) 

0 
.r 

0.7 (111) 

FIGURE 6-12 A conducting bar sliding over parallel raiL in a time-varying 
magnetic field (Problem P.6-6). 

P.6-7 Determine the frequency at which a time-harmonic electric field 
inlen ity causes a conduction current density and a displacement current 
density of equal magnitude in 

a) seawater with E, = 72 and (J = 4 (S/m), and 
b) moist soil with E, = 2.5 and (J = 10 - 3 (S/m). 
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P.6-8 Calculation concerning the electromagnetic effect of currents in a good 
conductor u uall) negkct the di placement current even at micro\\ave 
frequcncie . . 

a) s uming E, = 1 and a = 5.70 107 
( m) for copper. compare the 

magnitude of the di placement current den ity with that of the 
conduction current den ity at IOO(GHz). 

b) Write the governing differential equati( n for magnetic field intensit) H 
in a source-free good conductor. 

P.6-9 n inlinite current heel J =a, - ( ml oinciding '' ith the .\·y-plane 
separate air (rel?ion I,: > 0) from a medium with 11,2 = 2 (region 2.: < 0). 
GivcnthatH 1 = a~30 a,-W a=_O( mi.find 

a) H1 . 

b) B2 . 

c) angle :x 1 that B1 makes with the .::-axis. and 

d) angle :x 2 that 8 1 makes \\ith the ::-axi-... 

P.6-tO Write the boundary conditions that exist at the interface f free pace 
and a magncti material of infinite fan approximation) permeability 

P.6-11 Prove by direct 'tubstitution that an twice differentiable fum:tion of 

(t - R" /IE) i .1 ..,olut1on of the homogeneou wa\e equation. Fq. (6-61). 

P.6- 12 Write the component ·calar equation for the set of four Ma\wetrs 
equation (6- Oa. b .. and d): 

a) 111 artesian coordinates if the licld phasors are function · of: only. and 

b) in ·pherica l co rdinatc-.. if the field pha ors arc functions of R only. 

P.6-13 Assuming £(:.t) = 50cos(2nl09 r - k:) (V/ m) in air. ketch the follow­
ing wa,ef rm'> and labd the ab ·i ·. a ·: 

a) E(I) versus t at= = 100.125;., whcrn i. i the wavelength, 
b) l:'(t J ver u.., t at : = - I OO. I 25i .. and 

c) £(:) versus: at t = T14. where Ti the period of the wave. 

P.6-1-t The elcctri lidd of an cle tromagnctic \\ave 

E{: ./) = a , £0co [108n(1 ;.) l/JJ IY 'm) 

i.., the -.um of 

(' 

and 

E1(:. I) = a.J).()4 co l 10 n t - n-i J m). 

Find En and I);. 
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P.6-15 The magnetic field intens it y of an electromagnetic wave 

H(R. I)= a"1H 0 cos (wr - kR) 

is the sum of 

Hi(R.l)=a<l> IO "'"sin(o>t - kR) 

and 

(A/m) 

(A/ m) 

(A/ m). 

Find H 0 and 1.. 

P.6-16 Starting from the pha or Maxwell's equations (6-80a, b, c, and d) in 
simple media with time-harmonic charge and current distributions obtain 

a) the nonhomogeneous Helmholtz's equation for E. and 

b) the nonhomogeneous Helmholtz'.' equation for H . 

P.6-17 A short conducting wire carrying a time-harmonic current is a source 
of electromagnetic waves. As urning that a uniform current i(l) = I 0 cos wt 
flow in a very short wire dt placed along the .:-axis. 

a) determine the phasor retarded vector potential A at a distance R in 
spherical coordinates, and 

b) find the magnetic field intensity H from A. 

P.6-18 A 60-(MHz) electromagnetic wave exists in an air-dielectric coaxial 
cable having an inner conductor with radius a and an outer conductor with 
inner radius b. As ·urning perfect conductor , and the phasor form of the 
electric field intensity to be 

E = a, Eo e jk=(V/ m), 
r 

a) find k, 

a< r < b, 

b) find H from the V x E equation. and 

c) find the surface current densities on the inner and outer conductors. 

P.6-19 It is known that the electric field intensity of a spherical wave in free 
space 1s 

10 - 3 

E( R, (}; t) = a0 - - sin 0 cos (2n I 09 r- kR) 
R 

(V/ m). 

Determine the magnetic field intensity H(R (}; t) and the value of k. 

P.6-20 Given that 

E(x, z; r) = ayO. l sin (10nx) co (6n1091-/J:::) 

in air. find H(x, z: t) and /3. 
P.6-21 Given that 

H(x, z; l) = a ,,2 cos (15nx) sin (6nl09 t-/3z) 

in air, find E(x, .:; I) and {3. 

(V/ m) 

(A/ m) 
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7 - 1 0 V E R V I E W In SecLion 6-5 we ·hawed Lhat in a source-free 
nonconducting implc medium, Maxwell's equations can be combined to yield 
homogeneou vector wave equation in E and in H. These two equation . Eq . 

(6-96) and (6-97) have exa tly the amc form. For example, the ource-frec wave 

equation for E i 

I ,·~E 
V 2 E - 2~= 0. 

ll p ( t 
(6-96)(7-1) 

In Carte ian coordinates. Eq. (7-1) can be decomposed into three one­
dimensional. homogeneous, calar wave cquauons. Each component equation 
will be of Lhe form of Eq. (6-61 ). who e olution represents a wave propagating in 

the medium with a velocit 

lip=~ . (6-63)(7-1) 
' Jlf. 

Since time-varying E and Hare coupled through Maxwell's curl equation (6-94a) 

and (6-94b). the con equcncc i an electromagncti wa\c, which we u c to explain 
electromagnetic acLion at a di tance. The tudy of the behavior of wave that have 
a one-dimcn ional patial dependence i the main concern of thi chapter. 

We begin the chapter with a tudy of the propagation of time-harmonic 
plane-wave fields in an unbounded homogeneous medium. Medium parameter 
uch a intrin ic impedan e, attenuation con tant, and pha e constant will be 

introduced. The meaning of skin depth. the depth of wave penetration into a 
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Definition of 
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good conductor. will be explained. Electromagnetic wave carry with them 

electromagnetic power. The concept of Po)•nting l'ector, a power flux densi ty, will 

be di , cussed. 

We will stud) the behavior of a plane wave incident obliquely on a plane 

boundary. The laws governing the reflection and refraction of plane v.aves as well 

as the condition for no reflection and for total reflection will be examined. 

A uniform plane wat'e is a particular olution of Maxwell' equation with E 

a urning the same direction, same magnitude, and ame phase in infinite planes 

perpendicular to the direction of propagation ( imilarly for H). Strictly peaking, 

a uniform plane wave doe note i tin practice becau ea ource infinite in extent 

would be required to create it, and practical wave ources are always finite in 

extent. But. if we are far enough away from a source, the wavefront (surface of 

constant pha e) become al mo t pherical: and a very mall portion of the urface 

of a giant phere i very nearly a plane. The characteri tics of uniform plane wave 

are particularly imple. and their tudy i of fundamental theoretical, a well a 

practical, importance. 

7 - 2 PLANE WAVES IN LOSSLESS MEDIA 

ln this and future chapter we focus our attention on wave behavior in the sin­

u oidal teady state. Sinusoidal quantities will be repre ented by pha ors without 

a ub cript s. for implicity. Jn ituations where instantaneous time function 
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Homogeneous vector 
Helmholtz's equation 
in E in 
nonconducting 
simple media 

HAPTER 7 PLANE ELl:CIROMAGNETIC.. W 1\ Vl:-S 

arc discu sed. the time dependence of Lhe relevant quantitie will be ·h wn 
explicitly with the ·ymbol 1 in their argument ' . The ·ouree-free wave 
equations in nonconducting simple media become a homogeneou · vector 
Helmholtz' equation ( ee Eq. 6-98): 

(7-3) 

where k i the wavenumber. In a medium characteri1ed bye andµ. we have, 
from q. (6-82a), 

(rad /m). (7-4) 

In artesian coordinates, Eq. (7-3) i · equivalent to three calar 
Helmholtz's equations, one each in the component Ex, £ 1., and£= . Writing it 
for the component Ex, we have 

( 
a2 

2
2 

<J2 ) 
;--_ i + - 2 + ~ + k1 E, = 0. 
tX (_\' c::: 

(7-5) 

Con ider a uniform plane wave characterized by a uniform £, (uniform 
magnitude and con tant pha e) over plane urfacc perpendicular to :::; that 
IS, 

22 Ex ' t'x 2 = 0 and 

Equation (7-5) si mplifie to 

d2E 
d::.z'. + k 2 E, = 0, (7-6) 

which is an ordina ry differential equation becau e Ex , a phasor, depend only 
on:. 

The olution of Eq. (7-6) is readily een to be 

£_.(:) = £ ; (:) + £. (::.) 
(7-7) 

= £~ e ik = + Eo e;k=, 

where EJ and £0 are arbitrary constant that must be determined b) 
boundary conditions. 

Let u now examine the fir t pha or term on the right side of Eq . (7-7) 
and write 

(7- ) 

For a co ·ine reference, the instantaneou · expres ·ion for E in Eq. (7-8) is 

E(::, t) = a.£.;(z, t) = a, ;:?ft[E._+(::.)e'"' J 
(7-9) 
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FIGURE 7-1 Wave traveling in positive: direction£_; (;:, 1) = £ 0 cos(w1-/..: ), for 
several values of I. 

Equation (7-9) has been plotted in Fig. 7-1 for several values oft. At t = 0, 
E;(z, 0) = E(j cos kz is a cosine curve with an amplitude E(j. At successive 
times the curve effectively travels in the positive z direction. We have, then, a 
traveling wave. If we fix our attention on a particular point (a point of a 

particular phase) on the wave, we set cos(wt - kz) =a constant, or 

wt - kz = A constant phase, 

from which we obtain 

dz w 
u =-= - = --

p dt k .;;· 
(7-10) 

Equation (7-10) assures us that the velocity of propagation of an equiphase 
front (the phase velocity) is equal to the velocity of light. Wavenumber k bears 
a definite relation to the wavelength . 

k=w 
211 

llE = -,- , 
/, 

as has been noted in Eqs. (6-82a and b). 

(7-11) 

We can see, without replotting, that the second phasor term on the right 
side of Eq. (7-7), Ea ejk=, represent a cosinusoidal wave traveling in the -z 

direction with the ame velocity uP. If we are concerned only with the wave 
traveling in the +=direction, we set Ea = 0. However, if there are discontinu­
ities in the medium, reflected waves traveling in the opposite direction must 
al o be considered, as we will see later in thi chapter. 



276 

Intrinsic impedance 
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The associated magnetic field H can be found from the V x E equation 
(6-80a): 

VxE= 0 0 
c 
[ '::. = -jwµ(a:cH _: + aYH>-t: + a=Ht ), 

E) (z) 0 

which leads to 

H; =0, 

I £-; £ +(::) 
H + =-- ---' -

}' - jwµ <' :: , 

H; =0. 

0 

(7-l2a) 

(7-12b) 

(7-12c) 

Thus H); is the only nonzero component of H corresponding to the E in Eq. 
(7-8). and since 

~£+( ) ;i 

~ = ..;_ (E(~ e jkz) = - jkE_; (::) , 
<1::. c::. 

Eq. (7- I 2b) yields 

I E+ = a1. - x (::.) . 
. I/ 

We have introduced a new quantity. 17, in Eq . (7-13): r, = cu11/k, or 

r/ = JI 
E 

(7-13) 

(7-14) 

which 1s called the intrinsic impedance of the medium. In air 

'lo= v µ0/Eo = 120n = 377 (f!). H>: (::.)is in phase with £ _; (::).and we can write 
the instantaneous expres ion for H as 

H(:. 1) = ayH_;:(::.. t) = a.1 .. jf' [Ht (:)ej""] 

E + 
= ay~ cos(w1 - k::). 

r/ 
(7-15) 

Starting from the phasor expression E=ax Ex (:::} = axEo e j k= for a uniform plane wave 
traveling in the -:: direction, determine the associated H = aY H.1-: (:). Evaluate the 
ratio £; (z) / H; (:). 

A"<S. Ex/ f-1, = -11. 
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REVIEW QUESTIONS 

Q.7-1 Define wi!form plane wat>e. 

Q.7-2 What is a wavefront? 

Q.7-3 What is a traveling wave'? 

Q.7-4 Define phase pe/ocity. 

Q.7-5 Define intrinsic impedance of a medium. What is the val ue of the intri ns ic 
impedance of free space? 

REMARKS 

L 

1. The phase velocity of an electromagnetic wave in a lossless medium is 
independent of its frequency or its direction of travel. 

2. The ratio of the magnitudes of E and H for a uniform plane wave is the 
intrinsic impedance of the medium. 

3. The direction of the E-field crosses into the direction of the H-field 
gives the d irection of wave propaga tion; the three directions are 
mutua lly perpendicular. 

A uniform plane wave with E = axEx propagates in a lossless simple medium 
(E, = 4, µ, = I, a= 0) in the + z-direction. Assume tha t Ex is si nusoidal with a 
frequency lOO(MHz} a nd has a maximum value of+ I0 - 4 (V/m) a t t = 0 and 

= = -/i(m). 

a) Writl"! the instantaneous expression fo r E for any t and z. 

b) Write the insta ntaneous ex pression for H. 

c) D etermine the locations where Ex is a positive max imum when 
l=l0 - 8(S). 

SOLUTION 

First we fi nd k: 

k=w µE=w ~ 
c 

2nl08 

3 >< I 08 4 = 4rr 
3 

(rad/m). 

a) Usi ng cos wt as the reference, we fi nd the instantaneous expression for E 
to be 

E(z, t) = axEx = axl0- 4 cos(2n l0 8t-kz+t/t). 
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Since Ex equals + 10 - 4 when the argument of the cosine function 

equal zero- that is, when 

2nl 081-k.:+ 1/1 = 0. 

we have, at r = 0 and: =i, 

~ = kz = (~n)G) = i (rad). 

Thus. 

(V /m). 

This expression shows a hift of k(m) in the +z-direction and could 
have been written down directly from the tatement of the problem. 

b) The instantaneou expression for H is 

Ex 
H = arH,. = a,.- , 

. I/ 

where 

Hence, 

(Q). 

H(z c) = a - - cos 2n10 11t - - : - -10 4 

[ 4n( 1)] 
' -" 60n 3 8 

(A/ m). 

c) At t = 10 8
, we equate the argument of the cosine function to ±211n: in 

order to make £~ a positive maximum: 

B 8 47! ( ') 2nl0(10 )- - :: -- =+2nn 3 Ill 8 - ' 

from which we get 

11 = 0, l , 2 .... ; 

Examining this result more clo ely. we note that tbe wavelength in the 
given medium is 

2n 3 
). = T = 2 (mJ. 
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\ ' 

l(m) 
8 

0 

\ 

A =~(ml 

2 ---------i 

E( ;:. 0) = a , 10- 4 cos-+_; (:: - k) 
FIGURE 7-2 E and H field . of a uniform plane wave at 1 =0 (Example 7-1). 

Hence the positive maximum value of Ex occurs at 

13 ' =m = 8 ± nl. (m). 

The E and H fields are shown in Fig. 7-2 a functions of z for the 
reference time I = 0. 

7-2.1 DOPPLER EFFECT 

Meaning of Doppler 
effect 

When there is relative motion between a time-harmonic ource and a 

receiver, the frequency of the wave detected by the receiver tends to be 

different from that emitted by the source. This phenomenon is known as 
Doppler effect. t The Doppler effect manifests itself in acoustics as well as in 
electromagnetics. Perhaps you have experienced the changes in the pitch of a 

fast-moving locomotive whistle. [n the following we give an explanation of 
the Doppler effect. 

Let us assume that the source (transmitter) T of a time-harmonic wave 

of a frequency f moves with a velocity u at an angle fJ relative to the direct 

'C. Doppler ( 1803-1851 ). 
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ll -.. (} 
T R 

(al .i\t I = 0. ih)·\lf J.1 . 

rIGl RE 7 -.1 fllu. 1rn1ing the Doppler efTect. 

line to a tationary receiver R. a illustrated in Fig. 7-3{a). The electro­
magnetic wave emitted by Tin air at a reference time r = 0 will reach R at 

(7-16) 

Al a later time t = M. T has moved to the new position T, and the wave 
emitted by T at that rime v. ill reach R at 

r' 
1, = !:!.r -:- -
- c 

lf(11!:!..t) 2 « r~. Eq. (7-17) becomes 

r0 ( 11 !:!.r ) ( 2 ;;;: !:!.1 + - 1 - - co f) . 
c ro 

Hence the time elapsed at R, ti.r '. corre ponding to !:!.t at Tis 

!:!.1 ' =ti-ft 

= 6.1 ( l - ~ cos 0). 
which i~ not equal to !:!..1. 

(7-17) 

(7-l8) 

If !it represent a period of the time-harmonic source- that is. if 1'11 = 

l /f - then the frequency of the received wave at R is 

f '=-1 = f 
!:!.t' ( u ) I - ~·co 0 

;: f ( l + ~ cos 0) (7-19) 

for the usual case of (u/ c)2 « l. Equation (7-19) c1early indicates that the 
frequency perceived at R i higher than the transmitted frequency when T 
moves toward R. Conversely. the perceived frequency is lower than the 
transmitted frequency when T moves away from R. Similar results are 
obtained if R moves and T i tationary. 
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The Doppler effect is the basis of operation of the (Doppler) radar used 
by police to check the speed o f a moving vehicle. The frequency shift of the 
received wave reflected by a moving vehicle is proportional to the speed of the 
veh icle and can be decected and displayed on a hand-held u:iit. T he Doppler 
effect is al o the cause of the so-called red shift of the light spectrum emitted 
by a reced ing distant tar in astronomy. As the star moi,c.s away at a high 
speed from an observer on earth, the received frequency shifts towa rd the 
lower frequency (reel) end of the spectrum. 

A train traveling at 130(km1hr) toward an observer at an angle 20 ' from the line of 
sight. It g)ves out a 800(Hz) whistle. What is the frequency perceived by the ob erver? 
(The velocity of sound 1s appro.>.imalely 340 m/s.) 

A"IS. 880(Hz). 

REVIEW QCESTIO~ 

Q.7-6 What i Doppler elTect? 

REM AR KS --------~-~~~-----~------., 

The frequency of a wave detected by a receiver is higher (lower) than that 
emitted by a transmitter if the transmitter moves toward (away from) the 
receiver. 

7-2.2 T RANS VERSE ELECTROMAGNETIC WAVES 

TEM wave 

Express ion of wave ­
number vector in 
Cartesian 
coordinates 

We have seen that a uniform plane wave characterized by E = axEx 
propagating in the +::-direction has associated with it a magnetic fie ld 

H = aYH,.. Thus E and H are perpendicular to each other, and both are 
transrerse to the direction of propagation. ft is a particula r case of a 
transverse electromagnetic (TEM) wave. We now examine the propaga tio n of 
a uniform plane wave along an arbitrary direction that does not necessarily 
coincide with a coordinate axis. 

Instead of the E(.:) in Eq. (7-8), let u consider 

(7-20) 

which represent the y-directed electric intensity of a uniform pla ne wave 
p ropaga ting in both +x and +z direction . Ifwe define a wavenumber vector, 
k, as 

k = axk .• + a. k= = akk. (7-2 1) 

and a radius vector R from the origin to an arbitrary poi nt 

(7-22} 
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Finding H from E of 
a uniform plane 
wave 
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Eq. (7-20) can be written succinctly as 

E - E -jk·R - E - jka .. R - aY 0e - aY 0 e . 

The situation is illustrated in Fig. 7-4. The relation 

ak • R =Length OP (a constant) 

(7-23) 

is the equation of a plane (locus of the endpoints of radius vector R) normal to 
ak> the direction of propagation, and it is a plane of constant phase and 
uniform amplitude. 

The magnetic field H associated with the electric field in Eq. (7-23) is, 
from Eq. (6-80a), 

l Eo ·k ·k H = - -.- V x E = - (-axk, + a,kx)e - 1 ~-x - r.=. 
JWJl WJ.i 

(7-24) 

Equation (7-24) can be put in a more general form: 

k 1 
H = - ak x E = - ak x E. (7-25) 

wµ 11 

Thus, if E of a uniform plane wave propagating in a given direction is known, 

the associated H can be easily found from Eq. (7-25). 

a) Write the pha. or expression of the ;;-directed electric field of a uniform plane 
wave in air having an amplitude £ 0 , frequency J, and traveling in the -y 
direction. 

b) Write the expression of the associated magnetic field . 

FIGURE 7-4 Radius vector and wave normal to a phase front of a uniform plane 
wave. 

\' 

.r 

0 

Plane of constant 
phase (pha-;e rront) 
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7-2.3 POLARIZATION OF PLANE WAVES 

Meaning of 
polarization of a 
uniform wave 

The polarization of a uniform plane wave describes the time-varying behavior 
of the electric field intensity vector at a given point in space. For example, if 

the E vector of a plane wave i fixed in the x direction (E = a" Ex, where Ex 
may be positive or negative), the wave is said to be linearly polarized in the x­

direction. A eparate description of magnetic-field behavior is not necessary, 

inasmuch as the direction of H i definitely related to that of E. 
In some cases the direction of E of a plane wave at a given point may 

change with time. Consider the uperposition of two linearly polarized wave: 

one polarized in the x-direction. and the other polarized in the y-direction 
and lagging 90 , (or rr/2 rad) in time pha e. Jn phasor notation we have 

(7-26) 

where £ 10 and £ 20 are real numbers denoting the amplitudes of the two 
linearly polarized waves. The instantaneous expression for E is 

E(z, t) = .~t{[axE 1 (.:) + a>,£ 2(.:)]ej""} 

= axEi o COS((l)t - kz) + a>.E.zo COS ( Wl-k: - ~). 
In examining the direction change of E at a given point as t changes, it i 

convenient to set .: = 0. We have 

(7-27) 

As wt increases from 0 through rr./ 2, rr., and 3n:/ 2-completing the cycle at 
2n-the tip of the vector E(O, r) will traverse an elliptical locus in the 

counterclockwise direction. Analytically, we have 

. £ 1(0, l) 
cos()){= ---

E10 

and 

l -cos2 wt l -[£ i(O, t)J2
, 

E10 

which lead to the following equation for an ellipse: 

(7-28) 
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(:1) 

y 

(b) 

FIGURE 7-5 Polarization diagrams for sum of two linearly polarized waves in 
space quadrature at = = 0: (a) circular polarization, E(O, t) = 
£ 10(a..,cosw1+ aysin w1); (b) linear polarization, E(0,t)=(a -cE 10 + ayE20)co wt. 

Hence E, which is the sum of two linearly polarized waves in both space and 
time quadrature, is elliptically polarized if E20 =I- E 10, and is circularly 
polarized if E10 = £ 10. A typical polarization circle is shown in Fig. 7-5(a). 

When £ 20 = E 10, the instantaneous angle a that E makes with the 
x-axis at z = 0 is 

(7-29) 

which indicates that E rotates at a uniform rate with an angular velocity win 
a counterclockwise direction. When the fingers of the right hand follow the 
direction of the rotation of E, the thumb points to the direction of 
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propagation of the wave. This is a right-hand or positive circularly polarized 

wave. 
Ifwe start with an £ 2(::), which leads E 1(z) by 90" (rr/2 rad) in time phase, 

Eq . (7-26) and (7-27) will be, respectively, 

(7-30) 

and 

(7-31) 

Comparing Eq. (7-31) with Eq. (7-27), we see that E will still be elliptically 
polarized . If £ 20 =E 10 , E will be circularly polari zed, and its angle measured 
from the x-axis al z = 0 will now be -wt, indicating tha t E will rotate with an 
angular velocity w in a clockwise direction; this is a left-hand or negative 
circularly polarized wave. 

Tf £ 2(.::) and £ 1(z) are in space quad rat ure but in time phase, the 
instantaneous expression for E at z = 0 is 

(7-32) 

The tip of the E(O, 1) will be at the point P1 in Fig. 7-5(b) when wt = 0. Its 
magnitude will decrease toward zero as wt increases toward rr/ 2. After tha t, 
E(O, 1) starts to increase again, in the opposite d irection, toward the point P 2 

where cut = 1r. We say that the um E is linearly po larized along a line that 
makes an angle tan 1 (£20/£ 10) with the x-axis. 

I n the general case, £ 2(z) and £ 1(z), which are in space quadrature can 
have unequal amplitudes (£20 i= E to) and can d iffer in phase by an a rbitrary 
amount (not zero or an integral multiple of n/2). Their sum E will be 
elliptically polarized. 

Prove that a linearly polarized plane wave can be resolved into a right-hand 

circularly polarized wave and a left-hand circularly polarized wave of equal 
amplitude. 

SOLUTION 

Consider a linearly polarized plane wave propaga ting in the + z-direction. 
We ca n assume, with no loss of generality, that E is polarized in the 
x-direction. In phasor notation we have 

E(z) = axE0e ik= . (7-33) 

But this can be written as 

(7-34) 
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where 

and 

I. a )e ik : 
. y • 

(7-34a) 

(7-34b) 

From previou · di cussions we recogn ize tha t E,c(z) in Eq. (7-34a) and E1c(:} in 
Eq. (7-34b) repre ent righ t-ha nd and left-hand circularly polarized wave . 
re pecti ve ly, each having an amplitude £ 0 / 2. The statement of thi problem i 
therefore proved. T he conver e ta tement that the um of two oppositely 

ro tat ing circula rly po la rized wave of eq ua l amplitude i a linearly polarized 
wave i . of cour e. al o true. 

Describe the polarization of a wave who e electric mien ity 1s represented hy 
E(x, 1) = (a,,£ 10 - a=E20) si n(w1 - kx). 

REVIEW Ql Fl\TIO ·s 
Q.7-7 What i a TEM wave? 

Q.7-~ 15 tbe in trinsic impedance of a lossless medium a function of frequency? 
Explain . 

Q.7-9 What is meant by the polari:a11011 of a wave? When 1 a wa\e linearly 
polariLed? Circularly polarized? 

Q .7-10 Two orthogonal I inearly polarized waves of the ~ame frequenc) are combined. 
State the condition under which the resultan t will be (a) another linearly polar11ed 
wave, (b) a circularly polarized wave. and (c) an ellipti ally polarized wave. 

REMARKS ~ 

1. For a TEM wave in an unbounded Jos le s medium: (a) E and Harem 
phase, and (b) IEI = rriHI . 

2. The E-field from AM broadca t stations is linearly polarized with 
the E-field perpendicular to the ground. For maximum reception the 
receiving antenna hould be in a vertical po ition. 

3. The E-field of television ignal i linearly polarized in the horizonta l 
direction. Note the horizontal position of TV receiving antenna o n 
roof top . 

4. The wave radia ted by F M broadcast ta tion a re generall y circu lar! 
polarized . 

---~~- -----
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Complex permittivity 
of lossy media 

Loss tangent of a 
lossy medium 

So far we have considered wave propagation in source-free (Pv = 0, J = 0) 
lossless imple media. If a medium is conducting (a "# 0), a current J =a E 
will flow because of the existence of E. The time-harmonic V x H equation 
(6-80b) should then be changed to 

with 

v x H =(a+ jmE)E =jm(E + j:)E 

.a 
E,. = E - J­

QJ 
(F/ m). 

(7-35) 

(7-36) 

The other three equations Eqs. (6-80a. c, and d), are unchanged. Hence, all 
the previous equations for nonconducting media will apply to conducting 
media if E is replaced by the complex permittivity Ee in Eq. (7-36). 

A we discussed in Subsection 3-6.2, when an external time-varying 
electric field i applied to material bodies, small displacements of bound 
charges result , giving rise to a volume density of polarization. This polariza­

tion vector will vary with the same frequency as that of the applied field. As 
the frequency increases, the inertia of the charged particles tends to prevent 
the particle displacement from keeping in phase with the field changes, 
leading to a frictional damping mechanism that cause power loss because 
work must be done to overcome the damping forces. This phenomenon of 
out-of-phase polarization can be characterized by a complex electric su -
ceptibility and hence a complex permittivity. If, in addition, the material body 
or medium has an appreciable amount of free charge carriers such as the 
electrons in a conductor, the electrons and holes in a semiconductor, or the 
ion in an electrolyte, there will also be ohmic losses. Jn treating such media it 
is customary to include the effects of both the damping and the ohmic losses 
in the imaginary part of a complex permittivity Ee: 

(F/m), (7-37) 

where both E
1 and E" may be functions of frequency. Alternatively, we may 

define an equivalent conductivity representing all losses and write 

a= QJE
11 (S/m). (7-38) 

Combination of Eqs. (7-37) and (7-38) gives Eq. (7-36). 

The ratio E
11
/ E' is called a loss tangent because it is a measure of the 

power loss in the medium: 

E
11 a 

tan Oe =-; ~ -. 
E WE 

The quantity oe in Eq. (7-39) may be called the loss angle. 

(7-39) 
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Difference between 
a good conductor 
and a good insulator 

EXAMPLE 7-3 

• EXERCISE 7.5 

A medium is said to be a good conductor if a »WE, and a good insulator 

if WE » a. Thus. a material may be a good conductor at low frequencies but 

may have the properties of a lossy dielectric at very hjgh frequencies. For 

example, a moist ground has a dielectric constant E, and a conductivity a that 

are in the neighborhood of 10 and 10- 2 (S/m), respectively. The Joss tangent 

a/wE of the moist ground then equals 1.8 x 104 at 1 (kHz) making it a 

relatively good conductor. At IO(GHzJ, a/wE becomes 1.8 x 10 - 3
, and the 

moist ground behave more like an insulator. 

A sinusoidal electric intensity of amplitude 250(V/ m) and frequency I (GHz) 
exists in a los y dielectric medium that ha a relative permittivity of 2.5 and a 

loss tangent of 0.001. Find the average power dissipated in the medium per 

cubic meter. 

SOLUTION 

First we must find the effective conductivity of the lossy medium: 

a 
tan Oc = 0.001 = --, 

WEoEr 

(
10 -

9
) a= 0.001(2rr109

) -- (2.5) 
36n 

= 1.39 x 10 - 4 (S/ m). 

The average power dissipated per unit volume is 

p = tJ E = ta E 2 

= t x (1.39 x t0 - 4
) x 250 2 = 4.34 (W/m 3

). 

A microwave oven cooks food by irradiating the food with microwave power 
generated by a magnetron. Assuming the dielectric constant of a beef steak to be 40 
with a lo s tangent of0.35 at an operating frequency 2.45(G Hz), calculate the average 
power per cubic meter. ( eglect skin e.fiect, which will be discussed in Subsection 
7-3.2.) 

A s. 59.6(kW1m3
). 

In view of the above discussion, the study of the time-harmonic 

behavior in lossy media can proceed from Eq. (7-3) by simply replacing the 

real k by a complex wavenumber kc: 

(7-40) 

We need to examine the solution of the following homogeneous Helmholtz's 



Relation between 
propagation constant 
and wavenumber 

Attenuation constant 
and its SI unit 

Phase constant and 
its SI unit 

• EXERCISE 7.6 
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equation: 

V2 E + k;E =0. (7-41) 

In an effort to conform with the conventional notation used in transmission­
line theory, it i customary to define a propagation constant, }', such that 

I 1· = Jkc = jw~ (7-42) 

Since "/ is complex we write, with the help of Eq. (7-36), 

)' = 0: + jfJ = jW J-LE (1 + ~)
1 1 2

, 
]WE 

(7-43) 

or, from Eq. (7-37), 

( E")l /2 
i' = rJ. + j fJ = Jw.jµ? 1 - j 7 , (7-44) 

where a and f3 are the real and imaginary parts of y, respectively. Their 
physical significance will be explained presently. For a lossless medium, 

a= O(E" = 0, E = E'), ex= 0, and f3 = k = w /IE. 
With Eq. (7-42), Eq. (7-41) becomes 

(7-45a) 

For a uniform plane wave propagating in the +z direction and characterized 
by E = ax Ex and H = a)' H },, Eq. (7-45a) reduces to 

d2 E.Y - .,2 
d-2 - I Ex. 

The so lution of Eq. (7-45b) is 

Ex= E0 e - F = E0e- 2 'e - jfl:, 

(7-45b) 

(7-46) 

where both a and fJ are positive quantities. The first factor , e- n, decreases as 
;; increases and thus is an attenuation factor , and -xis called an attenuation 
constant. The SI unit of the attenuation constant is neper per meter (Np/ m).t 
The second factor, e- jflz, is a phase factor ; f3 is called a phase constant and is 
expressed in radian per meter (rad/m). The phase constant expresses the 
amount of phase shift that occurs as the wave travels one meter. 

Assuming that the amplitude of the electric intensity of a plane wave propagating in a 
certai n lossy medium is I (mV/m) at P 1 and 0.8(mY/m) at P 2 50(m) away, find 

'Ncper is a dimension le· quanlily. If :x = I (Np 'm), Lhen a uni1 wave amplitude decreases 10 a 
magnitude e I (= 0.3681 ao it tra veh a distance or l (m). An a llenuatio n or 1 (Np/ m) equals 
201og 10e = 8.69(d B m). 
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a) the total attenuation between points P 1 and P 2 both 111 nepcrs and 111 decibels. 

b) ct in ( p ,m) and in (dBm). 

ANS. (a) 0.223 (Np). 1.94 (dB). (b) 0.00446 (Np/ m), 0.0388 (dBm). 

7-3.1 LOW LOSS DIELECTRICS 

Propagation 
constant of a lossy 
dierectric 

Intrinsic impedance 
of a lossy dielectric 

A low-lo dielectric i a good but imperfect in ulator with a n< nzero 
equivalent conductivity, such that E" « E' or a/ oJE « I. Under this condition, 
I' in Eq. (7-44) can be approximated by using the binomial e pan ion: 

[ E" ! (€")2] 
}' =: rt + j/j ;: jW /<E ' 1 - j 2E' + 8 7 ' 

from which we obtain the attenuation constant 

WE" fl 
'.X = .~,( i' ) ~ - 2 

€' 
(Np/m) (7-4 7) 

and the phase con. tant 

r ' [ {J = .f Ni(',') ::;;: W '\. {IE l (rad ·m). (7-48) 

rt is seen from Eq. (7-47) that the attenuation con tant of a low-lo . dielectric 
i a positive quantity and i approximately direct! proportional to the 
frequency. The pha e constant in Eq. (7- 48) deviates only very slightly from 

the va lue (I) ' ·w. for a perfect (los. less) dielectric. 
The intrinsic impedance of a low-loss dielectric i a complex quantity. 

1/r = !!_ ( l - / ") 1 l 
E' €

1 

µ_ (1 + j~) (Q). 
€

1 2E 
(7-49) 

Since the intrin ic impedance i the ratio of EA and H >' for a uniform plane 
wave, the electric and magnetic field intcn itie in a loss dielectric arc thu 
not in time phase, a~ they are in a lo sic. medium. 

The phase velocity uP is obtained from the ratio w/(i. U ing Eq. (7-48), 
we have 

up=~; ~ ' ~ [ 1 - ~ ( :~ )2] (m is), (7-50) 

which is sJjghtly lower than its value when the medium i lo le . 
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REVIEW QL~. STIO!'\S 

Q .7- 11 What makes the permittivity of a dielectric medium a complex quanti ty? 

Q.7- 12 Define los~ 1£111ge111 of a medium. 

Q .7- 13 What is the relation between prnpa11wion rnns1m11 and wavenumber? 

Q .7- 14 Define a11e111w1io11 co11~1w11 and phase co11sta111 of a wave propaga ting in a 
medium. What are their SI units? 

REM ARKS ---- ------------------ - -----. 

I. The electric and magnetic field for uniform plane waves in a lossy 
medium are in space quadrature and have different time phases. 

2. Both rx and f3 are real quantities and both are, in general, functions of 
frequency. 

3. Attenuation of wave amplitude in nepers is the natural logarithm of 
the ratio of the amplitude at the beginning point to that at the end 
point. 

4. 1 (Np)= 8.69 (d B). 

7-3.2 GOOD CONDUCTORS 

Propagation 
constant of a good 
conductor 

Attenuation constant 
and phase constant 
of a good conductor 
are equal. 

A good conductor is a medium for which a/wE » I. Under this condition it is 
convenient to use Eq. (7-43) and neglect l in comparison with a/wE. We write 

i' ~ jll) µE 
. r-- 1 + j c:::: 

J w11a = --v wµa, 
2 

or 

i' = '.X +.i/3 ~ (1 + .i)~, (7-5 l) 

where we have used the relation 

... ./] = (ei" ' 2)1 2 = ein,4. =( I + .i)/ j2 

and uJ = 2rrf Equation (7-51) indicates that rx and f3 for a good conductor are 

approximately equal and both increase as f and fi. For a good 
conductor, 

(7-52) 
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Relation between 
intrinsic impedance 
and <1ttenuation 
constant of a good 
conductor 

Phase velocity i n a 
good conductor 

Wavelength in a 
good conductor 

Skin depth 

Finding skin depth 
from conductivity 
and permeability of 
conductor and 
frequency 

CHAPTER 7 PLANE ELf.CTROMt\G!'.Elll WA\FS 

The intrin ic impedance of a good conduc\or i-; 

j tL 
1/r = -;::;: 

E,. 
j -

jwp nfj1 a 
- =(I+ j) :____ =(I+ j)-

a a a 
(0). (7-53) 

which ha a phase angle of 45 . Hence the magnetic lleld in ten ity lags behind 
the electric field inten ity by 45 . 

The phase velocity in a good conductor ts 

{7-54} 

which i · proportional to " ' f and 1 1,/~. Con idcr copper a · an example: 

(f = 5.80 x 10- ( 'm). 

11=4nx10 - " 

uP = 720(m 's) 

(H, m). 

at J(MH7). 

which is many orders of magnitude slower than the velocity of light in air. 
The wavelength of a plane v.ave in a good conductor i:. 

(m). (7-55) 

For copper at 3(MH1.), i. = 0.24(mm). As a comparison, a 3-(MH1) 
electromagne\ic wave in air has a wavelength of \OO(m). 

At very high frequencie the attenuation constant '.X for a good 
conductor, a · given by Eq. (7-52), tends to be ver) large. For copper at 
3(MHz). 

(Npm). 

Since the a ttenuation factor i~ e •=. the amplitude of a wave \viii be 
altenua ted by a factor of e - 1 = 0.368 when i l tra vcls a di~tance 6 = 1 t '.X. For 
copper at 3(MH7) thi<; distance i · (I 2.62) x 10 * (m}. or 0.038 (mm). At 10 
(GHz) it i onl) 0.66 (11m) a very mall di lance indeed. Thus a high­
frequency electromagnetic wave is attenualed very rapidly as it propagate in 
a good conductor. The distance b through which the amplitude of a traveling 
plane wave decrease· by a factor of e - 1 or 0.368 1s called the skin depth or the 
depth of penetration of a conductor: 

. I 
o= - = ,__ 

a " nftLa 
!7-56) (111). 

Since x == {j for a good conductor. (i can also be written as 
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I 2 
lJ= - = -

/3 2rr 
(m). (7-57) 

At microwave frequencies the skin depth or depth of penetration of a good 
conductor is so small that fields and currents can be considered as, for all 
practical purposes, confined in a very thin layer (that is in the skin) of the 

conductor surface. 

The electric field intensity of a linearly polarized uniform plane wave 

propagating in the + z-direction in seawater is E = axl00cos(l07m) (Y/m) at 
z = 0. The constitutive parameters of seawater are E, = 72, µ, = 1, and 
a= 4(S/ m). 

a) Determine the attenuation constant phase constant, intrinsic im­
pedance, phase velocity, wavelength, and skin depth. 

b) Find the di tance at which the amplitude of Eis 1 % of its value at z = 0. 

c) Write the expressions for E(z, t) and H(z, 1) at z = 0.8 (m) as functions 
oft. 

SOLUTION 

(rad/ s), 

. (I) 6 
j = 

2
n = 5 x 10 (Hz)= 5(MHz}, 

a a 4 
- = -- = = 200 » l. 

I 0 7n ( -
1
- x 10- 9

) 72 
3for 

Hence we can use the formulas for good conductors. 

a) Attenuation constant: 

o: = ~ = J Sn106(4nlO 7)4 = 8.89 

Phase constant: 

/3=~ = 8 . 89 

Intrin ic impedance: 

'7c =(l+j)~ 

(rad/ m}. 

(Np/ m}. 

n(5 x !06)(4rr x 10 - 7) . 
14 = (1 + j) = ne1" (Q}. 

4 
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Phase velocity: 

(I) 10 1 n: 
u P = 7J = 

8
.
89 

= 3.5~ x I 06 (m/s). 

Wavelength: 

2n 2n 
). = {i = 

8
.
89 

= 0.707 (m). 

Skin depth: 

l I 
fl = - = - = 0.112 (m) 

a: 8.89 . 

b) Di tance .:- 1 at which the amplitude of wave decreases to 1°
0 

of its value 
al: = 0: 

e ""'' = O.Ol or - l e"'-• = - - = 100 0.01 . ' 

l 4.605 
z1 = - In 100 = -- = 0.518 (m). 

~ 8.89 

c) ln phasor notation, 

E(:::) = axlOOe -"'=e - jP=. 

The instantaneou expression for E i 

E(.:, r) = ;;#., [E(::)e 1"''] 

= :-i.lr[a.JOOe - a=ejtwi ll=>J = ax lOOe ~=cos (wt - fJ=). 

At : = 0.8 (m) we have 

E(0.8, l) = a,.. lOOe -o .sa co (10 7m - 0.8/J) 

= a_,0.082 cos (10 7nt - 7.ll) 

= ax0.082 cos (107 nt - 47.5")t (V /m). 

We know that a uniform plane wave is a TEM wave with E J_ H and 

that both are normal to the direction of wave propagation a,. Thus 

H = ayH >" To find H(z, t), the instantaneous expression of H as a 

function of r, we muse not make the mistake of writing H >.(:, r) = Ex(z, r)/17, 
because this would be mixing real time functions Ex(z, t) and H =(:, r) 
with a complex quantity 17" Phasor quantities Ex(z) and ffy(z) must be 

used. That is, 

Ex!z) 
H,.(z) = - -, 

'1 r 

'7.l! (rac) = 7.!I A(l80rrJ = 407.4 . 11h1ch z~ equi , aknt 10 407.4 - 360 = 47.5 in pha~e 
relation~. 
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from which we obtain the relation between instantaneous quantities 

[
Ex(z) . J H>,(z, r) = Jl e 7 e1w r . 

For the present problem we have, in phasors, 

0 082 - j 7 . l 1 

· e = 0.026e - i 1·61 . 
nei11/4 

Note that both angles must be in radians before combining. T he 
instantaneous expression for H at z = 0.8 (m) is then 

H(0.8, t) = ay0.026 cos (JO\•rt - 1.61 ) 

= a .v0.026 cos (l07nt - 92.3°) (A/m). 

We can see that a 5-(MHz) plane wave a ttenuates very rapidly in 
seawater and becomes negligibly weak a very short distance from the 
source. (Field amplitudes at a depth of 0.8 (m) are reduced to 
0.082/ 100 = 0.00082 times their value at the surface.) Even at very low 
frequencies, long-distance communication with a submerged submarine 
is very difficult. 

Determine the frequency at which the skin depth in seawater is ten meters. Calculate 
the corresponding wavelength in seawater and compare it to that in air. 

ANS. 633 (Hz), 62.8 (m), 474 (km). 

RE\'IEW QL' ESTIOl'\JS 

Q.7-15 What distinguishes a good conductor from a good insulator at a given 
frequency? 

Q.7-16 What is meant by the skin depth of a conductor? 

REMARKS 

1. The attenuation constant and the phase constant of a good conductor 
are numerically equal. 

2. The intrinsic impedance of a good conductor has a phase angle of 45°. 

3. The skin depth of a good conductor is numerically equal to the 
reciprocal of its attenuation constant, and is inversely proportional to 

Ji and Ja. 
4. The skin depth of good conductors is less than 1 (µm) at lO(G Hz). 
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7-4 GROUP V ELO CITY 

Def in ition of phase 
veloc ity 

Dispersion 

Defin it ion of 
Grou p veloci t y 

In Eq. (7-10) we defined the phase velocity, uP, of a single-frequency plane 
wave as the velocity of propagation of an equiphase wavefront. The relation 
between uP and the phase constant, /3, is 

(m/ s). (7-58) 

For plane waves in a lossless medium, f3 = k = wj;E is a linear function of w. 

As a consequence, the phase velocity uP = 1/ µt: is a constant that is 
independent of frequency. However, in some cases (such as wave propagation 
in a lossy dielectric, as discussed previously, or along a transmission line, or in 
a waveguide) the phase constant is not a linear function of co ; waves of 
different frequencies will propagate with different phase velocities. Because all 
information-bearing signals consist of a band of frequencies, waves of the 
component frequencies will travel with different pha e velocities, causing a 
distortion in the signal wave shape. The signal "disperses." The phenomenon 
of signal distortion caused by a dependence of the phase velocity on 
frequency is called dispersion. 1 n view of Eqs. (7-50) and (7-39), we conclude 
that a lossy dielectric is a dispersive medium. 

An information-bearing signal normally has a small spread of fre­
quencies (sidebands) around a high carrier frequency. Such a signal comprises 
a "group" of frequencies and forms a wave packet. A group velocity is the 
velocity of propagation of the wave-packet envelope (of a group of 
frequencies). 

Consider the simplest case of a wave packet that consist of two 
traveling wave having equal amplitude and slightly different angular 
frequencies w0 + !':iw and w0 -!':iw (!':iw « w0 ) . The phase constants, being 
functions of frequency, will also be slightly different. Let the phase constant 

corresponding to the two frequencies be {30 + f:i./3 and /30 - !':i/3. We have 

E(z, r) = E0 cos [(w 0 + !':iw)t - (/30 + !':ifi)z] 

+ E0 cos [(w0 - !':iw)t - (/J0 -!':i/1)z] 

= 2£0 cos (t ~w - z !':i/1) cos (w0 t - /10 z). (7-59) 

Since !':iw « w0 , the expression in Eq. (7-59) represents a rapidly oscillating 

wave having an angular frequency w0 and an amplitude that varies slowly 
with an angular frequency !':iw. This wave pattern is depic_ted in Fig. 7-6. 

The wave inside the envelope propagates with a phase velocity found by 
setting w0t- /30 z =Constant : 
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velocity in dispersive 
media 
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£1:.1) 

FIGURE 7-6 Sum or two time-harmonic tra veling wave or equal amplitude and 
slightly different frequencie at a gi,en c 

d;:; Wo 

up= dt = fio. 

The velocity of the envelope (the group velocity u9) can be determined by 

ettmg the argument of the fir t cosine factor in Eq. {7-58) equal to a constant: 

l D.w - z !1[3 = Constant, 

from which we obtain 

dz 6..w I 
ll = - = - = ---

g dt 6.{3 {3/ 6.w · 

In the limit that 6.w-+ 0. we have the formula for computing the group 
velocity in a disper ive medium: 

(m/ ). (7-60) 

Thi is the velocity of a point on the envelope of the wave packet, a shown in 

Fig. 7-6, and i identified as the velocity of the narrow-band signal. Group 
elocity in a dispersive medium may be higher or lower than phase velocity. A 

medium i aid to exhibit normal dispersion if u9 < uP and to exhibit 
anomalous di per ion if u

9 
> uP . When u8 = uP, there i no dispersion. 

REVIEW QL ES TIO . S 

Q.7-17 What i meant by the di per ·ion or a signal? Give an example or a di per ive 
medium. 

Q.7-18 Define yro11p ue locicy. In what ways is group velocity different from phase 
velocity? 
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REM AR KS ~-----------~~----------

1. Information-bearing signals propagate with no distortion only in 
nondispersive media. 

2. A medium i nondispersive if {J is a linear function of (directly 
proportional to) w. 

------ - --- -----' 

7-5 FLOW OF ELECTROMAGNETIC POWER AND THE POYNTING VECTOR 

Electromagnetic waves carry with them electromagnetic power. Energy i 
transported through space to distant receiving points by electromagnetic 
waves. We will now derive a relation between the rate of such energy transfer 
and the electric and magnetic field intensities associated with a traveling 
electromagnetic wave. 

We begin with the curl equa tions: 

88 
xE =-Tt · 

oD 
VxH == J +T· 

<t 

(6-45a)(7-6 I) 

(6-45b)(7-62) 

The following identity of vector operation can be verified in a traightfor­
ward manner by u ing Cartesian coordinates: 

V·(E x H) = H·(V x E) - E·(V x H). (7-63) 

Substitution of Eq . (7-61) and (7-62) in Eq. (7-63) yield 

<18 i1D 
V·(E x H) = - H·~ - E·-~ - E·J. 

N or 
(7-64) 

ln a imple medium. who econ titutive parameters E, µ , and G do not change 

with time, we have 

H _fB = H. c(µH) = 1 c(µH. H) = !._ (~ µH2) 
or ot 2 Clr oL 2 ' 

E· c1D = E · c(EE) = ~ c1(EE · E) = !._ (~EE2) 
111 ,, , 2 fl t ar 2 • 

E·J = E· (aE) = aE2• 

Equation (7-64) can then be written as 

V·(ExH)=- - EE2 + - µH 2 - aE 2
, 

<1 (I 1 ) 
er 2 2 

(7-65) 



Definition of 
Poynting vector 

Poynting 's theorem 

which is a point-function relation hip. An integral form of Eq. (7-65) is 
obtained by integrating both sides over the volume of concern: 

l (Ex H)·ds = _ !_ r (~E£2 + ~µH2)dv- { <JE 2 dv, Ts at Jv 2 2 J v (7-66) 

where the divergence theorem has been applied to convert the volume 

integral of V · (E x H) to the closed surface integral of (E x H). 
We recognize that the fi rst and second term on the right side of Eq. 

(7-66) represent the time-rate of change of the energy stored in the electric and 

magnetic fields , respectively. [Compare with Eqs. (3-106) and (5-106).] The 

last term is the ohmic power dissipated in the volume as a result of the flow of 

conduction current density <J E in the presence of the electric field E. Hence we 

may interpret the right side of Eq . (7-66) as the rate of decrease of the electric 

and magnetic energies stored, subtracted by the ohmic power dissipated as 

heat in the volume V. To be consistent with the law of conservation of energy, 

this must equal the power (rate of energy) Leaving the volume through its 

surface. Thus the quantity (E x H) is a vector representing the power flow per 

unit area. Define 

l g#=ExH (7-67) 

Quantity f!J> is known as the Poynting vector, which is a power density vector 

associated with an electromagnetic field. The assertion that the surface 

integral of f!J> over a closed surface, as given by the left side of Eq. (7-66), 

equals the power leaving the enclosed volume is referred to as Poynting's 

theorem. This a sertion is not limited to plane waves. 

where 

Equation (7-66) may be written in another form : 

(7-68) 

we= -!E£2 = !EE· E* =Electric energy density, (7-69) 

wm = J,µH 2 = 1µ H · H* = Magnetic energy density, (7-70) 

p
11 

= <JE 2 = J 2/<l = <JE· E* = J ·J*/ <J =Ohmic power density. (7-71) 

In words, Eq . (7-68) states that the total power flowing into a closed surface at 
any instant equals the sum of the rates of increase of the stored electric and 

magnetic energies and the ohmic power dissipated within the enclosed 

volume. An asterisk on a quantity denotes the complex conjugate of that 

quantity. 
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EXA 1PLE 7-5 

Find the Poynting vector on the surface of a long. straight conducting wire (of 
radius hand conductivity a) that carrie a direct current / . Verify Poynting's 

theorem. 

SOL TJON 

Since we have a d-c situation, the current in the wire is uniformly distributed 
over its cro s- ectional area. Let u a ume that the axi of the wire coincides 
with the .:-axis. Figure 7-7 show a segment of length I of the long wire. We 

have 

and 

J I 
E= - = a_-- . 

a - anh 2 

FIGURI- 7-7 Illustrating Poynting· theorem (Example 7-5). 

II 

I 

,f : eP, 
e I 

lJ~-
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On the surface of the wire. 

I 
H = ac1>?/. _1n 

Thus the Po)'ntmg. vector at the -.urface of the \\ire is 

12 
# = E x H =(a_ x a.,.. ) , , 

- 2rnr-/r 

11 
- -a -- -
- r 2rnr 21r' · 

vvhich is directed every\\ here into the win; urface. 
To \erif} Pl)) nting\ theorem. we integrate ;1' over the wall of the wire 

... egment 111 Fig. 7-7: 

Ji .!I' ·"" - - 1 :? · a,i/., = - ~ 2rrh! 
~ . ( / ' ) 

J..,. .\ 2rm-/r 

, ( r ) , = /- --,- = / - R. 
rm:/1-

\\here the formula for the resistance ofa straight wire in Eq. (4-16), R =l'/aS, 
ha been u ·ed. ·1 he above re ult affirms that the negative. urfaee integral of 
the Poynting H:ctor is c.xactly equal to the / 2R ohmic power lo s in the 
conducting \vtrc. Hence Po) n11ng· theorem i verified. 

7-5.1 INSTANTANEOUS AND AVERAGE POWER DENSITIES 

Writing the 
instantaneous 
expression from a 
phasor 

ln dealing with timc-hurmon1c electromagnetic wave we have found it 
con\·enicnt to ui.;e phasor notallon. The 111 tantaneous \alue of a quantit} i 
then the real part of the product of the rhasor quantity and ei•·" when cos wr 
1s used ;ts the reference. For example. for the rha or 

(7-72) 

the instantancou e.xpression i.., 

L'(- I) 1/J [17( ) '''''] E •= iJJ, [ 1,11<01 fl:)] r:-, -· = ./T' ~::: c = a , , 0 e 71 

= a, /:. 0 e ' cos (c·it -/1::: ). 
(7-73) 

I-or a uniform plane wave propag<lling in a lossy medium 1n the +:::­
direction. the a~:,ociatcd magnetic field inten~ity phasor i 

H( :::) = a, H,(:::) 
E 

a _ o 1, 2=e 1C1t -+ o > 
,. '1 ~ 

111,I 
(7-74) 

where 0,, is the phase angle of the intrint-ic impedance l/c = li7,je 10• of the 
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Average power 
density t ransmitted 
by a unifo rm plane 
wave In z-d lrec t ion 

General formula for 
average power 
density in a 
propagat ing w ave 
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medium. he corresponding instantancou-. e\pre~ ion for H(:J 1 

. r... -
H(:.1)= .A'<[H(:)e1'"] = a> · c '·co (wt - /1:-0q). 

J11.I 
(7-75) 

The instantaneou express1 n for the Po)nling vector or power den ii) 
vector. from Eq . (7-72) and (7-741. is 

9'(:. ti = E(:. r) x II(:. I) = 11, [E(:)<'I'"] x jf, [H(:)el"'J 

E~ , {1 0 = a. - e-·'-cos(u)t-{1:)cos(wt 1: ~) 
· 111,l 

= a= . .,1::~ e ~'= [cos0,1 + os(2wr -2{1: e,,l]. 
-111,.I 

(7-76). 

far a\ the power transmitted by an electromagnetic wave i 
concerned. it average' alue I'> .i more significanl quanlll) th<1n i1 in tanta­
neous va lue. From Fq. (7-76). we obtain the time-average Poynung vector. 

-~J::J : 

~ (-) =- 9"(-1)dt = a. ~ e 1•=cosO I f' £2 
"' - T o ~- - 2!11rl . ~ 

(7-

where T = 2n 1•1 i the time peri od of the wave. The second term on the right 
side of Eq . ( 7-76) i · a co me function of a double frcquenC) "hose average is 
1ero over a fundamental period . For \\a\'e propagation in lo le - media 
l/c-> 11 1 real, IT= O. and 0,1 = 0, Eq. (7-77) reduces to 

I. 2 
·o 

-~ •• (::J = a= , 
-1/ 

(7-7 ) 

In the general c. ewe may not be dealing with a wa\c propagating in 1he 
:-direct ion. We "rite 

fJ". .. = ~.jf, (E x 11*) (7-79) 

which i · <I general formula for omput1ng the average power dcmity in a 
propagating \\U\.C. 

Subst11 ute the phasor expre!ision. of E(::) and H(::) given by E4~ - {7-72) and (7-74) in 

Eq. (7-79) to verify@., obtained m Eq. 17-771 
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The phasor expression of the far field at a distance R from a short vertical 

current element 1 cit located in free pace at the origin of a pherical 

coordinate system are 

( 
60nl dt . ) . 

E(R, 0) = a0E0(R, 0) = a0 j ).R sm 0 e- ;PR (V/m) (7-80) 

and 

£6(R, 0) ( I dt . ) illR H(R,O) = 3 .p = 3.p J-
2

. sm 0 e 
Y/ o 1.R 

(A/m), (7-81) 

where),= 2n/fi is the wavelength. 

3) Write the expression for in tantaneous Poynting vector. 

b) Find the total average power radiated by the current element. 

SOLUTION 

a) We note that £ 0 /H <t> = Y/ o = 120rr(.O). The instantaneous Poynting 
vector is 

= (a0 x a</,)30rr ( ~~)2 sin 2 0 sin 2 (wt - [JR) 

(
] dt) 2 

• 1 fJ =3R15n -. - 1n-O[l - co 2(wl - R)] 
1.R 

b) The average power density vector is, from Eq. (7-79), 

~.v(R.0)=aR15n(1i.~y in
2 0, (7-82) 

which is seen to equal the time-average value of ~(R, 0; t) given in part 

(a) of this olution. The total average power radiated i obtained by 

integrating g,avlR, 8) over the urface of the · phere of radius R: 

f 2n f n [ (/ dt)2 J = 
0 0 

!Sn )..R sin 2 8 R2 sinUdOdcf> 

(dt)2 = 40n2 T 12 (W), (7-83) 

where I i the amplitude ( 2 times the effective value) of the sinusoidal 
current in dt. 
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• E XERCISE 7.9 Refer to Example 7-6. A suming I = 5 (A) and dt = },/20, determine the power 
intercepted in the far field at a distance of 9 (m) by a spherical surface facing the 
current element and defined by 80 ~ 0 ~ I 00° and 0 ~ <P ~ 20 . 

A.'.\15. 0.354 (W). 

R EV I EW QUESTION S 

Q.7-19 Define Poynting rector. What is the SI unit for this vector? 

Q.7-20 State Poynting's theorem. 

Q.7-21 For a time-harmonic electromagnetic field. write the expressions in terms of 
electric and magnetic field intensity vector for (a) insta ntaneou Poynting vecto r, and 
(b) time-average Poynting vector. 

REM ARKS ~~-----------~-----------, 

I. The Poynting vector fJ' is in a direction normal to both E and H . 

2. Poynting's theorem is a manifestation of the principle of conservation 
of energy. 

3. Note that 9 (z, t) = ~c [E(z)e 1"' 1 ] x .~b [H(.: )ei"''] 

:f. ~e [E(z) X H (z)]e1"'' ; 

that is, it is no t correct to cross-mu ltip ly E a nd H first a nd then take 
the rea l part of the product. 

7-6 NORMAL IN CIDE NCE OF PLANE WAVES AT P LANE BOUNDARIES 

Up to this point we have dealt with the propagation of uniform plane waves 

in an unbounded homogeneous medium. In practice, waves often propagate 

in bounded region where several media with different const itutive para­

meters are present. When an electromagnetic wave traveling in one medium 

impinges on another medium with a different intrin ic impedance, it 

experiences a reflection. Unles the second medium is a perfect conductor, a 

part of the incident power is transmitted into the econd medium. In thi 

section we consider the simpler ca e of the normal incidence of uniform plane 

waves at a plane boundary. The more general case of oblique incidence will 
be studied in the next section . 

Consider the situation in Fig. 7-8, where the incident wave (E;, H ;) in 

medium J (E 1 µi) travels in the + .:-direction toward medium 2(E2 , J.L2). The 
boundary surface i the z = 0 plane. Both media are a urned to be lo le s. 

The incident electric and magnetic field inten ity phasors are (aki =a=) : 
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f i· ., ., 
Reflected 

ii 
' + ........ Tran\mlltcd 

V.U\C 
11 , n, a k \\UVC 

-
~ 

y 
F t ., 

I ne1de111 a ' 
V. U\ e <!. ..... + 

II 

.\tedium I Medwm 2 
(E l . /.t I ) (€2, µ 1) 

:= 0 

I I l ' R[ 7-8 Plane 11 a1e incident normally on a plane dielectric boundary. 

(7-84) 

E;o . 
H ,(:) = a ,. - e JP1= (7-85) 

l/1 

Becaus o f the medium discontinuil) at : = 0, the incident wa\C i 
partly reflected back into medium I and partly transmitted inw medium 2. 
We ha ve 

a) For rhe re_flecced ll'Ut"I.' ( E, . H,): ak, = - a=. 

£,( :) = ax F.,oe ' fl '=. 

[ E. 
H,(:) = ( - a=) x - E,(:) = - a, rO l'J/J 1=. 

~I ~I 

b) for r/1e rrwmnirred \\'are (E,, H,): ak, = a=. 

E,(:) = a_,E, 0 e Jil >=. 

1 E,o JP>= 
H,(:) = a= x - E,(:J = a> - e 

l/2 l/ 2 

(7-86) 

(7-87) 

(7-8 ) 

(7-89) 

where J:,0 is the magnitude of E, al:= 0. and {J 2 and 17 2 are the pha c con:tant 
and tht.: intrin ic impedance. rcspccti cly. of medium 2. Note that the 
direction of the arrow for E, and E, in Fig 7- are arbitrarily drawn becau e 
£,0 and E,0 ma) themse!Yes be positive or negative. depending n the relative 
magnitude · of the constitutive parameters of the two mc.:dia. 
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Reflection and 

transmission 
coefficients 

Relat ion between 
reflection and 
transmission 
coefficients for 
normal incidence 

Incident wave plus 
reflected 
wave standing 
wave 

Two equations are needed for determining the two unknown mag­
nituck Ero and E,0 . The e equation'> are up plied by the boundary condition · 
that mu t be sati:.ficd by the electric and magnetic field . t the dielectric 
interface:: = 0 the tangential compo nents (the x-components) of the electric 
and magnetic field inten itic mu t be continuou . We have 

or 

and 

or 
I 

- (E;n 
1/ r 

Solving Eqs. 17-90) and (7-9 I). we ob1ni n 

(7-90) 

(7-9 1) 

(7-92) 

(7-93) 

The ratio 1:,0 E;o and Em f,,0 arc called reflection coefficient and trans­

mission coefficient. respecti,el) . In term of the intrinsic impedances they arc 

r Lr/J l/ 2 1/r 
= =---

E;o '12+17, 
( ormal incidence) (7-94) 

and 

( ormal incidence). (7-95) 

The definitions for rand r in Eqs. (7-94) and (7-95) apply even when the 
media are dis~ipative that;,, C\en \\hen t/ 1 and or 11 2 are omplex. Thu. r 
and r ma)' them elve be complex in the general ca e. Reflection and 
tran. mission coefficien ts are related by the fo llowing equation: 

i I + r - r ( ormal incidcnr..:c). I (7-96) 

The total field in medium I (E 1 , H i) is the sum of the 111cident and 
rcftcctc<l fields . rom F4s. (7-84) and (7-86). we have 

(7-97) 

which is a fun ction of : .\E1(:)\ wi ll have ma imum and minimum values at 
location where the factor (I + re 1211 •=) i maximum and minimum, re-



Standing wave ratio 

Finding the 
magnitude of 
reflection coefficient 
from the standing­
wave ratio 

Range of lfl: 0 to + 1 

Range of S : 1 to oo 
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spectively. (The magnitude of e 2 11 12 is unity .) We have, in fact , a standing 

wave in medium I. 
The ratio of the maximum value to the minimum value of the electric 

field intensity of a landing wave is called the standing-wave ratio (SWR), S. 

/£ /max I + /r/ 
S= - -=--

/£/m;n 1- /1/ 
(Dimensionles ). 

An inverse relation of Eq. (7-98) is 

S-1 
/fl = S + l (Dimensionless). 

(7-98) 

(7-99) 

While the value of r ranges from - 1 to + 1, the value of S ranges from 1 to 
oo . Tt is customary to express S on a logarithmic scale. The standing-wave 

ratio in decibels i 20 log 10 S. Thus S = 2 corresponds to a standing-wave 

ratio of 20log 10 2 = 6.02(dB) and Ir/ = (2 - 1)/(2+ l)=t. A standing-wave 

ratio of 2 (dB) is equivalent to S = 1.26 and If/ = 0.115. 

a) 

b) 

Convert r = 0.20 into S in (dB). 

Convert S = 3 (dB} into reflection coefficient Ir!. 

ANS. (a) 3.52 (dB), (b) 0. 17. 

The magnetic field intensity in medium 1 is obtained by combining 
H ;(z) and H,(z) in Eqs. (7-85) and (7-87), respectively: 

(7-100) 

Thi hould be compared with E1(:: ) in Eq. (7-97). ln a dissipationless 

medium, r is real; and /Hi{.z)/ will be a minimum at locations where /E 1(z)I is a 
maximum, and vice versa . 

[n medium 2, (E,, H,) constitute the transmitted wave propagating in 
+.:-direction. From Eqs. (7-88) and (7-95) we have 

(7-101) 

And from Eq . (7-89) we obtain 

H ( ) r E j/12= , ::: =a .. - ;oe 
. '1 2 

(7-102) 
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A uniform plane wave in a lossless medium with intrinsic impedance Y/c is 
incident normally onto another lossless medium with intrinsic impedance 17 2 

through a plane boundary. 

a) Obtain the expressions for the time-average power densities in both 
media. 

b) Find the standing-wave ratio in medium I if 17 2 = 217 1 • 

SOLUTION 

a) Equation (7-79) provides the formula for computing the time-average 
power density, or time-average Poynting vector: 

9'av = ~-~dE X H*). 

In medium I we use Eqs. (7-97) and (7-100): 

£
1
0 ·1p ·2 p (9'.")1 = a=- ' dfc[(I + r e1 - 1=)( l - r e -1 ,z)J 2,,,, 

=a= Efo .1f~[(l - r2)+r(ej2p , = -e- j21J,=n 
217, 

= a, Efo -~ c [(l - r 2) + j2f sin 2/1 1z] 
211, 

where r is a real number because both media are lossless. 
Jn medium 2 we u e Eqs. (7-101) and (7-102) to obtain 

(W/m2
). 

(7-103) 

(7-104) 

(7-105) 

Since wc arc dealing with lossless media, the power flow in 
medium l must equal that in medium 2; that is, 
(9'~J1 = (.<?,.h, (7-106) 

or 

I - r 2 = IJ.J_T 2. 
172 

(7- 107) 

That Eq. (7-107) is true can be readily verified by u ing Eqs. (7-94) and 

(7-95). 

b) If 17 2 =2yt 1 , 

172 - 17, 1 
r= - -= - . 

'12 +,,, 3 
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Thu . from Eq. (7-9 ). 

I J 3 
S :::: --- = 1 

1- 1 3 - · 

Exprc. ed in dccibeb. S = 20 log 102 = 6.02(d B). 

Given E,(:. 1) = a , 24co (108 1- /J:) (V m) in air 1hat impinge normally on a lossless 
medi um with E, 2 = 2.25. JL,2 = I tn the : ~ 0 region. !ind (a) #. r , S. r; 
(b) E,(:, t); (c) E2(:.1): (d) H 2(:, 1); and (e) (~, )=. 

A" . (a) I 3 (rad ml. - 0.2. l.5. 0.8: (bJ - a , 4. cos (l081 : 13) (V ' m): 
(c) a , 19.2co (1081-: 3) (V.m); (d) - a,(l.0764co. (1081 - : 3) (Am); (e)0.733 
(W m 2) 

7-6.1 NORMAL INCIDENCE ON A GOOD CONDUCTOR 

For normal incidence 
on a plane conducting 
boundary: r 1, 
t ~ O 

Our di cu sions of normal incidence of plane wave on a plane boundary o 
far have as urned lo less media. In practice we ofte n encounter situation 
where one medium i a good conductor. a WE » I. Examples are metallic 
reflector and waveguides. nder uch condition we are generally allowed to 
u e the perfect-conductor approximation (a-+ -:r_, ) and obtain good re ults. 
This approximation implifie all our formula . 

on idcr the incident field vector pha or gi en in Eq . (7- 4) and (7-85) : 

E ;(::) = a , E,0 e ' 111
-, (7-84)(7-108) 

E·o 
H ;(z) =a,. ' e 1111 =. (7-8 )(7-109) 

l/1 

Thi ' ave impinges on a perfect!) conducting plane b undary at : = 0. 
Sub tituting . for a in q. (7-53), we find 112 = 0. This i · as expected, and 
the conducting boundary act a. a hort circuit. From Eqs. (7-94) and 
(7-95) we ee that r = - I and r = 0. Con equently. E,0 = fE; o = - E; o and 
£10 = rt:;0 = 0. The incident wave is totally reflected with a pha c reversal, 
and no power i · tran:mitted acr a perfectly co nducti ng boundary. We 
have 

E,(:) = - a .. E;0eJP•=. (7-110) 

E,(: ) E;0 ·p 
H,(:) = - av x - = ay eJ •=. 

' 171 l/ 1 
(7-1 I I ) 

and 

(7- 11 2) 
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Tot al fields E, and H , 
ex h ib i t stand ing 
waves for normal 
incidence on a plan e 
cond ucting 
boundary. 
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- .., £,n fl -- a,. - - co 1- · (7-l l3) 
IJ I 

Equations (7-112) and (7- 113) sho\ that E 1(::) and H i(:) are in time 
quadrature (E 1 lags behind H 1 by 90 becau 'c of the - j factor). Both 
represent standing wave . and from Eq. (7-79) v e conclude that no average 
power i a ·sociatcd with the total electromagnetic wa e in medium I. 

In order to examine the space-time behavior of the total field in medium 
1. we fir t write the iostantaneou cxprc sion:-. corre ponding to the electric 
and magnetic field intensity phasor 'btained in qs. (7-112) and (7-113): 

Ei(:. I)= .~, [Ei(:)eJ""J = ax2E;0 sin {1 1:: sin wt, (7-ll4) 

E·o 
H 1(:, 1) = .:/?, [H 1(::)e J""] = a,2 - ' co fj 1: cos wt. 

l/1 
(7-115) 

Both E 1(:. I) and H i(:. I) possc ·s zero - and maxima at fixed distance from 
the conducting boundary for all r. For a given 1, both E 1 and H 1 vary 
sinusoidally with 1he distance measured from 1he boundar} plane. (.: is 
ncgati c in medium 1.) The landing wave of E 1 = a ,£1 and H 1 = a,.H 1 are 
!>hown in Fig. 7-9 for several value of wt. We .·ee that E 1 vani he at the 
infinitely conducting b undary: it al:o i 1ero at points tha1 arc multiples of 

). t/2 from the boundary. The standing wave of H1 is hifted from that of E1 

by a quarter wavelength (A 1 ; 41. 

y-polari1ed uniform plane wave (E,. H i) with a frequency IOO(MHz) 
propagates in air in the + 'direction and impinge normally on a perfectly 
conducting plane al "= 0. Assuming the amplitude of E, lo be 6 (mVj m), 

write the pha or and in lantaneous cxpre sions for 

a) Ei and H i of the inciden1 wave; 

b) E, and H, of the reflected wave; and 

c) El and 11 1 of the total wave in air. 

SOl.LTIO ' 

At the given frcquen<.:y !OO(MHzJ, 

w = 2nf = 2n: x 108 (rad/s). 

w 2n x 108 2rr 
{J - k - - (rad 'ITI). 1 - 0 - c - 3 x I 011 3 
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Ctl/ 

11J / - rr/-'t , 3 rr/ I 

(tJ/ 

( ti / 

(1)/ 

--

<tlf .'Ti/2 -
I 

rr/2 I Ill/ s ;r/-'t - ; / 
1) -WI I I 

I 

r.12 --; (•I / 

3r.l..I l c I 

TT I I 
I 

(b) 11 1 vcr~us ;:. 

.\ 

0 

Perfect 
conductor 

FIG RE 7-9 Standing \\aves of E, = a_. 1:: 1 and H, = a ,. H 1 for everal value of m l. 

'11 = 1'/o = l 20rr (nJ. 

a) For 1he incide111 wape (a traveling wave): 

i) Phasor ex pres ·ion:: 

E ( ) 6 10 -3,, j2rt.d3 
I.\" = 3 1• CC (V/ m), 

j ln.</ 3 (A/m). 

ii) In tanta neou expre sion : 

E;(x. r) = ~i [E;(x)e1"'
1

] 

= ay6 x 10 3 cos(2rr x 108 t -
2
3
rr x) (V/m), 

_ I 0 
4 (? 8 2n ) H ,(x.1) - a=~co -1t x 10 r - 3 x (A/ m). 
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b) For rhe reflected 1rnl'e (a traveling waue): 

i) Phasor expressions: 

(V/m), 

r ro -• . 
H,(x) = - ( - a,) x E,(x) =a_-- e1 2 ~x1 3 

r11 · - 2n 
(A/m). 

ii) Instantaneous expressions : 

E,(x. l) = .!#, [E,(x)ei0
"] 

= - ay6 x 10 3 cos(2rr (Y/m), 

10 .i ( 2n ) 
H ,(x, r) = a: 2.n cos 2rr x 108

1 + J x (A/m). 

c) For the total wape (a stand111q i' ave) : 

i) Phasor expression : 

E 1(x) = E;(.\)+ E,(x) =- - a ... J 12 x 10 - 3 in (2; x) (Y/m), 

H 1 (x) = H ;(x) + H,(x) = a= lOrr 
4 

cos (2; x) 
ii) In tantaneous expres 10n · 

E1(.x. t) = Jf r [E 1(x)ei'"] 

(A/m). 

= a ... 12 x 10 3 in (2
3
rr x) sin (2n x 108 1) (V/m), 

H 1(x. r) = a).?rr 
4 

cos(~; x) co::.(2n x 108 1) (A/ m). 

For the problem in Example 7-8. find the locations for\£ 1\max and IH ilmn.-

A~S. \£ 1\1110 , at X = - (2n + 1)3/4(m), JH 1\max at X = - 3n/2(m). II= 0, I, 2, ... , 

REVIEW Q U ESTIO'iS 

Q.7-21 Define reflection coeffic1ent and lransmission coejftcient. Whal is the relation ­
ship between them for normal incidence? 

Q .7-23 What are the value of the reflection and tran mission coefficient. al an 
interface with a perfectly conducting boundary? 

Q .7-Z4 Whal i a stand111g "'ave? 

Q.7-25 Define standing-wave ratio. What 1s 1l~ relationship with reflection coefficient? 

Q .7-26 What is the standing-wave ratio or the combined incident and reflected waves 
from a perfectly conducting boundary at normal incidence? 
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REM ARKS -----------------~ 

1. For lossless media, both rand-rare real. ['can be either positive or 
negative, but -r cannot be negative. 

2. For lossy media, both rand rare complex, implying that a phase shift 
is introduced at the interface upon reflection and transmission. 

3. A standing wave is the result of the superposition of an incident wave 
and a reflected wave. 

4. Both f and S arc dimensionless: 0 s WI s I and 1 s S s oo. 

5. When '7 2 < '71 er < 0) a minimum IE1l exists at the interface; when I 
17 2 > 171 (1 > 0), JE 1 1 is a maximum at the interface. _J 

7-7 08 LIOU E I NCI DENCE OF PLANE WAVES AT PLANE SOUN DARI ES 

Plane of incidence 

All angles are 
measured from the 
normal to the 
boundary. 

Snell's law of 
reflectior1 

We now consider tbe m re general case of a uniform plane wave that 
impinge on a plane boundary obliquely. Refer to Fig. 7-10, where the z = 0 
plane t is the interface between medium I (E 1, J1 1) and medium 2 (E2 , µ2 ). The 

plane containing the normal to the boundary surface and the wavenumber 
vector ak i called the plane of incidence. Three angles arc in evidence: the 
angle of incidence O;, the angle of reflection 0,, and the a11gle of refraction (or 
angle of transmission) 0, representing. respectively, the angles that the 

1ncident, ref\ected, and transmitted waves make with the normal to the 
boundary. Line AO, O'A', and O'B are the intersections of the wavefronts 
(surfaces of con tant phase) of the incident. reflected, and transmitted waves 
respectively. with the plane of incidence. Since both the incident and the 
reflected waves propagate in medium 1 with the same phase velocity ur 1 , the 

- -
distances OA ' and AO' mu t be equal. Thus. 

00 ' sine, = 00' sin 8;. 

or 

(7-116) 

Equation (7-116) a ures us that the angle of reflection is equal to the angle of 

incidence, which is Snell's law of reflection. 

tTherc is no loss of generality here. becau e we can always assign ou r coordinate system such 
1ha1 the ::-axis i perpendicular to the boundary plane. 
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Snell's law of 
refraction 

lnd&ll of refraction of 
a medium 
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Reflected 
wave 

a k; 

Lncidcnt ! 
wave 

;: = 0 

Refracted 
wave 

B 

Medium 2 
(€2' f.l2) 

a I 

FIGURE 7-10 Uniform plane wave incident obliquely on a plane dielectric 
boundary. 

Jn medium 2 the time it takes for the transmitted wave to travel from 0 
to B equals the time for the incident wave to travel from A to O'. We have 

OB AO' 
- ::::: --

OB = 00 ' sin 01 = uP2 

AO' 00 ' sin O; 

from which we obtain 

(7-117) 

where n 1 and n2 are the indices of refraction for media 1 and 2, respectively. 
The index of refraction of a medium is the ratio of the speed of light 
(electromagnetic wave) in free space to that in the medium; that is, n = c/up. 
The relation in Eq. (7-117) is known as Snell's law of refraction. 



Snell's law of 
refraction forµ, ~ µ 2 

For media with equal permeability, /l 1 = 1-1 1 , Eq. (7-117) become 

sin e, 111 

sin O; 11 2 

(7-118) 

where 17 1 and 17 2 are the intrin ic impedances of the media. 

Note that we have derived here Snell's law of reflection and Snell's law 

of refraction from a consideration of the ray paths of the incident, reflected, 

and refracted waves. No mention has been made of the polarization of the 

waves. Thus Snell's laws are independent of wave polarization. 

7-7.1 TOTAL REFLECTION 

Phenomenon of total 
reflection when t 2 < t , 

Critical angle 

Formula for critical 
angle 

Let us now examine Snell's law in Eq. (7-118) for E 1 > E2 - that is, when the 

wave in medium I is incident on a less dense medium 2. In that ca e, 8, > B;. 
Since e, increases with O;, an interesting situation arises when 8, = n/2, at 

which angle the refracted wave will glaze along the interface; a further 

increa e in O; would result in no refracted wave, and the incident wave is then 

said to be totall y reflected. The angle of incidence 0, (which corresponds to 

the thre hold of total reflection 01 = n/ 2) is called the critical angle. We have, 

by setting 0, = n/2 in Eq. (7-118). 

(7-119) 

or 

0 . ]~2 . c =Sin - =Sin 
E1 

(7-120) 

Thi situation is illu trated in Fig. 7-11, where aki · akn and ak, are unit vector 

denoting the directions of propagation of the incident, reflected, and 

transmitted waves. re pectively. 
What happens mathematically if O; is larger than the critical angle 

Or(sinO; >sin De= E2/ E 1)? From Eq. (7-118) we have 

sinO, = jE'; in01 > l, (7-121) 
'.) -;; 

which does not yield a real solution for 01 • Although sin 81 in Eq . (7-121) is still 

real, cos 8, becomes imaginary when sin 6, > I: 

cosO = 11- sin 2 0 = ,. r '\. I - . 
(7-122} 



316 CHAPTER 7 PLA E ELECTROMAGN ETIC WAVES 

a, Surface 

Rc llected '' 
wave 

Incident 
4 

wave r a,, 

Medium I 
<E1. f.Lo) 

wave 

~ = 0 

Medium 2 
( €1, J.Lo) 

FIGURE 7-11 Plane wave incident at critical angle, E 1 > E 2 . 

-------- ------ - - ---- -- -----~- ----

In medium 2 the unit vector ak, in the direction of propagation of a 
typical transmitted (refracted) wave, as shown in Fig. 7-10, is 

(7-123) 

Both E, and H, vary spatially in accordance with the following factor : 

(7-124) 

(where R is a radius vector as in Eq. 7-22.) When Eqs. (7- ll8) and (7-l 19) for 

Oj > fJc are used, the expression in Eq. (7- l 24) becomes 

(7-125) 

where 

(7-J25a) 

and 

(7-125b) 

The upper sign in Eq. (7-122) has been abandoned because it would lead to 
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the impossible result of an increasing field as z increases. We can conclude 
from (7-125) that for O; > Oc an evanescent wave exists along the interface (in 
the x-direction), which is attenuated exponentially (rapidly) in medium 2 in 
the normal direction (z-direction). This wave i tightly bound to the interface 
and is called a surface wave. lt is illustrated in Fig. 7-11. It is a nonuniform 
plane wave; no power is transmitted into medium 2 under these conditions. 
(See Problem P .7-27.) 

The permittivity of water at optical frequencies is 1.75E0 . It is found that an 

isotropic light source at a distance d under water yields an illuminated 
circular area of a radius 5 (m). Determine d. 

SOLUTION 

The index of refraction of water i , nw = Jl.75 = l.32. Refer to Fig. 7-12. The 
radius of illuminated area, O' P = 5 (m) corresponds to the critical angle 

ec =sin - I C'J =sin - I C .~2) = 49.2°. 

Hence, 

OP 5 
d = -- = = 4.32 (m). 

tan 0, tan 49.2 

As illustrated in Fig. 7-12, an incident ray with e; = Oc at P results in a 
reflected ray and a tangential refracted ray. Incident waves for 8; < e, are 
partially reflected back into the water and partially refracted into the air 
above, and those for 8; > 0, a re totally reflected (the evanescent urface waves 
are not shown). 

FIGURE 7- 12 An underwater light source (Example 7-9). 

Water Light Source 
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EXAMPLE 7-10 

Minimum dielectric 
constant for 
optical fiber 

CHAPTER 7 PLA E LECTR0\1 G . ETI WAVES 

A dielectric rod or fiber of a tran parent material can be used to guide light or 
an electromagnetic wave under the condition of total internal reflection. 
Determine the minimum dielectri constant of the guiding medium o that a 
wave incident on one end at any angle will be confined within the rod until it 
emerges from the other end. 

SOL T ION 

Refer to Fig. 7-13. F r total internal reflecti n, 01 mu t be greater than or 
equal to(), for the guiding dielectric medium; that i , 

sin 01 2'.: ·in ac-
Sjncc 01 =n 2- 01 • Eq. (7-126) beclmes 

co · 01 2'.: sin 0, . 

From ncll's law of refraction, Eq. (7-11 ). v.c ha\'e 

. (} I . sin 1 = -r== sin O,. 
\. Erl 

(7-126) 

(7-127) 

(7-128) 

(Note that the roles of E 1 and E2 in Fig. 7-13 have been interchanged from 
those in Fig. 7-10.} Substituting Eq. (7-l28} in Eq. (7-127} and u ing q. 

(7-119). we obtain 

I . i 0 I - - sin i 2'.: in Oc = 
Erl \. ' E,1 

which require 

E, 1 2'.: l +sin 2 fJi. (7-129) 

Since the largest alue of the right , ide of (7-129) is reached wht.:n 
O; = n/2. we require the dielectric constant of the guiding medium to be at 

-
lea t 2, which correspond to an index of refraction 11 1 = " 2. Thi require-
ment i .satisfied b) glas and quart7. 

I IGCRL 7- 13 Dielectric rod r fiber guiding electromagnetic wave b:r total 
internal reflection. 
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• EXERCISE 7.13 

• EXERCISE 7.14 

A 30-(M Hz) uniform plane wave emerges from a lossless dielectric medium 
(E = 2.25E 0 , /t = µ 0 ) in lo air through a plane boundary al: = 0. The angle of incidence 
is 30°. Find the angle of refraction, and the phase constant both in the dielectric 
medium and in air. 

A s. 48.6v, 0.94 (rad/ m), 0.63 (rad/ m). 

Find the critical angle in Exercise 7.13. Determine the attenuation and phase 
constants in air if the incident angle is 60". 

ANS. 41.8 , 0.52 (Np/m), 0.82 (rad/m). 

REVIEW QUESTIONS 

Q.7-27 Define plane of incidence. 

Q.7-28 State Snell's law of reflection in words. 

Q .7-29 Slate Snell's law of reji·action in terms of the indices or refraction of the media, 
and in terms or the intrinsic impedances or two contiguous nonmagnetic media. 

Q .7-30 Define critical angle. What is meant by total reflection? 

Q .7-31 Define surface wave. 

REMARKS 

1. Snell's laws are independent of wave polarization. 

2. Snell's laws are independent of wave frequency if the constitutive 
parameters of the media are frequency-independent. 

3. All angle in Snell's laws are measured from the normal to the 
interface. 

\ ~· :otal reflection is possible only when E 2 < E 1• 

~o power is transmitted across the interface when (Ji> (Jc· 

7-7.2 THE IONOSPHERE 

Composition of 
ionosphere 

Plasmas 

In the earth's upper atmosphere, roughly from SO to 500 (km) in altitude, 
there exist layers of ionized gases called the ionosphel'e. The ionosphere 
con ists of free electrons and po itive ions that are produced when ultraviolet 
radiation from the sun is absorbed by the atoms and molecules in the upper 
atmosphere. The charged particles tend to be trapped by the earth's magnetic 
field. The altitude and character of the ionized layers depend both on the 
nature of the solar radiation and on the composition of the atmosphere. They 
change with the sunspot cycle, the season, and the hour of the day in a very 
complicated way. The electron and ion densities in the individual ionized 
layers are essentially equal. Ionized gases with equal electron and ion 
densities are called plasmas. 
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Effective permittivity 
of plasma 

Formula for plasma 
frequency 

CHAPTER 7 PLA E ELECTROMAG ETIC WAVES 

The ionosphere plays an important role in the propagation of 

electromagnetic waves and affects telecommunication. Because the electrons 

arc much lighter than the positive ions, they arc accelerated more by the 
electric fields of electromagnet ic waves passing through the ionosphere. 

Analysis has shown that the effect of the ionosphere or plasma on wave 

propagation can be studied on the basis of an effective permittivity EP: 

E = Eo(I - w~) 
p w-

(7- 130) 

( j~l) 
= Eo 1 - f2 

where w,, is called the plasma angular frequency and 

(7-131) 

Jn Eq. (7-131) i the number of electron per unit volume, and e and mare, 

re pectively, the electronic charge and ma s. 
From Eqs. (7-42) and (7-130) we obtain the propagation constant a 

/'=rt.+ jfJ =jw µE 0 JI -(;)2. (7-132) 

When f < j~, ;· becomes real, indicating an attenuation without 

propagation . On the other hand, if f > j~, 1· is purely imaginary, and 
electromagnetic wave will propagate unattenuated in the ionosphere (a -
suming negligible collision losses). 

lf the value of e, m, and Eo are ubstituted into Eq. (7-131 ), we find a very 

simple formula for the plasma (cutoff) frequency: 

(Hz). (7-133) 

As we have mentioned before, Nat a given alti tude is not a constant; it varies 

with the time of the day, the ea on, and other factors. The electron den ity of 

the ionosphere ranges from about I0 10/m 3 in the lowest layer to 101 2/m 3 in 
the highest layer. U ing these values for N in Eq. (7-133), we find [,, to vary 

from 0.9 to 9 (MHz). Hence, for communication with a atellite or a space 

station beyond the ionosphere we must u e frequencies much higher than 
9 (MH z) to ensure wave penetration through the layer with the largest at 
any angle of incidence. Signals with frequencies lower than 0.9 (MHz) cannot 

penetrate into even the lowest layer of the ionosphere but may propagate 

very far around the earth by way of multiple reflections at the iono phere 's 

boundary and the earth's surface. Signals having frequencies between 0.9 and 
9(MHz) will penetrate partially into the lower ionospheric layers but will 

eventually be turned back where N is large. 
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When a pacecraft reenters the earth's atmosphere. its speed and temperature 
ionize the surrounding atoms and molecules and create a plasma. It has been 

estimated that the electron den ity is in the neighborhood of 2 x 108 per 

(cm 3 ). Discuss the plasma's effect on frequency u age in radio communication 

between the spacecraft and the mission controllers on earth. 

SOLLJTIO:"' 

For 

N = 2 x 108 per (cm 3 ) 

= 2 x 1014 per (m 3
), 

Eq . (7-133) gives fp=9 x,/2 x l0 14 =12.7 x l0 7 (Hz), or 127(MHz). Thus, 
radio communication cannot be established for frequencies below 127 (MHz). 

RE\'IEW QCESTIO"iS 

Q.7-32 What is the composition of the ionosphere? 

Q.7-33 What is the significance of plasma frequency? 

We have remarked previously that Snell's laws and consequently the 

critical angle for total reflection are independent of the polarization of the 

incident electric field . However. the formulas for the reflection and trans­
mission coefficients are polarization-dependent. In the following two sub­

sections we discuss the behaviors of perpendicular polarization and parallel 
polarization separately. 

7-7.3 PERPENDICULAR POLARIZATION 

Meaning of 
perpend icu la r 
polarization 

For oblique incidence with perpendicular polarization, E1 i perpendicular to 
the plane of incidence, as illustrated in Fig. 7-14. Noting that 

we have, from Eqs. (7-23) and (7-25), 

E·(X -) =a£. e - jp ,(xsin O, +:cosll,) 
' , , - y •O 

H1(x,z) = E;o ( - ax cos 8
1
+a= sin 01)e - jfJ .(x·in O;+:co O,J, 

'71 

where /31 has been used in place of k 1 in a lossless medium. 

(7-134) 

(7-135) 

(7-136) 
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FIG RE 7-l4 Plane wave incident obliquely on a plane dielectric boundary 
(perpendicular polarization). 

For the reflected wave, 

akr =ax sin 0, - a= cos 0, . 

The reflected electric and magnetic fields are 

E (\'. -) =a E e ;{1 1(.\ sinO, =cn,11,) 
r · , - r rO 

H E,o a · a j/l , f~~ino, =costl,J ,(x. :) = {a-' cos v, +a: srn C1,)e ,,, 
For the transmitted wave, 

we have 

H,(x, :) = E,o ( - ax cos O, + a= sin 0,)e - J/J i(X'tnO, += cos U,)_ 
l/i 

(7-137) 

{7-138) 

(7-139) 

(7-140) 

(7-141) 

(7-142) 

There arc four unknown quantities in the above equations, namely, E, 0 , 

E, 0 , 0,, and 8, . Their determination follows from the requirements that the 

tangential components of E and H be continuous at the boundary : = 0. 
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From Eiy (x, 0) + E,y(x. 0) = E,y(x, 0) we have 

£i0e - ifl 1 xsinll; + E,
0

e-rf1,xsinll, = E,oe - ifi,~smo,. 

Similarly, from H ;x(x, O)+H,x(x, 0) = H,x(x, 0) we require 

= - E, o cos O,e - Jf!, .\SruO,. 
IJ 2 

(7-143) 

(7-144) 

Becau e Eqs. (7-143) and (7-144) are to be satisfied for all x, all three 
exponential factors that are functions of x must be equal ("phase-matching"). 

Thu , 

/3 1x sin O; = /3 1x sin 0, = {3 2x sin 0,, 

which lead to Snell's law of reflection (0, = O;) and Snell' law of refraction 
(sinfJ, / sin8i = fJ i//J 2 =n 1 / n2 ). Equations (7-143) and (7-144) can now be 
written simply as 

(7-145) 

and 

l £, 0 - (E; 0 - E,0) cos 8; = - cos 8,, 
'71 17 2 

(7-146) 

from which E,0 and E, 0 can be found in term of E; 0 . The reflection and 

transmission coefficients are 

E,0 l'/ 2 cos f); -1'/ 1 cos 0, r _j_ = - = --------
E;o 17 2 cos O; + 17 1 co e, (7-147)t 

and 

(7-148)t 

When O; = 0, making 0, = (), = 0, these expre ior'ls reduce to those for normal 
ineidence- Eqs. (7-94) and (7-95)---as they should. Furthermore, r _j_ and r l. 
are related in the following way: 

{7-149) 

which is similar to Eq. (7-96) for normal incidence. 

1T hese are sometimes referred to as Fresnel's equations. 
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EXAMPLE 7-12 

CHAPTER 7 PLA E ELECTROMAGNETIC WA VES 

lf medium 2 is a perfect conductor, t7 2 = 0 . We have r .L = 
- I ( E,0 = E, 0 ) and r J. = 0 ( £10 = 0). The tangentia l E field on the surface of 

the conductor vani he . and no energy is transmitted acros a perfectl y 

conducti ng boundary. 

The in tantaneous expre ion for the electric field of a uniform plane wave in 

air is 

E;(x, : ; r) == aylO cos (wr + 3x - 4:) (V, m). 

The wave i incident n a perfectly conducting plane boundary a t z = 0. 

a) Find phase cons ta nt /J 1• a ngul ar frequency w, and angle of incidence. e, . 
b) Find ,(x.:). 

c) Discu., the bcha vi or of E 1 ( \;,:: t). 

SOLUTIO~ 

a) The phasor expres ion for E, i 

E;(x,:) = a,. IOei 3x ; ~:. 

which repre ent a perpendicularly p lari1ed wa e propagating in the 
- x- and +:-directions. In view of Eqs. (7-20) a nd (7-21} we have 

k; = ak;k; = - ax({J 1 sin 01) + a: (P 1 co fJ;), 

where we have noted that in the lo les medium l , k; = {3 1• Thu , 

Pi sin 0, = 3, and 

/J, co:. 0, == 4, 

from which we obtain 

/J1= fi2+ 42 = 5 (rad/m). and 

1 3 
0, = tan = 36.9' . 

4 

Also, {J 1 == w/c, and w = /J 1 c == 5 x (3 x I 011
) = 1.5 x I 09 (rad/ ). 

b) or a perfectly conducting interface, r .L = - \, E,0 = - £ 10 = - 10, and 

E,(x,:) = a .. IOe i 3 x - 1 4 :. 

\\hich propagate in the - x- and -:-direction . 

c) E1(x, : ) = E1(x, :)+ E,(x, : ) 

= a,IO{e 1 ~= - e1 4 =)ej.h 

== - a
1
.20j( in 4: )ei3 x, 
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which corresponds to an in tanlaneous expression 

E 1(x, :; 1) = ay20( in 4:) co (1.5 x 109 r + 3>: - n:/ 2). 

Thus, E 1 (x,::; t) is composed of a standing wave in the - z-direclion and 

a traveling wave in \he - x-dirc.ction. The standing wave ha a value 
Lero at 4:: = nn, or :; = mr/4 (n = 0.1. 2, .. . ). The traveling wave is a 
nonuniform plane wave since its amplitude is not constant in the 

:-direction. 

7 -7.4 PARALLEL POLARIZATION 

Meaning of parallel 
polarizat ion 

When a uniform plane wave with parallel polarization is incident obliquely 

on a plane boundary. E, lie in the plane of incidence (H ; is perpendicular to 
the plane of incidence}. as illustrated in Fig. 7-1 S. The incident and reflected 
electric and magnetic field intensity pha or in medium I are : 

(7-150) 

FIG RE 7-15 Plane wa ve incident obliquely on a plane dielectric boundary 
(parallel polarization). 

a 

~ ,Jf E,. 
Refl ected '·/ 

\\ U\ C II < 

F 

lm:ident '- I' Ila., 
wave ~·J 

11, 

Mctliu111 l 
(E l ' J..1-1) 

;: - 0 

E, 
\.)"" ,;,af, 

Transm11ti:d 
wave 

Medium 2 
(E'.!. JA.:2) 
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Reflection 
coefficient for 
parallel polarization 

Transmission 
coefficient for 
parallel polarization 

Reflectio n and 
transmission relation 
between coefficients 
for parallel 
polarization 

E;o 
H,(x.:) = a

1 
- l' 

. >/ ( 

E,(x, :) = l:.,0 (a , co 0, a, '>in ll,)e 

H,(x, .:) = a /-. r(J / jJJ I \ 'in llr - : «'> II, 1 
y t . 

l/1 

{7-151) 

(7-152) 

(7-1 3) 

The tran milted electric and magnetic field intensit) pha:.ors in medium 2 are 

E,(x, : ) = F:., 0(a, co ll, - a= in 11,Je 

H ( v -) =: a £, ti '' - 1f12f ' , ;n H, • =""' Ii,) 
t . \., - l '- . 

I/; 

j jJ (X 'lfl fl ,+= «.:4.l' 81 ) (7-154) 

(7-155) 

Continuit requirements for the tangential omponcnt of E and II at := 0 

lead again to . nell\ lawc; of reflection and refraction. a well a~ to the 
following two equations: 

17-156) 

. I 
(£; 0 - £,0 ) = £,0 . (7-157) 

I/ 1 I/ 1 

Solving for E,0 and Et0 in terms of 1~, 0 • we obtain 

(7- l 58)t 
Er11 17 2 co · 01 - 11 1 coi., O; r 11 =--: ---
t'° l/ 2 cos 0, + I/ 1 cos (}i 

and (7- I 59)t 

217 2 co O; 
11 1 co 0, + 17 1 co~ 0, 

It is ca y to \erif) that 

1 -r -
(

CO'i (},) 

- cos 0, . (7-160) 

Equation (7- 160) is seen to he different from Eq. (7-149) for perpt:ndicular 
polari1a1ion e.\cepl \\hen 0, = lJ, = 0. '' hich is the case for normal incidence. 

lf medium 2 is a perfect conductor (111 =OJ. Eqs. (7- 158) and (7-1 -9) 

·implify to 1 = - I anJ r 1 - 0. rcspc ·tiYely, makrng the tangential compo-

---------- - -
'1 h;.: -.e are al"<o n:ferrcu to a ~ Fre"1cl ·~ equation ~ 
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nent of the total E field on the urface of the conductor vanish, as expected . 

We note here that the choices of the reference directions of E, and H, in Figs. 

7-14 and 7-15 are all arbitrary. The actual directions of E, and H, may or may 

not be the same a!:> those hown. depending on whether r .L in Eq. (7-147) and 

r in Eq. (7-158) is positive or negative, respectively. 

lf we plot 11.t \2 and \I \2 versu 0,. we will find the former always 

greater than the latter except for O; = 0, where they are equal. Thi means that 

when an unpolarized wave strikes a plane dielectric interface, the reflected 

wave will contain more power in the component with perpendicular 

polarization than that with parallel polarization. A popular application of 

this fact is the design of Polaroid sunglasse to reduce sun glare. Much of the 

unlight received by the eye has been reflected from horizontal surfaces on 

earth. Because Jr .tl2 > Jf' 11 J
2

, the light reaching the eye is predominantly 

perpendicular to the plane of reflection (same as the plane of incidence), and 

hence the electric fie ld is parallel to the earth's surface. Polaroid sunglasses 

a re de igned to filter out this component. 

7-7.5 BREWSTER ANGLE OF NO REFLECTION 

Brewster angle of no 
reflect ion 

Formula fo r 
Brewst er angle 

We note from the expression for reflection coefficient in Eq. (7-158) that the 

numerator i the difference of two terms. Thi lead us to inquire whether 

there is a combination of 17 1, 17 2, and O; that makes r 11 = 0 for no reflection. 
Denoting th i particular B; by (} 8 , we require 

l/2 cos 0, = 171 cos 110 11 • (7-16 1) 

Squaring both sides of Eq. (7-161) and using Eq. (7- LL h we obtain 

· 2 O _ I - (112/ 17 iJ 2 

SIO B il - 2, 
1 - (112fi1 /111fl2) 

or 

(7-162) 

The angle eB is known a the Brewster angle of no reflection for the ca e of 

parallel polarization. 

(7-163) 
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Alternative formula 
tor Brewster angle 

• EXERCISF 7.15 

EXAl\llPLE 7-13 

CHA Pl ER 7 PLAN!:. ELl:.L I ROMAGN~ I IL WAVl':l 

An alternative form for Eq . (7-163) 1s 

17-164) 

Venfy that Fq~ . (7-16.~) and (7- 164) are equ1vakn1 

l\t th1 pumt the reader may wonder why we did not examine the 
Brew~ter angle for n,i refle<..t1on for perpenu1cuJar polanution. Mathe­
matic..ally we could nnd a formula for Ou ~ · the angle of incidence 0, that would 
m&ke rJ vam~h . etlmg the nurnerdtor of ,..q. (7 147) to zero, the condition 

1/ l (()'::, (} ll l. - I/ 1 LO'> (},, 

1n L"onjunction with Snell\ law of re!lect1nn. 1-q (7 - 1I7), would yield 

, l - Jl 1 ~ 2 1fl1€'1 
~in-Ou _j_ = - -- ,-. 

I - (11 1 ' J' i l~ 
(7- 166) 

It is now clear that OH docs not ex1!>t if 11 1 = p1 , a~ u~ually 1s the case for wave 
media 

Becau~e ol the d11TerLnce in the formula~ for Brewster angle · for 
perpendicular and parallel polanzat1ons. 1t 1-; po s1ble to separate these two 
type of polarization in an unpolari7ed wave. When an unpolarized wave 
such a<> random light is incident uron a boundary at the Brewster angle 08 

given hy Fq (7-164), only the component with perpendicular polarization will 
he reAected. Thus a Brewster angle i<> al o referred to as a polarizing angle. 

Based on thi.;; principle. quart7 windows et at the Brewster angle at the ends 
of a la er tube are u ed to control the polari?ation of an emitted light beam. 

An electrnmagnetu.: wave impinges from air on the <;urface of water. which has 

a dielectric con tant of 80 

a) Determine the Brewster angle for parallel polarization, 08 , and the 

corre ... ponding angle of tran mission 

b) lf the wave ha" perpendicular polar11allon and 1 incident from air on 
the waler ~urface al 0, = 1113 , find 1he reflection and tran mission 

coefficient · 

SOLUllOt'-i 

a) The Btew ter angle of no reflection for parallel polanzalion can be 
obtained directly from Eq. (7-163): 
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.=: '>In I = 81 0 
I -+ l l t 0) 

The corresponding angle of tran<;mhs1on i-.; from Eq (7- 11 8), 

() . - I ('>Jn /) IJ ) 
I= In -- - <;Jn 

, I ~r l 

= -,jn I ( ~) 6.38 . 
"81 

b) I-or an im:1dent wave with pcrpend1cular polari7at 1on, we use Eqs. 

(7 147) and (7 148) 10 find r 1 and r 1 at 0,=Xl.O a nt.I 0, = 638 ' 

(lfi = -7 7 Q, l/ 2 = -177 ..... F, i _.,, 40 I ni 

r
. _ 40.1 CO~ 81 - )77 1.0S 6 \8 
-- - ---- - = 0 967. 

I - 40 I cos 81 + 177 C(l:i- (1 1 

2 377 x co i 
r - - fl 011 

1 
- 40.1 Cu:-. i -t 377 COS 6 38 

We note that the relation between r 1 and r given 111 Eq (7- 149) is 

sat i-.flecl . 

REYIEW Q C ESTIO""' 

Q.7-34 Define perpendicular p0Jc1n7dl1Cln and parallel po lari.r. tion for oblique 

mc1dcnce or plane wave~ at a plane boun<larj 

Q.7-35 nder what condit io n. w;JI the reflection and 1ransm;;;s1on coeffi1.1en t for 
perpendicular polarization he 1he ame as those for parallel polam:al!on" 

Q.7-36 D efine Brew\/f'I unylf'. When doe~ It exi~ t at an mterface of two non magnetic 
rnedw? 

Q.7-37 Why t'> a Brew. ter angle also .:ailed a p11/a11:i11y u11qle ? 

REMARKS 

1. The reflection and transmis ion coefficients at an interface depend o n 
the polarization of the incident wave as well as on the con titutive 
parameters of the media and the angle of incidence. 

2. Unlike the critical angle of total reflection, which exists only when 
E 2 < E 1, a Brewster angle of no reflection fo r parallel polarization 
a lways exists for two no nmagnetic media whether E2 < E 1, or E2 < E 1. 
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UMMARY -~-

Al very large distance from a finite source radiating electromagnetic wave ·. a 
sma ll portion of lhe wavefront i very nearly a plane. Thus the study of 
uniform plane waves is of pi:irticular importance. In this chapter we 

• examined the behavior of uniform plane waves in both lo sless and lossy 
media. 

• explained Doppler effect when there 1s relattve motion between a time­
harmonic ource and a receiver. 

• discu · ·ed the polarization of plane waves and howed the relation between 
linearly polarited and circularly polarited wave . 

• explained the significant of a complex wavenumber and a complex 
propagation con~lanl in a los ·y medium, 

• studied the skin effect in conductors and obtained the formula for skin 
depth. 

• introduced the concept of signal dispersion and explained the difference 
between phase and group velocitie. 

• discussed the flow of electromagnetic power and Poynting's theorem. 

• studied the rd1ection and refraction f electromagnetic wave at plane 
boundaries for both normal incidence and oblique incidence, 

• derived Snell" law~ of reflection and refraction, 

• explained the effect of iono phere on wave propagation, and 

• e'<arnined the conditions for total reflection and for no reflection. 

PR 0 BLEM S -------------------

P.7-1 (a) Obtain the wave equations governing the E and H fields in a ourcc­
free conducting medium with con titutive parameters E, µ, and <J. (b) Obtain 
the corresponding Helmholt7's equations for time-harmonic fields. 

P.7-2 A !-(GHz) Doppler radar on the ground is u ed to determine the 
location and speed of an approaching airplane. As urning that the signal 
reflected from the airplane at an elevation angle of 15.5" showed a time delay 
of0.3 (m l and a frequency hift of 2.64 (kHz), find the di tance, height, and 
speed of the airplane 

P.7-3 Obtain a general formula that expresses the pha or E(R) in term of the 
phasor H{R) of a TEM wave and the intrinsic impedance of the medium, 
where R i · the radius vector. 
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P.7-4 The instantaneous expression for the magnetic field intensity of a 
uniform plane wave propagating in the + y direction in air is given by 

H = a=4 x10 6 co (101m-k0y+~) (A/m). 

a) Determine k0 and the location where H= vanishes at t = 3 (m ). 

b) Write the instantaneous expression for E. 

P.7-5 The E-field of a uniform plane wave propagating in a dielectric medium 
is given by 

E(t,::) = ax2 cos(108t-.:/ 3) - ar in(108r- .:/ j3} (V /m). 

a) Determine the frequency and wavelength of the wave. 

b) What is the djelectric constant of the medium? 

c) Describe the polarization of the wave. 

d) Find the corresponding H-field. 

P.7-6 Show that a plane wave with an instantaneous expression for the 
electric field 

E(.:,t) = ax£ 10 sin(wr-k.:::)+ay£20 in((J)t-k.:+1/!) 

is elliptically polarized . 

P.7-7 A 3-(GHz), y-polarized uniform plane wave propagates in the +x­
direction in a nonmagnetic medium having a dielectric constant 2.5 and a loss 
tangent 0.05. 

a) Determine the distance over which the amplitude of the propagating 
wave will be cut in half. 

b) Determine the intrinsic impedance, the wavelength, the pha e velocity, 
and the group velocity of the wave in the medium. 

c) Assuming E =a.I' SO. in (6n1091 + n/ 3)(V /m) at x = 0. write the instanta-
neou expression for H for all t and x. 

P.7-8 Determine and compare the intrinsic impedance, attenuation constant 
(in both Np/ m and dB/ m), and kin depth of copper [er cu = 5.80 x 107 (S/ m)], 
and brass [crbr = 1.59 x 107 (S/ m)] at the following frequencies : (a) l (MHz}, 
and (b) 1 (GHz). 

P.7-9 Given that the skin depth for graphite at 100 (MHz) is 0. I 6 (mm), 
determine (a) the conductivity of graphite, and (b) the distance that a 1-(G Hz) 
wave travels in graphite such that its field intensity is reduced by JO(dB). 

P.7-10 There is a continuing discussion on radiation hazards to human 
health. The following ca\culations provide a rough comparison. 

a) The U.S. standard for per onal safety in a microwave environment is 
that the power density be less than IO(mW/cm 2

). Calculate the 
corre ponding standard in terms of electric field intensity. In term of 
magnetic field intensity. 
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b) It is estimated that the earth rece ives radiant energy from the sun at a 
rate of about 1.3 (kW /m2

) on a sun ny day. Assuming a monochromatic 
plane wave (which it is not), calcu late the equivalent amplitudes of the 
electric and magnetic field intensity vectors. 

P.7- 11 Show that the instantaneous Poynting vector of a circularly polarized 
plane wave propagating in a lossless medium is a constant that is independ­
ent of time and distance. 

P.7-12 Assuming that the radiation electric field intensi ty of an antenna 
system is 

E = a0 E11 + a,1> £<1>· 

find the cxpres ion for the average outwa rd power flow per unit area. 

P.7-J3 From the point of view of clectromagnetics, the power transmitted by 
a lossless coaxial cable can be considered in terms of the Poynting vector 
inside the dielectric medium between the inner conductor and the outer 
sheath. A suming that a d-c voltage V0 appl ied between the inner conductor 
(of radiu a) and the outer heath (of inner radi us h) causes a current I to flow 
to a load resistance, verify that the integration of the Poynting vector over the 
cross-sectional area of the dielectric medium equals the power V0 / that is 
transmitted to the load . 

P.7-14 A uniform plane wave in air with EJ\'., 1) = a)' 50 sin ( l 08 t - [J.x) (V /m) 
is incident normally on a lossless medium (Er= 2, fir= 8, a= 0) in the region 
x ~ 0. Find 

a) E, and H,. 

b) f', r, and S, and 

c) E, and H,. 

P.7-15 A uniform plane wave propagates in the +:-(downward) direction 
into the ocean (e:, = 72. 11, = l. a = 4 S 1m). The magnetic fie ld at the ocea n 
surface(:= 0) is H(O, t) = ax 0.3 CO!) l08 t (A lm). 

a) Determine the skin depth and the intrinsic impedance of the ocean 
water. 

b) Find the expression· of E(.:. /) and H(:. !) in the ocean. 

c) Find the average power los per unit area in the ocea n as a functi on of:. 

P.7-16 For uniform plane waves in medium l incident normally on an plane 
interface with medium 2. obtain the ratio : 

a) H,0 / H;o and compare with the reflection coefficient in Eq. (7-94), and 
b) H, 0 /ll io and compare with the transmission coefficient in Eq. (7-95). 

P.7- 17 A right-hand circularly polarized plane wave repre ented by the 
phasor 

E(:) = £ 0(a"- jay)C! -N1= 

impinges normally on a perfectly conducting wall a! : = 0. 
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a} Determine the polarization of the reflected wave. 

b) Find the induced current on the conducting wall. 

c) Obtain the instantaneous e pression of the total electric intensity based 
on a cosine time reference. 

P.7-18 Determine the condition under which the magnitude of the reflection 
coefficient equals that of the transmi ssion coefficient for a uniform plane wave 
at normal incidence on an interface between two losJess dielectric media. 
What is the standing-wave ratio in dB under thi condition? 

P.7-19 A uniform plane wave in air with E;(::) =a) Oe in= (V /m) is incident 
normally on an interface at = = 0 with a lossy medium having a dielectric 
constant 2.25 and a loss tangent 0.3 . Find the following: 

a) The phasor expressions for E,(::). H,(=), E,(::). and H,(.::). 

b) The landing-wave ratio for the wave in air. 

c) The expressions for time-average Poynting vectors in air and 10 the 
lo sy medium. 

P.7-20 A uniform sinusoidal plane wave in air with the following phasor 
expression for electric intensity 

E;(x.z) = a>,loe -j(<>x+ 8 =1 (V/m) 

incident on a perfectly conducting plane at :: = 0. 

a) Find the frequency and wavelength of the wave. 

b) Write the instantaneous expres ions for E;(x. ::; I) and HJx:, :: ; r). 

c) Determine the angle of incidence. 
d) Find E,(x, :) and H,(x, ::) of the reflected wave. 
e) Find E1(x z) and H 1(x, z) of the total field in air. 

P.7-21 For the case of oblique incidence of a uniform plane wave with 
perpendicular polarization on a plane boundary with E1 = E0 , E2 = 2.25E0 , 

µ 1 = 11 2 = p0 , as shown in Fig. 7-14, assume E; 0 = 20{V /m), I= I OO(M Hz), 
and 8; = 30". 

a) Find the reflection and transmission coefficients. 
b) Write the instantaneous expre. sion for E,(x, .::; t) and H,(x, :: t). 

P.7-22 For the case of oblique incidence of a uniform plane wave with parallel 
polarization on a plane boundary with E 1 = E0 , E2 = 2.25E0 , 11 1 =/Li= /Lo, as 
shown in Fig. 7-15, a sumc H;o = 0.053 {A/m), I= I 00 (MHz), and O; = 30 . 

a) Find the reflection and transmission coefficients. 
b) Write the instantaneous expressions for E,(x. ::; t) and H,(x, ::; 1). 

P.7-23 

a) Suggest a method for measuring the maximum electron density in the 
iono. phere. 

b) Assuming Nmnx = 8 x 10 11 per cubic meter, discuss the choice of 
minimum usable frequency for communicating with a space station 
beyond the ionosphere. 
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c) Whal happens al oblique incidence on the iono phere if a lower 
frequency is used? 

P.7-24 A uniform plane wave is incident on the ionosphere at an angle of 
incidence O; = 60 . Assuming a constant electron density and a wave 
frequency equal to one-half of the plasma frequency of the ionosphere, 
determine 

a) r l and ! 1 , and 

b) r l/ and • 11 · 

Interpret the significance of these complex quantities. 

P.7-25 A 10-(kHz) electromagnetic wave in air with parallel polarization is 
incident obliquely on an ocean surface at a near-grazing angle Bi= 88°. U ing 
E, = 81, µ, = I, and CJ= 4 (S/ m) for ea water, find (a) the angle of refraction 0,, 
(b) the transmission coefficient r 1 , and (c) the distance below the ocean 
surface where the field intensity has been diminished by 30(dB). 

P.7-26 A light ray i · incident from air obliquely on a transparent sheet of 
thickness d with an index of refraction 11. as shown in Fig. 7-16. The angle of 
incidence is 8;. Find (a) 01' (b) the distance tJ at the point of exit. and (c) the 
amount of the lateral displacement t 2 of the emerging ray. 

11 d 

FIGURE 7-16 Light-ray impinging obliquely on a transpa ren t sheet of refraction 
index 11 (Problem P.7-26). 

P.7-27 A uniform plane wave with perpendicular polarization represented by 
Eqs. (7-135) and (7-136) is incident on a plane interface at z = 0, a shown in 
Fig. 7-14. Assuming E2 < E, and e,. > e .. , {a) obtain the phasor expressions for 
the transmitted field (E,, H,). and (b) verify that the average power trans­
mitted into medium 2 i zero. 

P.7-28 A uniform plane wave of a ngular frequency cv in medium l having a 
refractive index 11 1 is incident on a plane interface at :: = 0 with medium 1 
having a refractive index 11 2 ( < 11 1) at the critical angle. Let Ern a nd £10 denote 
the amplitudes of the incident and refracted electric field intensities. 
respectively. 
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Cladding (i!:i) 

Optical fiber (n 1) 

I 
(11,) 

FIGURE 7-17 Light reflection by 
a right iso ccles triangular prism 
(Problem P.7-30). 

;v~-

FIG RE 7-18 A cladded-corc optical fiber (Problem P.7-31 ). 

a) Find the ratio £10 / £;0 for perpendicular polarization. 
b) Find the ratio E, 0 ,IE;o for parallel polari7ation. 

c) Write the instantaneous expressions of E;(x, :;~ 1) and E,(x. :;; t) for 
perpendicular polarization in terms of the parameters <1J, 11 1• 11 2• 0,, 
and E;0 . 

P.7-29 An electromagnetic wave from an underwater source with per­
pendicular polarization is incident on a water- air interface at O; = 20 . Using 
E, = 81 and J.t, = 1 for rresh water. find (a) critical angle l~r· (b) reflection 
coeflkient 1 1. . (c) transmis ion coefficient rJ., and (d) attenuation in dB for 
each wavelength into the air. 

P.7-30 Gia s isosceles triangular prisms shown in Fig. 7-17 are used in optical 
instruments. Assuming E, = 4 for glass, calculate the percentage of the 
incident light power rcAected back by the prism. 

P.7-31 For preventing interference of waves in neighboring fiber · and for 
mechanical protection. individual optical fibers are usually claddcd by a 
material of a lower refractive index, a_ hown in Fig. 7-18, where 11 2 < n 1• 

a) Express the maximum angle of incidence Ou in terms of 110 • 11 1, and 11 2 for 
meridional rays incident on the core's end face to be trapped mside the 
core by total internal reAection . (Meridional rays are those that pass 
through the fiber axis. The angle 0,, is called the acceptance angle, and 
in 00 the 11umerical aperture (N.A) of the fiber.) 

b) Find 011 and N.A. if 11 1 = 2, 11 2 = 1.74, and 11 0 = I. 

P.7-32 Prove that, under the condition of no rcAection at an interface. the 
sum of the Brew ter angle and the angle of refraction is n,'2 for: 

a) perpendicular polarization (/£ 1 ":/; 112 ). and 
b) parallel polarization (E 1 ":/; E 2). 

P.7-33 For an incident wave with parallel polarization, find the relation 
between the critical angle Oc and the Brewster angle On

11 
for two contiguous 

media of equal permeability. 



CHAPTERS 

Power 
transm ission 
through radiation 
is very inefficient. 

Three most 
common types of 
two -conductor 

8 - 1 0 V E R V I E W According to our electromagnetic model we un-

derstand that time-varying charge · and current are oun;c of electromagn tic 

fields and waves. The waves carry clectr magnetic power and propagate in the 

urrounding medium with the velocity of light. The effect of the wave on a 

receiver depend . among other things, on the average power den ity of the wave · 

at the receiver ite. t large distance this power density (power per unit area) i 

very low because of the very large total area of the great pherc with its center at 

the source ' . Thus the transmi sion of power from an omnidirectional 

electromagnetic ource to a receiver i very inefficient. Even when a ourcc 

radiates with the aid of a highly directive antenna, its power still spreads over a 

very wide area at large di lances. 

For efficient poi111-tn-point transmi ·ion of p wer and information, the 

source energy must be guided. r n thi · chapter we tudy tran verse electromagnetic 

(TEM) waves guided by transmis ion line . We will how that m ny f the 

characteristic of TEM wave guided by tran ·mi sion lines are the . ame as those 

of a uniform plane wave propagating in an unbounded dielectric medium 

di cussed in haptcr 7. 

The three mo t common types of two-conductor transmission lines that 

support TEM waves arc: 

transmission lines a) Parallel-plate transmission line. This type of transmission line consist of 

two parallel conducting plate eparated by a dielectric lab of a uniform 
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Transmission Lines 

thickness. [See Fig. 8-l(a).] At microwave frequencies, parallel-plate trans­

mission lines can be fabricated inexpensively on a dielectric substrate using 

printed-circuit technology. They are often called striplines. A diagram 

showing two types of striplines is given in fig. 8-3 . 

b) Two-wire transmission line. This transmission line consists of a pair of 

parallel conducting wires separated by a uniform distance. [See Fig. 8-1 (b).] 

Examples are the ubiquitous overhead power and telephone lines seen in 

rural areas and the fiat lead-in lines from a rooftop antenna to a television 

receiver. 

c) Coaxial transmission line. This consists of an inner conductor and a coaxial 

outer conducting sheath separated by a dielectric medium. [See Fig. 8- l(c).] 

This structure has the important advantage of confining the electric and 

magnetic fields entirely within the dielectric region, and little external 

interference is coupled into the line. Examples are telephone and TY cables 

and the input cables to high-frequency precision measuring instruments. 

The general transmission-line equations can be derived from a circuit model 

m terms of the resistance, inductance, conductance, and capacitance per unit 

length of a line. From the transmission-line equations, all the characteristics of 

wave propagation along a given line can be derived and studied. 

The study of time-harmonic steady-state properties of transmission lines is 

greatly facilitated by the use of graphical charts, which avert the necessity of 
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• EXERCISE 8.1 

CHAPTER 8 TRANSMISSION LlN ES 

(a) Parallel-plate 
1rarn.mission line. 

(b) Two-wire transmi<.sion line. (cl Coaxial Lran-.mi sion 
line. 

FIGURE 8-1 Common types of transmission lines. 

repeated calculations with complex numbers. The best known and most 
widely used graphical chart is the Smith chart. The use of the Smith chart for 
determining wave characteristics on a transmission line and for impedance 
matching wi!J be discussed. 

Half-wavelength antennas are used to transmit 

(a) UHF-TV signals at 800 (MHz), 

(b) VHF-TV signals at 60 (MHz), 

(c) FM signals at 95 (MHz), and 

(d) radio navigation signals at 100 (kHz). 

What are the respective antenna lengths? 

ANS. (a) 18.75 (cm), (d) 1,500 (m). 

REVIEW QUESTIONS 

Q.8-1 What are the three most common types of guiding structures that support 
TEM waves? 

Q.8-2 Compare the advantages and disadvantages of coaxial cables and two-wire 
transmission lines. 

8-2 GENERAL TRANSMISSION -LI NE EQUATIONS 

We consider a uniform transmission line consisting of two parallel perfect 
conductors. The distance of separation between the conductors i small in 
comparison with the operating wavelength. We could begin the analysis by 
writing down Maxwell's equations for the transverse components of E and H. 
We will find that the dependence of these field components on the transverse 
coordinates are the same as those in static and source-free situations. Thus 
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the parameters of a transmission line can be determined by methods used 
under static conditions. The voltage between the conductors and the current 
along the line are closely related to the transverse components of E and H, 
respectively, through Eqs. (3-28) and (5-63). Consequently, we can discuss the 
operating characteristics of a two-conductor uniform transmission line 
carrying a TEM wave in terms of voltage and current waves. 

In this section we use a circuit model to derive the equations that 
govern general two-conductor uniform transmission lines. Transmission line 
differ from ordinary electric networks in one essential feature. Whereas the 
physical dimensions of electric networks are very much smaller than the 
operating wavelength, transmission lines are usually a considerable fraction 
of a wavelength and may even be many wavelengths long. The circuit 
elements in an ordinary electric network can be considered discrete and as 
such may be described by lumped parameters. It is assumed that currents 
flowing in lumped-circuit elements do not vary spatially over the elements, 
and that no standing waves exist. A transmission line, on the other hand, is a 
distributed-parameter network and must be described by circuit parameters 
that are distributed throughout its length. Except under matched conditions 
(to be explained later in this chapter), standing waves exist in a transmission 
line. 

Consider a differential length .1z of a transmission line that is described 
by the following four parameters: 

R, resistance per unit length (both conductors) in !1/m. 

L, inductance per unit length (both conductors), in H/m. 

G, conductance per unit length, in S/m. 

C, capacitance per unit length, in F/m. 

Note that Rand Lare series elements and G and Care shunt elements. Figure 
8-2 shows the equivalent electric circuit of such a line segment. The quantities 
v(z, t) and v(z + llz, t) denote the instantaneous voltages at z and z + .1z, 

FIGURE 8-2 Equivalent circuit of a differential length !1z of a two-conductor 
transmi sion line. 

i(;, () N i(:-r .1::. n 
t 
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Equations (8-3) and 
(8- 5) : A pair of 
coupled partial 
differential 
transmission-line 
equations. in 
instantaneous 
voltage and current 
functions 

A pair of coupled 
ordinary differential 
transmission -line 
equations . in phasor 
voltage and current 
functions 
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respectively. Similarly, i(z, t) and i(z + !1=, t) denote the in tantaneou. cur­
rents at z and z + llz, re pectively. Applying Kirchhoff' voltage law, we 

ob(ain 
. o~z,0 

v(z, t) - R !1z1(z, 1) - L& -gr- - v(z + /J.z, t) = 0, ((8- l) 

which leads to 

u(: + L\z, t) - v(.:, 1) . oi(z, 1) 
- = R1(z, t) + L - ::i- · 

!l.z (Jt 
(8-2) 

On the limit as !l.z ....._. 0 Eq. (8-2) becomes 

- av<:, t) = Ri(z r) + L oi(:, t). (8-3) 
oz ( { 

Similarly, applying KircbbofT's current law to the node in Fig. 8-2, we have 

. <1v(z + !1z, t} . 
t{z, t) - G !l.zv(z + !l.z, r) - c !l.z ct - l(Z + :, r) = 0. (8-4) 

On dividing by !l.z and letting 6z approach zero, Eq. (8-4) becomes 

ci(z, t) 8t1(z, t) -a;- = Gt(z, t) + C-
0
-
1

- . (8-5) 

Equation (8-3) and (8-5) are a pair of fir t-order partial differential equations 
in v(:, t) and i(z, r). They are the general transmi sion-line equations. 

For harmonic time dependence the u e of phasors implifies the 

transmis ion-line equations to ordinary differential equation . For a co. ine 
reference we write 

v(z, t) =JP, [V(z)e'""], 

i(z, r) = fJP, [l(z)ei""], 

(8-6) 

(8-7) 

where phasors V(z) and /(z) are functions of the space coordinate z only and 

both may be complex. Substitution of Eqs. (8-6) and (8-7) in Eq . (8-3) and 
(8-S) yield the following ordinary differential equation for phasor V(z) and 

l(z): 

dV(z) 
- ~ = (R + jwL)J(:}, 

dl(z) 
- - = (G + jwC)V(z). 

dz 

(8-8) 

(8-9) 
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Equations (8-8) and (8-9) are coupled time-harmonic transmission-line 
equations. They can be combined to solve for V(z) and /(z). We obtain the 
following one-dimensional second-order ordinary differential equations: 

di v(z ) = iv() 
dz2 y z (8-10) 

voltage and 

Second -order 
ordinary differential 
transmission - line 
equation for phasor 
current 

Propagation 
constant, 
attenuation 
constant. and phase 
constant of 
transmission line 

Close similarities 
between E and H for 
plane-wave 
propagation and V 
and I on a 
transmission line 

where 

di l(z) 2 ( ) 
---;J;2 = y I z , 

y = a + j/J = j (R + jwL)(G + jwC) 

(8-11) 

(8-12) 

is the propagation constant whose real and imaginary parts, a and {J, are the 
attenuation constant (Np/m) and phase constant (rad/m) of the line, re­
spectively. The nomenclature here is similar to that for plane-wave propa­
gation in lossy media as defined in Section 7-3. These quantities are not really 
constants because, in general , they depend on w in a complicated way. 
Equations (8-10) and (8-11) are basic equations, from which we derive all 
time-harmonic properties of both infinitely long and finite transmission lines. 
Noting the similarities between Eqs. (8-10) and (8-11) and Eq. (7-45b), we may 
conclude that many of the relations and conclusions we obtained on E and H 
in Chapter 7 for plane-wave propagation (not including those for oblique 
incidence) would also apply to voltage and current waves, V(z) and /(z), on 

transmission lines. 

8-3 TRANSMISSION - LINE PARAMETERS 

The electrical properties of a transm1ss1on line at a given frequency are 
completely characterized by its four distributed parameters R, L, G, and C. In 
this section we list the formulas for these parameter in terms of the physical 
dimensions and the medium constitutive parameters for the three basic types 
of transmission lines. 

Our basic premise is that the conductivity of the conductors in a 
transmission line is usually so high that the effect of the series resistance on 
the computation of the propagation constant is negligible, the implication 
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transmission line and 
medium parameters 
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being that the waves on the line are approximately TEM. We may write, in 
dropping R from Eq. (8-12), 

( 
G )112 

y = jwJLC 1 + jwC . (8- l 3) 

From Eq. (7-43) we know that the propagation constant for a TEM wave in a 
medium with constitutive parameters (µ, E, a) is 

But 

( 

O' )1 /2 
y=jw~ 1+-. - . 

)WE 

G a 
= c E 

(8-14) 

(8-15) 

in accordance with Eq. ( 4-38); hence comparison of Eqs. (8-13) and (8-14) 
yields 

LC= µE. (8-16) 

Equation (8-16) is a very useful relation because if Lis known for a line 
with a given medium, C can be determined, and vice versa. Knowing C, we 
can find G from Eq. (8-15). The series resistance R is to be determined from 
the power loss in the conductors. 

A. Parallel-plate transmission line 

Two parallel conducting plates each of width w and eparated by a 
dielectric medium (E, µ) of thickness d. 

From Eq. (3-87) we have, neglecting fringing effects, 

\\' 
C=E 

d 
(F/m). (parallel-plate line) 

Using Eq. (8-17) in Eqs. (8-16) and (8-15), we obtain 

I L~< 
and 

w 
G =a-

d 

(H/m) (parallel-plate line) 

(S/m). (parallel-plate line) 

(8-17) 

(8-18) 

(8-19) 
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The determination of a series resistance per unit length, R, implies 
that the metal plates are not infinitely conducting. The tangential 
component of the electric field does not vanish, and waves along lossy 
transmission lines are therefore strictly not TEM. For good conductors 
at sufficiently high frequencies the skin depth is very small. We can 
obtain an approximate expression for R by considering the total 
current in the conductors to be uniformly distributed over the skin 
depth fJ . Let <le and µ c denote, respectively, the conductivity and 
permeability of the conductors. The resistance of a unit length of 
material having a width w and depth b is, from Eq. ( 4-16), 

I 
R = - (8-20) 

(J, S ' 

where S = wb. For two plate conductors, we have 

2 
R =-­

(J , wb ' 

which becomes, in view of Eq. (7-56), 

(Q/m). (parallel-plate line) 

B. Two-wire transmission line 

(8-21) 

(8-22) 

Two conducting wires, each of radius a and separated by a distance Din 
a dielectric medium (E, µ). 

From Eq. (3-165) we have 

C = 1tE 

cosb - i (D/2a) 
(F/m). (two-wire line) 

Using Eq. (8-23) in Eqs. (8-16) and (8-15), we obtain 

L = -cosh - -µ 1 (D) 
n 2a 

and 

na 
G= --~--

cosh - 1 (D/2a) 

(H/m) 

(S/m). 

1 cosh - 1 (D/2a) ;;-: In (D/a) if (D/ 2a)2 » 1. 

(two-wire line) 

(two-wire line) 

(8-23)' 

(8-2S)t 
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To find R, we use Eq. (8-20). The cross-sectional area of current flow in 
each wire with a skin depth fJ is approximately 2n:at5. For two wires we 
have 

1 
R=--­

o"c(nafJ)' 

or 

(Q/m). 

C. Coaxial transmission line 

(8-26) 

(two-wire line) (8-27) 

An inner conductor of radius a separated from a concentric outer 
conducting tube of inner radius b by a dielectric medium (E, µ). 

From Eq. (3-90) we have 

27tE 
C= ---

ln(b/a) 
(F/ m), (coaxial line) 

which yields from Eqs. (8-16) and (8-15), 

L =~ In b 
2n a 

and 

2nu 
G= - - -

ln(b/ a) 

(H/m) (coaxial line) 

(S/m). (coaxial line) 

(8-28) 

(8-29) 

(8-30) 

At high frequencies we assume that current flows uniformly in both the 
inner and outer conductors with a skin depth b. The cross-sectional 
area for current flow in the inner conductor is then Si = 2nab, and in the 
outer conductor, S 0 = 2nM. Equation (8-20) then gives 

R = u:si + /s
0 

= 2n~c{J (~ + ~). (8-
31

) 

or 

R = -1 (~+~) ~ 
2n a b '1-;;: (Q/m). (coaxial line) (8-32) 
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The R, L, G, and C parameters for the three types of transmission 
lines are listed in Table 8-1, where Rs is the real part of the intrinsic 
impedance of the conductor: l'/c = Rs + jXs ={I + j)jnf µcfac, as given 
in Eq. (7-53). The internal self-inductance of the conductors that we 
discussed in Examples 5-10 and 5-1 l is not included in the parameter L. 
Calculations in those examples were based on a direct current 
distributed uniformly over the entire cross section of the conductors. At 
high frequencies the current shifts to the surface due to skin effect, and 
the internal inductance is reduced to a negligible value. 

Obtain the low-frequency formula for the resistance per unit length of 

a) a two-wire line, each having a radius a, and 

b) a coaxial cable with an inner conductor of radius a and an outer conductor 

having an inner radius h and an outer radius d. 

Hl'!T: Use the resistance formula for direct currents. 

ANS. (a) CTc~a 2 , (b) <l~7t C2 +di ~bi). 

REVIEW QUESTl01"S 

Distributed 
parameters of 
transmission lines 

Q.8-3 What is the essential difference between a transmission line and an ordinary 

electric network? 

Q.8-4 Explain why wave along a lossy transmission line cannot be purely TEM. 

Q .8-5 Do the transmission-line equations (8-8) through (8-11) hold for pul e-type 

voltages and currents? Explain. 

TABLE 8-1 DISTRIBUTED PARAMETERS OF PARALLEL- PLATE. TWO -WIRE, AND 

COAXIAL TRANSMISSION LINES 

Parameter Parallel-Plate Line Two-Wire Line Coaxial Line Unit 

2 R, R_, (1 I) R - R. - + - n ; m 
w na 2n a h 

d 1(~) JI b Jl 
L µ- - cosh - In - H/m 

w 7t 2n a 

w nu 2rru 
G CT - S/ m 

d cash - 1 (D/2a) ln (bf a) 

w 'ltE 27tE c E - --- -- F/m 
d cosh - 1 (D/2a) In (b/a) 

Note: R, = Jrrf µ, /a,; cosh- 1 (D/2a):;; In (D/a) if (D/ 2a)i » I. Internal inductance i;, not included. 



346 CllAPTER 8 TRAN MISSION LI r s ------- ----------- -

REM AR KS -----------~-----------~ 

1. There is a close analogy between the characteristics of E and H for 
plane-wave propagation and those of V(z) and /(z) on transmis ion 
lines. 

2. Propagation "constant" y = a+ j/J. Both attenuation "constant" !X 

and phase "constant" fl along a line may depend on frequency in a 
complicated way. 

3. It is important to distinguishµ, and ac for conductors from fL and a for 
a dielectric medium. 

4. The series resistance, R, of a transmis ion line i not the reciprocal of 
the parallel conductance, G. 

8-3.1 MICROSTRIP LINES 

Striplines are 
modified forms of 
parallel-plate 
transmission lines. 

The development of solid- tate microwave devices and ystem ha led to the 
widespread use of a form of parallel-plate transmission lines called microstrip 
lines or simply striplines. A stripline usually consists of a dielectric ubstrate 
sitting on a grounded conducting plane with a thin narrow metal trip on top 
of the substrate, as shown in Fig. 8-3(a). Since the advent of printed-circuit 
techniques, striplines can be easily fabricated and integrated with other 
circuit component . However, because the results that we have derived for the 
parallel-plate transmission line were based on the assumption of two wide 
conducting plates (with negligible fringing effect) of equal width they are not 
expected to apply here exactly. The approximation is closer if the width of the 
metal trip is much greater than the ubstrate thicknes . 

When the substrate has a high dielectric constant, a TEM approxi­
mation is found to be reasonably satisfactory . An exact analytical solution of 
the stripline in Fig. 8-3(a) satisfying all the boundary conditions is a difficult 
problem. Not all the fields will be confined in the <lielectric substrate; ome 
will stray from the top strip into the region outside of the trip, thus causing 
interference in the neighboring circuits. Semiempirical modifications to the 
formulas for the di tributed parameters and the characteristic impedance are 
necessary for more accurate calculation .t All of these quantities tend to be 
frequency-dependent, and striplines are di persive. 

One method for reducing the stray fields of stripline i to have a 
grounded conducting plane on both sides of the dielectric substrate and to 

r See, for instance, K . F. Sander and G. A. L. Reed, Transmi sion and Propagation of 
Electromagnetic Waves, 2nd edition, Sec. 6.5.6, Cambridge University Press, New York, 1986. 
Also see D. M. Pozar, Microwave Engineering, Sec. 4.7 and 4.8, Addison-Wesley Publishing Co .. 
Reading, Mass., 1990. 
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\Grounded 
conducti ng plane 

(aJ 

DielecLric 
~ub~tra te 

Grounded 
conduc ti ng plane 

\Grounded 
conducting plane 

(b) 

---- Electric fie ld line~ 
- - - - - Mag netic field li nes 

FJG U RE 8-3 Two types of micro trip li nes. 

put the thin metal strip in the middle as in Fig. 8-3(b). This arrangement is 
known as a triplate line. We can appreciate that triplate lines are more 
difficult and costly to fabricate and that the characteristic impedance of a 
triplate line is one-half that of a corresponding stripline. 

8-4 WAVE CHARACTERISTICS ON AN INFINITE TRANSMISSION LINE 

In Section 8-2 we derived the governing equations (8-10) and (8-11) for time­
harmonic V(z) and / (z) on a transmission line. Let us now examine their 
characteristics on an infinite line. The solutions of Eqs. (8-10) and (8-11 ) are 

V(z) = v+(z) + v - (z) 

(8-33) 

l(z) = 1+(z) + r (z) 

(8-34) 

where the plus and minus superscripts denote waves traveling in the + z- and 
-z-directions, respectively. Wave amplitudes (Vri, I ri ) and (V0, J0) are 
related by Eqs. (8-8) and (8-9), and we can verify (Exercise 8.3) that 

R +jwL 

y 
(8-35) 

For an infinite line (actually a semi-infinite line with the source at the 
left end) the terms containing the e yz factor must vanish. If not, these terms 
would increase indefinitely with z, a physical impossibility. There are no 
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reflected waves; only the waves traveling in the + z-direction exist. Thus 

V(z) = v+(z) = Vt e- ;·'. 

l(z) = J+(z) = 1; e - yz. 

(8-36) 

(8-37) 

The ratio of the voltage and the current at any z for an infinitely long line, 
v+(z)/ / +(z) = V6 / Iti , is independent of z and is called the characteristic 
impedance of the line. 

Zo = R + jwL y 
y G + jwC 

R +jwL 

G+jwC 
(Q). (8-38) 

Note that y and 2 0 are characteristic properties of a transmission line 
whether or not the line is infinitely Jong. They depend on R , L, G, C, and w­
not on the length of the line. An infinite Line simply implies that there are no 
reflected waves. 

Verify the relation in Eq. (8-35) by substituting Eqs. (8-33) and (8-34) in 

Eq. (8-8). 

Two special cases for y in Eq. (8-12) and Z 0 m Eq. (8-38) are of 
particular interest. 

1. Lossless Line (R = 0, G = 0). 

a) Propagation constant: 

Y = a + j{J = jwJLC; 

(X = 0, 

fl= w.}LC (a linear function of w). 

b) Phase velocity: 

w 1 
u =-=--

p fJ JLC (constant). 

(8-39) 

(8-40) 

{8-41) 

(8-42) 

In view of Eq. (8-16), we see that the phase velocity of waves on a 
lossless transmission is equal to the velocity of propagation, 

1/~, of unguided plane waves in the medium of the line. 

c) Characteristic impedance: 

Zo =Ro +.iXo = }""€; 

R 0 = ~ (constant), 

X 0 = 0. 

t8-43) 

(8-44) 

(8-45) 
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line. except for a 
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2. Distorcionless Line (R/ L = G/C). If the condition 

[ ~~~ I 
is satisfied, the expressions for both y and Z 0 simplify. 

a) Propagation constant: 

b) 

c) 

y =a+ }(3 = J(R + jwL)(R2 + jwC) 

= Ji (R + jwL); 

<X=Rfi, 
{3 = w,/LC 

Phase velocity: 

w 1 
u = - = --

p f3 ,JLG 

(a linear function of w). 

(constant). 

Characteristic impedance: 

R + jwL (i, 
Zo =Ro+ }Xo = (RC/ L) + jwC = '.fc; 

Ro=fi (constant), 

X 0 = 0, 

(8-46) 

(8-47) 

(8-48) 

(8-49) 

(8-50) 

(8-51) 

(8-52) 

(8-53) 

Thus, except for a non vanishing attenuation constant, the characteristics of a 
distortionless line are the same as those of a lossless line-namely, a constant 
phase velocity (up= I/,/LC) and a constant real characteristic impedance 

(Z0 = Ro = .jiJC). 
A constant phase velocity is a direct consequence of the linear 

dependence of the phase constant f3 on w. Since a signal usually consists of a 
band of frequencies, it is essential that the different frequency components 
travel along a transmjssion \lne at the same velocity in order to avoid 
distortion. This condition is satisfied by a lossless line and is approximated by 
a line with very low losses. For a lossy line, wave amplitudes will be 
attenuated, and distortion will result when different frequency components 
attenuate differently, even when they travel wjth the same velocity. The 
condition specified in Eq. (8-46) leads to both a constant <X and a constant 
up- thus the name distortionless line. 

The phase constant of a lossy transmission line is determined by 
expanding the expression for y in Eq. (8-12). In general, the phase constant is 



350 

Signal distortion 
{dispersion) occurs 
when phase constant 
is not proportional to 
frequency. 

EXAMPLE 8-1 -

HAPTER 

not a linear function of w; thus it will lead to a frequency-dependent pha e 

velocity up . A the different frequency component of a ignal propagate 

along the line with different velocitie , the signal uffer distortion or 
dispersion. A general, lossy, transmission line is therefore dispersive, as i a 
lo sy dielectric. 

Neglecting los es and fringing effects and a urning the ub trate of a tripline 
to have a thickne 0.4 (mm) and a dielectric con tant 2.25. (a) determine the 
required width w of the metal strip in order for the striplinc lo have a 
characteristic resistance of 50 (Q); (b) determine L and C of the line; and (c) 

determine uP along the line. (d) Repeat parts (a). (b), and (c) for a characteri tic 
resi lance of 75 (Q). 

SOLUTION 

a) We use Eq. (8-17) and (8-18) in Eq . (8-43) to find w: 

b) 

c) 

d) 

w = !!:.._ ~ = 0.4 x 10 -
3 

l'/o 
z0 '1; SO fir 

0.4x10 - 3 x 377 _ 
0

_
3 ~ - 2 x 1 (m), or 2 (mm). 

50y,f,..,f,.J 

d 7 0.4 7 
L = µ; = 4nl0 - x T = 2.51 x 10 (H/m), or 0.251 (J~H m). 

w 10 9 2 
C = EoE,d = 

36
7t x 2.25 X 0.4 = 99.5 x 10 

12 
(F/m), 

99.5 (pF 'm). or. 

l l c c c 
u =--=-- = -=-- = - =2 x 108 (m/s). 

P JLc, µE fi°, ftI5 1.5 

Since w is inversely proportional to 2 0 , we have, for 2 0 = 75 (Q), 

(
2 0 ) 50 w' = - w = - x 2 = 1.33 (mm). 
2 0 75 

L' = (~) L = (-
2
-) x 0.251 = 0.377 (µH /m). 

w' l.33 

C' = C~) C = (l.~3) x 99.5 = 66.2 (pF/m). 

u~ = uP = 2 x 108 (m/ ). 
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8-4.1 ATTENUATION CONSTANT FROM POWER RELATIONS 

Determining 
attenuation constant 
from power relation 

EXAMPLE 8-2 

The attenuation constant of a traveling wave on a transmission line is the real 
part of the propagation constant; it can be determined from the basic 
definition in Eq. (8-12). The attenuation constant can also be found from a 
power relationship. Using (Eqs. (8-36) and (8-37), we write (dropping the plus 
superscript for simplicity): 

V(z) = Voe - <«+ill>z, 

I(z) = ~: e - <a+j/J)z_ 

The time-average power propagated along the line at any z is 

P(z) = !Bfe[V(z)I*(z)] 

vi 
0 R -2az 

= 2IZol2 oe . 

(8-54) 

(8-55) 

(8-56) 

The Jaw of conservation of energy requires that the rate of decrease of P(z) 
with distance along the line equals the time-average power loss PL per unit 
length. Thus, 

- iJP(z) = Pdz) 
oz 

= 2a:P(z), 

from which we obtain the following formula: 

(Np/m). (8-57) 

a) Use Eq. (8-57) to find the attenuation constant of a lossy transmission 
line with distributed parameters R, L, G, and C. 

b) Specialize the result in part (a) to obtain the attenuation constants of a 
low-loss line and of a distortionless line. 

SOLUTION 

a) For a lossy transmission line the time-average power loss per unit 
length is 

P dz) = HII(z)l2 R + IV(z)l2G] 

(8-58) 
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tra nsmission line 

• EXERCI E 8.4 

• EXER ISE 8.5 
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Substitution of Eq . (8-56) and (8-58) in Eq. ( -57) give 

(Np lm). (8-59) 

b) F r a low-loss line, 2 0 ;;; R0 = L/ C, Eq. (8-59) becomes 

~ ~ ~ ( :
0 

+ G Ro) 

= ~ ( R A + G fi). (8-60) 

For a distortionles line, (Eq. (8-52) gives Z 0 = R0 = ~.Thu q. 
(8-60) applie and ield 

a = ~ R jf (I + ~ ~). 
which, in view of the condition in Eq. (8-46), reduces to 

a=Rfi. (8-61) 

A parallel-plate transmi 10n hne i con. tructed of highly conducting plate of"' tdth 11 

that are eparated by a lossless dielectric of dielectric constant E, and thickness cl 
Neglecting fring1ng effect, explain how the following houk! be changed if it i. de ired 
Lo double its charactcri tic impedance h) changing on!) Clnc parameter· (a) 11. (bl ti. 
ant.I IC) f,. 

The attenuation constant at I 0 (MHz) of a distort1onless coaxial tran mis ion hne I\ 
found to be 0 I (dB km). Determine its \alue 

a) at 50 (MHz), and 

b) at 10 ( lHz) 1f the dielectric constant of the insula ting material 1 doubled. 

AN (a) 0.224 {dB km), (b) 0.141 (dB km). 

REVIEW Q ' ESTIO ·s 
Q.8-6 Define propagat1nn con~lllnt and dwracteri tic impedance of a tramm1 · ion 
line. Wr\te lheir general expre .. ions in terms of R, L. G. and C for im1-,,oidal 
excitation. 

Q.~7 What are srrip/i11e~? 

Q.8-8 What is a cripla1e line? How does the characteristic impedanc1~ of a triplate line 
compare \\Ith that of a corresponding -.tnpltne·' ! \plain . 

Q .8-9 What i · meant by a "di tortionless line"? What relatwn mu ·t the distributed 
parameters of a line at1 fy in order for the hne to be di toruonless? 

Q.8-to What is the relation between the atlenuution constant and the power lo ' 
along a transmission line? 
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REM AR KS ------------- -----......------.. 

1. The velocity of wave propagation on a lossless transmission line and 
on a distortionless line is the same as the velocity of propagation, 

t/.j';;;, of unguided plane wave in the dielectric medium of the line. 

2. Exact determination of the distributed parameters and characteristic 
impedance of microstrip \ines is very difficult. Usually semiempirica\ 
formulas are used. 

3. A lossless line is distortionless; but a distortionless line can be lossy. 

4. Lossy lines are, in general, dispersive, unless Eq. (8-46) is satisfied. 

8-5 WAVE CHARACTERISTICS ON FINITE TRANSMISSION LINES 

In Section 8-2 we indicated that the general solution for the time-harmonic 
one-dimensional Helmholtz equations, Eqs. (8-10) and (8-11), for trans­
mission lines are 

(8-62) 

and 
(8-63) 

where 

v+ v-
1~ = - I~ = Zo 

0 0 

(8-64) 

as given in Section 8-4. For waves launched on an infinitely long line at z = 0 
there can be onJy forward waves traveling in the + z-direction, and the 
second terms on the right side of Eqs. (8-62) and (8-63), representing reflected 
waves, vanish. 

Let us now consider the general case of a finite transmission line having 
a characteristic impedance Z 0 terminated in an arbitrary load impedance ZL, 

as depicted in Fig. 8-4. The length of the line is t. A sinusoidal voltage source 
Vg &._with an internal impedance Z 9 is connected to the line at z = 0. In such 
a case, 

(V) = VL = ZL 
I z=t IL ' 

(8-65) 

which obviously cannot be satisfied without the second terms on the right 
side of Eqs. (8-62) and (8-63) unJess ZL = Z 0 . Given the characteristic y and 
Z 0 of the line and its length t there are four unknowns Vt, V0, It , and I 0 in 
Eqs. (8-62) and (8-63). These four unknowns are not alJ independent because 
they are constrained by the relations at z = 0 and at z = I. 
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1-~- -----r--::·= e- ----1 
>= 0 ;: =f 
::'= e :::.'= o 

FIGURE 8-4 Finite transmission line terminated with load impedance Z1. . 

Let6ng z = t jn Eqs. (8-62) and (8-63), and using Eq. (8-64) we have 

v. - v+ -yt + v- yt L- oe oe, 

v+ v-
i - 0 -·1! 0 yt L--e --e. 

Zo Zo 

Solving Eqs. (8-66) and (8-67) for VQ" and V0, we have 

v; = !(VL + ILZo)e}'f =I~ (ZL + Zo)e'1, 

Using Eqs. (8-68) and (8-69) in Eqs. (8-62) and (8-63), we obtain 

V(z) = /~ [(ZL + Z 0)ei'V z) + (ZL - Z 0)e-iV-:l], 

l(z) =: 2~0 [(Zl.. + Z 0)eYV - z) - (ZL - Z 0)e i'(/ - :)]. 

(8-66) 

(8-6 7) 

(8-68) 

(8-69) 

(8-70) 

(8-71) 

Since t and z appear together in the combination (t - z) it is expedient to 

introduce a new variable z' = t - z, which is the distance measured back­
ward from the load. Equations (8-70) and (8-71) then become 

l 
V(z') = 

2
L [(ZL + Z 0)eyz' + (ZL - Z 0 )e Y='], 

l(z') = 2JL [(ZL + zow=· - (ZL - Zo)e -y'l 
Zo 

(8-72) 

(8-73) 

The use of hyperbolic functions simplifies the equations above. Recall­

ing the relations 

eyz' + e- ;·=· = 2cosb yz' and e1=' - e-yz' = 2sinhyz', 

we may write Eqs. (8- 72) and (8-73) as 



V(z) and /(z') of a 
finite line in terms of 
r. Z0• Z v IL• and z 

Impedance Z(z) in 

terms of y, Z 0 • ZL • 
and z 

General formula for 
input impedance Z , 

of a line of length I 

A transmission line is 
matched when 

Z L = Zo. 
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V(z') = I dZL cosh yz' + Z 0 sinh yz' ), 

I 
l(z') = z~ (ZL sinh yz' + Z 0 cosh yz'), 

(8-74) 

(8-75) 

which can be used to find the voltage and current at any point along a 

transmission line in terms of IL • ZL, y, and Z 0 . 

The ratio V(z')/ I( z') is the impedance when we look toward the load end 
of the \ine at a distance z' from the load. 

or 

Z( , V(z') ZL cosh yz' + Z 0 sinh yz' 
z) = I(z') = 20 ZLsinh yz' + Z 0 cosh yz'' 

ZL + Z 0 tanh yz' 
Z(z') - Z 

-
0 Z 0 + ZL tanh yz' 

(Q). 

(8-76) 

(8-77) 

At the source end of the line, z' = t, the generator looking into the line sees an 
input impedance Z; . 

(Q). (8-78) 

As far as the conditions at the generator are concerned, the terminated finite 
transmission line can be replaced by Z;, as shown in fig. 8-5. The input 
voltage V; and input current I; in Fig. 8-4 are found easily from the equivalent 
circuit in Fig. 8-5. 

lt is obvious from Eq. (8-78) that when ZL = Z 0 , Z; = 2 0 irrespective of 
the length, t, of the line. Under this condition, the line is said to be matched. 

We will say more about this condition later. 
In most cases, transmission-line segments can be considered lossless: 

y = jfi, Z 0 = R0 and tanh yt = tanh (jpt) = j tan pt . The formula in Eq . 

FIGURE 8-5 Equivalent circuit for finite transmission line in Figure 8-4 at 
generator end. 

I, 
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Formula for input 
impedance Z 1 of a 
lossless l ine of 
length ( 
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(8-78) fo r the input impedance Z; of a lossless line of length r terminated in ZL 
becomes 

(Q). (Lossless line) (8-79) 

8-5.1 OPEN - CIRCU ITED ANO S HORT- CIR CUITED LINES 

Input impedance of a 
lossless open ­
circuited line 

Input impedance of a 
very short open ­
circuited line is 
purely capacitive. 

Open -circuited lines 
are seldom used as 
circuit elements. 

Input impedance of 

a lossless short ­
circu ited line 

Transmis ion lines can be used not only as wave-guiding tructure for 
transmitting power and information from one place to another, but at ultra 
high freq uencies (UHF)- from 300 (MHz) to 3 (GHz) they may serve as 
circuit elements. At these frequencies. lumped circuit elements such as 
inducta nces and capacitances are difficult to make, and stray fields become 
impo rtant. Open- and short-circuited elements may act as inductances 
and/or capacitances. For frequencies above the UHF range the physical 

dimensions of transmission-line circuit lines become inconveniently small, 
and it \,ould be advantageous to use waveguide components to be discussed 
in the next chapter. 

A. Open-circuited line (ZL -+ :.c ). 

B. 

From Eq. (8-79) we have 

.R 
z. =J'X · = -~= -1·R<icosfil . 

'
0 

· '° tan {JI 
(8-80) 

Eq uation (8-80) shows that the input impedance of an open-circuited 
lossless line is purely reactive. The line can. however, be either 
capacitive or inductive because the function co. fJI can be either 
posit ive or negative, depending on the value of /JI ( = 2nl //..). 

If the length of an open-circuited line is very short in comparison 
with a wavelength. f3I « 1, we can obtain a very simple formula for its 
capacitive reactance by noting that tan /Jf ~ {JI. From Eq. (8-80) we 
have 

. R 0 . y' L/C . I 
Z, =jXio ~ -1 -. = - 1 = - 1--

{JI w LC! wCI' 
(8-81) 

which is the impedance of a capacitance of Cl farads . 
In practice, it is not possible to obtain an infinite load impedance 

at the end of a transmission line, especially at high frequencie-, because 
of coupling to nearby objects and becau e of radiation from the open 
end. 

Short-circuited line {ZL = 0). 
In this case, Eq. (8-79) reduces to 

Z;s =)X;s =jR 0 tan{31. (8-82) 



A short-circuited 
quarter -wavelength 
line is effectively 
an open circuit . 

Input impedance of a 
very short short ­
circuited line is 
purely inductive . 

• EXER ISE 8.6 

• EXERCISE 8. 7 
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Since tan {JI can range from - .£.., to + , the input impedance of a 
hort-circuited lo le line can al o be either purely inducti c or purely 

capacitive, depending on the value of {Jf. Jn particular, when [Jf = n/ 2, 
or t = )./ 4, Zi in Eq. (8-82) becomes infinite. Thus, a hort-circuited 
quarter-wavelength transmission line is effectively an open-circuit. 

Uthe length of a hort-circuited line is very hort in comparison 
with a wavelength, {Jf « I, Eq. (8-82) become approximately 

Z,, = jX,. ~jR0 {Jf = j 
L 
C w.JT£1 = jwLI. (8-83) 

which i the impedance of an inductance of LI henries. 

Prove that a quarter-wavelength lossless line traasfonn · a load impedance to the 
1nput terminal as it inver e multiplied by the square of the characteri tic re i tance; 
that i ' zi = R'/,IZ1. . 

Prove that a half-wavelength line tran fers a load impedance to the input terminals 
without change. 

8-5.2 CHARACTERISTIC IMPEDANCE AND PROPAGATION CONSTANT FROM 

INPUT MEASUREMENTS 

Calculating Z 0 and r 
of a line from input 
impedances 
measured under 
open-circuit and 
short-circuit 
conditions 

EXAMPLE 8-3 

We can determine the characteristic impedance and the propagation con­

tant of a transmis ion line by mea uring the input impedance of a line 

section under open- and short-circuit conditions. The following expressions 

follow directly from Eq. (8-78): 

Open-circuiled line, ZL - 'X..: 

Shore-circuited line, ZL = 0: 

Zio = Z0 coth r'I' . 

Z,, = Z0 tanh //. 

From Eq . (8-84a) and ( ~ 4b) we have 

and 

Zo = 

1 
y =- tanh - 1 

t 

(Q) 

Equation (8~85) and (8-86) are ea ily evaluated. 

(8-84a) 

(8-84b) 

(8-85) 

(8-86) 

A ' ignal generator having an internal re i tance l (Q} and ~m open-circuit 

voltage rg(l) = 0.3co 2n108 t (V) i connected to a 50-(Q) los le trans-
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mission line. The line is 4 (m) long, and the velocity of wave propagation on 
the line is 2.5 x 108 (m/ s). For a matched load, find (a) the instantaneous 
expressions for the voltage and current at an arbitrary location on the line, (b) 
the instantaneous expressions for the voltage and current at the load, and (c) 
the average power transmitted to the load. 

SOLUTION 

a) In order to find the voltage and current at an arbitrary location on the 
line, it is first necessary to obtain tho e at the input end (z = 0, :' = (). 
The given quantities are as follows: 

J.-;, = 0.3L1L_ (V), a phasor with a cosine reference. 

Z 9 = R 9 = 1 (0), 

Z 0 = R0 = 50 (0), 

w = 2n x 108 (rad/ s), 

up= 2.5 x 108 (m/ ), 

t = 4 (m). 

Since the line is terminated with a matched load Z; = Z 0 = 50 (0). The 
voltage and current at the input terminals can be evaluated from the 
equivalent circuit in Fig. 8-5. We have 

z. 50 
l1i = z ' Yg = --

0 
x 0.3L1L_ = 0.294&_ (V), 

g + z.. 1 + 5 

~ 0.3L1L_ tri o I; = = - - = 0.0059 &_ (A). 
Z 9 + Z; l + 50 

Since only forward-traveling waves exist on a matched line, we 
use Eqs. (8-54) and (8-55) for the voltage and current, respectively, at an 
arbitrary location. For the given line, a = 0 and 

w 2n x 108 

f3 = - = 8 = 0.811: (rad/ m). 
uP 2.5 x 10 

Thus, 

V(z) = 0.294e - jO.Bu (V), 

/(z) = 0.0059e - jO.Blt= (A). 

These are phasors. The corresponding instantaneous expressions are, 
from Eqs. (8-6) and (8-7), 

v(z, t) = 9l.i[0.294ei(2"1 o•1 - O. Bxz)] 

= 0.294cos(2nl08t - 0.8nz) (V), 

i(z, l) = ~ e[0.0059ei(2"J 081 0 ·8 "=>] 

= 0.0059cos(2nl08 t - 0.8nz) (A). 

b) At the load, z = t = 4 (m), 
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v(4, t) = 0.294cos(2rrJ08 t - 3.2n:) (V), 

i(4, 1) = 0.0059cos(2n:l08 t - 3.2n:) (A). 

c) The average power transmitted to the load on a lo slcss line is equal to 
that at the input terminals. 

(P • .)L = (P0 v)i = ldf'c[V(z)/*(::)] 

= f(0.294 x 0.0059) = 8.7 x 10 4 (W) = 0.87 (mW). 

The open-circuit and hort-circuit impedances mea ·u red at the input ter­
minals of a los less tran mi ion line of length 1.5 (m), which is less than a 
quarter wavelength, are -j54.6 (Q) and j 103 (Q). respectively. 

a) Find Z 0 and ;· of the line. 

b) Without changing the operating frequency, find the input impedance of 
a short-circuited line that is twice the given length. 

c) How long should the short-circuited line be in order for it to appear as 
an open circuit at the input terminals? 

SOLUTION 

The given quantities are 

Z;0 = -j54.6 Z;s = j 103. t = 1.5. 

a) Using Eq . (8-85) and (8-86), we find 

Z 0 = 
/ -j54.6U103) = 75 (0), 

y = - tanh - 1 
-
1-.- =_!_tan 1 1.373 = j0.628 (rad/m). 1 ~103 . 

1.5 - 154.6 1.5 

b) For a short-circuited line twice as long, f = 3.0 (m), 

rt = j0.628 x 3.0 = j I .884 (rad). 

The input impedance i , from Eq. (8-84b), 

Z ;, = 75ianhU1.884) = }75 tan 108 

= j75( -3.08) = -j23 I (Q). 

Note that z .. , for the 3-(m) shorted line is now a capacitive reactancc, 
whereas that for the given 1.5-(m) shorted line is an inductive reactance. 

c) ln order for a hort-circuitcd line to appear a an open circuit a l the 
input terminals, it should be an odd multiple of a quarter-wavelength . 
long, which will make tan {JI-+ rx, in Eq. (8-82). 

. 2n 2n 
I. = 7f = 0.628 = JO (m). 
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Hence the required line length i 

). ). 
( = 4+(n 1)2 

= 2.5 + 5(n - I) (m), n = I , ~. 3 . ... . 

REVH:W Q ESTIO N S 

Q.8-11 What doe ··matched transmi ion hne'" mean'? 

Q .8-12 On what factor doe the input impedance or a tran mi s1on line depend? 

Q.8-13 What is the input impedance or an open-circuited lo · le transmi ion hnc tf 
the length or the line i (a) i. 4. (b) i .. 2. and (c) 3;. 4? 

Q .8-14 What is the input impedance or a hort-circuited lo Jes tran~mts ·ion line 1r 
the length of the tine is (a) 2/4, (b) /./2, and (c) 3i./4'! 

Q.8-15 Is the input reactance of a transmission line ..l/ 8 long inductive or capaciti ve 1f 
it i (a) open-circuited, and (b) hort -circutled? 

Q. 16 What i the input impedance of a Jos le. , transmi ·· ion line of length ( that is 
terminated in a load impedance Z1. if (a) ( = )./ 2, and (b) ( = A.? 

Q.8-17 De cribe a method for determining the charactemtic impedance and the 
propagation constant of a transmission tine. 

REM AR KS -----------------------~ 

1. The input impedance of a tran mi sion line terminated in its charac­
teristic impedance is equal to the characteristic impedance, irrespec­
tive of the length of the line. 

2. As in the ca e of an infinite tran mission line, only forward wave exi t 
on a line terminated in it characteri tic impedance. At the input 
(sending) end, the circuit conditions for an infinite line and for a 
matched line are the same. 

3. The input impedance of a short-circuited line of length I isjR0 tan pt; 
it can be either inductive or capacitive. 

4. The characteristic impedance and propagation con tant of a line can 
be determined by measuring the input impedance with the line open­
circui ted and with the line short-circuited. 

8-5.3 REFLECTION COEFFICIENT AND STANDING -WAVE RATIO 

O n a finite transmission line such a that shown in Fig. -4, the voltage and 
current wave traveling from the generator end toward the load Z 1 will give 
ri e to reflected voltage and current wave if ZL =le 2 0 . The voltage at any 
distance;; ' = f - z from the load has been obtained in · q. (8- 72), in which the 



Definition of voltage 
reflection coefficient 
of load impedance zl 

Current reflection 
coefficient equals 
the negative of 
voltage reflection 
coefficient. 

Definition of 
standing-wave ratio 
(SWR) 
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term with eY" represents the incident voltage wave and the term with e -yz' 
represents the reflected voltage wave. We may write 

V(z') = ]~ (ZL + Z 0)eY"' [ 1 + ~~ ~ ~: e -
21

" ] 

= J2L(zL + Zo)eY'' [l + re -2yz'], (8-87) 

where 

(Dimensionless) (8-88) 

is the ratio of the complex amplitudes of the reflected and incident voltage 
waves at the load (z' = 0), and is called the voltage reflection coefficient of the 
load impedance ZL. It is of the same form as the definition of the reflection 
coefficient in Eq. (7-94) for a plane wave incident normally on a plane 
interface between two dielectric media. It is, in general, a complex quantity 
with a magnitude !rl ~ I. 

The current equation corresponding to V(z') in Eq. (8-87) is, from Eq. 
(8-73), 

l(z') = 
2
i_ (ZL + Z 0)e1''[1 - re - 2 1'']. 

0 

(8-89) 

The current reflection coefficient, defined as the ratio of the complex 
amplitudes of the reflected and incident current waves at the load (z' = 0), is 
the negative of the voltage reflection coefficient, as is evident from Eq. (8-64). 
In what follows we shall refer only to the voltage reflection coefficient. If a 
transmission line is matched- that is, if ZL = Z 0-r = 0 and there is no 
reflection at the load. When Z1, ":/= Z 0 , standing voltage and current waves 
exist along the line in accordance with Eqs. (8-87) and (8-89), and exhibit 
maxima and minima. 

Analogous to the plane-wave case in Eq. (7-98), we define the ratio of 
the maximum to the minimum voltages along a finite, terminated line as the 
standing-wave ratio (SWR), S: 

(Dimensionless). (8-90) 

Depending on the value of ZL, SWR can range from l on = 0, matched load) 
to oo (lrj = 1, open circuit or short circuit). Because of the wide range of S, it 
is customary to express it on a logarithmic scale: 20 log 10 S in (dB). A high 
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Calculating ffl from 
SWR 

EXAMPl f. 8-5 
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standing-wave ratio on a line is undesirable becau cit results in a large power 
loss. The inver e relation of Eq. (8-90) 1 

II'I 
s 
S+l 

(Dimensionlcs ). (8-91) 

The SWR on a transmission line can be ca ily measured by taking the ratio of 
the maximum and the minimum dete ted electric field intensities picked up 
by a small probe that protrudes into the line through a narrow lot cut along 
a ection of the line. From Eq. (8-90). S = JV0 ,. .. l/JVminl· and Jrl 1 obtained by 
using Eq. (8-91). The angle Or can be determined from the location of Vm•• or 
Vmm· (The di lance between succe ivc voltage maxima, or succe ·ive voltage 
minima, 1s a half-wave:ength.) Having found Jrl and Or, Z1. can be calculated 
from Eq. (8-88), as will be shown in · xamplc 8-5. 

and 

f-or a lossless transmi sion line,.,. = jfJ, Eq . (8-87) and (8-89) become 

V(:') = / L (ZL + R0 )eJll=' [ 1 + jrjeM• 211 ='1] 
2 

/(: ') - ,.,;, {ZL + R0 )eJ/I:' [ 1 - Jrl eilOr l/J='I ]. 

- 0 

{8-92) 

(8-93) 

The standing-wave ratio on a lossless 50-(n) transmission line terminated in 
an unknown load impedance 1s found to be 3.0. The distance between 
successive voltage minima is 20 (cm), and the fir. t minimum is located at 5 

(cm) from the load. Determine (a) the reflection coefficient r, and (b) the load 
impedance 7.L. 

SOLLTION 

a) The di'itance between ucce ivc voltage minima i a half-wavelength. 

). = 2 x 0.2 = 0.4 (m), 
2rr 2rr 

/J = F = 0.4 = 5rr (rad m). 

We find the magnitude of the reflection coefficient. jrJ. from the given 
WR S = 3 and E<.J. 18-91) 

S-1 3 - I 
I r1 = s + 1 = 3 + I = o.5. 

In order to determine the angle 01 • we ob ervc from Eq. (8~92) that the 
first voltage minimum occurs when 

n "/'}-· -r - - J-m - 7[, 
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Reflection also takes 
place at the 
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where z~ denotes the location of the first voltage minimum. We have 

er= 2{3z~ - n 

= 2 x Sn x 0.05 - n = -0.Sn = - n/2 (rad). 

Thus, 

r = JrlejOr = 0.5e - jn/i = - j0.5. 

b) The load impedance ZL is determined from Eq. (8-88). 

zL-so _ _ .
05 ZL + 50 - J . ' 

50 - j25 . 
ZL = = 30 - 140 (0). 

1 + j0.5 

Repeat Example 8-5 for the same lossless 50-(Q) transmission line operating at the 
same frequency but with a ciifferent unknown load resistance. If the SWR is 2.5 and a 
voltage maximum appears at the load. find (a) the reflection coefficient r L • and (b) the 
load impedance ZL . 

ANS. (a) 0.43, (b) 125.4 (Q). 

In Eqs. (8-87) and (8-89) we expressed the voltage V(z') and current J(z') 

on a finite transmission line terminated in ZL in terms of the load current IL 

and the voltage reflection coefficient f' of the load. No mention was made of 
the conditions at the input or generator end; but, of course, IL depends on the 
conditions at the input end. If a generator of voltage ~ and internal 
impedance Z

9 
is connected to the input end of the line as in Fig. 8-4, we have 

the following condition: 

(8-94) 

where Vi and I; are obtained by setting z' = t in Eqs. (8-87) and (8-89) 
respectively. In terms of traveling voltage waves, an input voltage 
v; = ~Z0/(Z0 + Z 9) travels toward the load with a velocity uP = w/{3 as soon 
as the generator is connected to the input terminals of the line. At the load, if 
ZL # 2 0 , the incident wave is reflected with a reflection coefficient r . This 
reflected wave travels back to the input end with the same uP. If Z9 # 2 0, 

another reflection takes place with a reflection coefficient ['9 = 
(Z9 - Z 0)/(Z9 + Z 0). The above process will repeat indefinitely with re­
flections at both ends, and the standing wave V(z') is the sum of all the waves 
traveling in both directions. 

If ZL = 2 0 (matched load), r = 0, there will be only one wave traveling 
from the generator and ending at the load. If ZL # Z 0 but Z 9 = 2 0 , there will 
be one initial wave traveling from the generator to the load (incident wave) 
and one reflected wave going from the load and ending at the generator. 
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EXAMPLE 8-6 

CHAPTER 8 TRANSMISS!ON LI ES 

A 100-(MHz) generator with ~ = 1 OLQ.'.'. (V) and internal resistance 50 (n) is 
connected to a lo sless 50-(n) air line that is 3.6 (m) long and terminated in a 

• 25 + j25 (n) load. Find (a) V(z) at a location z from the generator, (b) ~at the 
input terminals and VL at the load, (c) the standing-wave ratio on the line, and 
(d) the average power delivered to the load . 

SOLUTION 

Referring to Fig. 8-4, the given quantities are 

Z
9 

= 50 (n), f = 108 (Hz), ~ = 1 OLQ'.'. (V), 

Ro = 50 (n), ZL = 25 + j25 = 35.36/45° (n), t = 3.6 (m). 

Thus, 

w 2nl08 2n 
f3 = C- = 3 x 108 = 3 (rad/ m), f31 = 2.4n (rad}, 

r = ZL - Zo = (25 + j25) - 50 = - 25 + j25 = 35.36Lill.'.'. 

ZL + Z 0 (25 + j25) + 50 75 + j25 79.1 / 18.4° 

= 0.447/ 116.6° = 0.447/0.648n, 

r 9 = 0. (Only one incident wave and one reflected wave.) 

a) To find V(z), we substitute V(z' =I) = ~ from Eq. (8-87) and 
l(z' = t) = Ii from Eq. (8-89) into Eq. (8-94) to determine 

ldZL + Z 0)eY1 = ~· 

Using Eq. (8-95) in Eq. (8-87), we obtain 

V(z) = Vg e - jflz [1 + re j2f1Cf =>]. 
2 

For this problem, 

V(z) = 1

2
0 e - j2rrx/3[l + 0.44?ejC0.648 - 4 .s>"ej4irzl3] 

= 5[e - j21t:/3 + 0.447eiC2z/3 o.L52>n] (V). 

b) At the input terminals, 

J'i = V(O) = 5(1+0.447e-jO.isin) 

= 5(1.396 - j0.207) 

= 7.06/ - 8.43° (V). 

At the load, 

VL = V(3.6) = 5[e- j0.4 rr + 0.447ej 0 ·248"] 

= 5(0.627 - j0.637) = 4.47 /- 45.5° (V). 

(8-95) 

(8-96) 
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c) The standing-wave ratio (SW R) is 

s = 1 +Ir! = 1 + 0.447 = 2.6 . 
1 - !rl I - 0.447 

2 

d) The average power delivered to the load is 

I IVL, 2 

1(4.47)
2 

Pov= 2 ZL RL = 2 JS.J6 X 25 = 0.20 (W). 

-------

For the transmission-line circuit in Example 8-6, fi nd the average power delivered to a 
matched load ZL = Z 0 = 50 + jO (0). Explain the difference between your answer and 
the result obtained in part (d) or the Example. 

ANS. 0.25 (W). 

REVIEW Qt E. ' Tl'l ' l.i 

Q. 18 Define l'Oltage reflection coe_fficient. Is it the same as "current reflection 
coefficient"? Explain. 

Q.X- 19 Define standing-ware ratio. How i it rela ted to voltage and current reflection 
coefficients? 

. 20 Why is a high standing-wave ratio on a transmission line undesira ble? 

(.} . What are rand S for a line with an open-circui t term ina tion? A short-circuit 
termination? 

Explain how the value of a terminating resistance can be determined by 
measuring the standing-wave ratio on a lossless transmissio n line. 

REMARKS 

1. When a transmission line is not matched (ZL =I= Z0, r =I= 0), a standing 
wave will exist on the line. The distance between successive voltage 
maxima (or successive voltage minima) is J../2, and the distance 
between neighboring vmnx and vmin is }./4. 

2. For a lossless line with characteristic resistance R0 terminated in a 
resistance RL, a Vmax appears at the load if RL > Ro, and a vmin 

appears at the load if RL < R0.-This can be seen from Eq. (8-92) by 
setting z' = 0 and no tin g from Eq. (8-88) that 8r = 0 fo r RL > R0 and 
8r = n fo r RL < R0 . 

3. Refer to the finite transmission-line circuit in Fig. 8-4, and assume the 
generator to be switched on at t = 0. A steady state on the line wi ll be 
reached: (a) at t 1 = t /up = /3(/w if ZL = 2 0 (whether Z 9 = 2 0 or 
Z 9 :f:. Z 0) and (b) at 2t 1 if ZL =I= Z 0 and Z 9 = Z 0 . 
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8-6 THE SM ITH CH ART 

Graph ical charts 
simpli f y 
transm ission -li ne 
calculat ions . 

A Smith chart 

Tran mission-line calculation often involve tediou manipulation of com­

plex numbers. Thi tedium can be alle iated by u ·ing a graphical method of 

solution. The be l known and mo t widely u ed graphical chart is the Smith 
chart devised by P. H. Smith.t A Smith chart i a graphical plot ofnormali7ed 
resistance and reactan e function · in the reflection-coeflicient plane. 

To understand how the Smith chart for a lossless transmis ion line i 

constructed Jet us examjnc the voltage reflection coefficient of the load 

impedance defined in Eq. (8-88): 

Z -R0 r = L = llleJBr. 
ZL +Ro 

(8-97) 

Let the load impedance ZL be normalized with re peel to the characteri tic 

impedance R0 = J L/C of the line. 

ZL RL .XL . 
ZL = - = - + J - = r + JX 

Ro Ro Ro 
(Dimen ionics ), ( -98) 

where r and x are the normalized re istance and normalized reactancc. 
respectively. Equation (8-97) can be rewritten a 

. ZL - 1 r=r +1r .=--
, I =L + J ' 

{ -99) 

where r, and r; are the real and imaginary part , re ·pectively, of the voltage 

reflection coefficient r . The inver e relation of Eq. ( -99) i 

1 + r I + llle 181 

zL = t="r =I - lllejBr. ( -100) 

Expre sing both :Land r in their real an<l imaginary component . we have 

. ( 1 + r.) + jr, 
r + JX = . 

(1 - r.) - jr; 
( -101) 

Multiplyi ng both the numerator and the denominator of F.q. (8-IOI) by the 

comple conjugate of the denominator and eparating the real and imaginary 

parts, we obtain 

1 - r-; - f f 
r = ----=-----=-

(I - r,)2 + n ( -102) 

and 

( -103) 

t P . H . Smith. "Transm1~>1on-hne calculator." £fecrro11ics. vol. 12. p. 29. January 1939; and "An 
improved 1ransm1~ ·10n-llne calculatur," Ele< rro111n. vol. 17. p. l JO. January 1944. 
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If Eq. (8-102) is plotted in the r,-r; plane for a given value of r, the 
resulting graph is the locus for this r. The locus can be recognjzed when the 
equation is rearranged as 

( r _ _ r )
2 

+ r 2 = (-1 )2

. 
r l+r I l+r 

(8-104) 

It is the equation for a circle having a radius 1/(1 + r) and centered at 
r, = r/(1 + r) and r; = 0. Different values of r yield circles of different radii 
with centers at different positions on the r,-axis. A family of r-circles are 
shown in solid lines in Fig. 8-6. Since 1r1 ::; 1 for a lossless line, only that part 
of the graph lying within the unit circle on the r, - r; plane is meaningful; 
everything outside can be djsregarded. Note that all circles pass through the 
(1 , 0) point. The r = 0 circle, having a unity radius and centered at the origin, 
is the largest. 

Similarly, Eq. (8-103) may be rearranged as 

FIGURE 8-6 Smith chart with rectangular coordjnates. 

'\. X = 0.5 

/ 
/ 

"'.'r = - 0.5 

l.O 

I 
I 

I 
I x= - I 
I 

- 1.0 

(8-105) 

x = 2 

r,. P,/(. 
l.O 

r = -? f ,.= I line 
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Locations of short­
circuit point P,0 and 
open-circuit point 
Poe on a Smith chart 

Smith chart on 
reflection-coefficient 
plane can be marked 
with r , r , 
rectangular 
coordinates or with 

WI Oi- polar 
coordinates . 

Locations of points 
representing v mo• 

and V m•n on a Smith 
chart 

CHAPTFR 8 TRANSMISSJON L!NFS 

This i the equation for a circle having a radiu l 'lxl and centered at f, = 1 
and r, = 1 /x_ Different values of x yield circles of different radii with center 

at different po itions on the I, = 1 line. A family of the portion of x-circle 

lying in ide the Ill = 1 boundary are hown in dashed line in Fig. 8-6. All x­

cfrcles also pa s through the (I, 0) point. Thefr center lie above the r,-axis for 

x > 0 (inductive reactance) and below the r, - axi for x < 0 (capacitive 

reactance ). The radius of the x-circJe i larger as Ix! decrea es, and the locus 

for x = 0 degenerate into the r,-axi . 
[t can be proved that the r- and x-circle are everywhere orthogonal to 

one another. The inter ection of an r-circle and an x-circle define a point that 

represents a normalized load impedance :L = r + jx. The actual load 

impedance is ZL = R0(r + jx). 
A an iJ1ustration, point Pin Fig. 8-6 is the intersection of the r = l.7 

circle and the .>; = 0.6 circle. (The ame p int Pis more exactly located on the 

detailed chart in Fig. 8-8.) Hence it represent zL = I. 7 + j0.6. The point Psc 
at (r. = - 1, r 1 = 0) corre pond tor= 0 and x = 0 and therefore represents 

a short circuit. The point P0 at ([', = I , r i = 0) corresponds to an infinite 

impedance and repre 'ent an open circuit. 

The Smith chart in Fig. 8-6 is marked with r, and r ; rectangular 

coordinates. The ame chart can be marked with polar coordinate , such that 

every point in the r-plane is specified by a magnitude Jrl and a phase angle 

er. Thi i illustrated in Fig. 8-7, where everal WI-circle are hown in dashed 

black lines and ome Or-angles are marked around the If! = l circle which is 
the arne as the r = 0 circle. The lr!-circle are normally not ho\ n on 

commercially available Smith charts; but once the point representing a 

certain :L = r + jx is located, it i a imp!e matter to draw a circle centered at 
the origin through the point. The fractional distance from the center to the 

point (compared with the unity radiu to the edge of the chart) i equal to the 

magnitude Jrl of the voltage reflection coefficient; and the angle that the line 

to the point makes with the real axis i 8r. This graphical determination 

circumvents the need for computing r by Eq. (8-99). 

Each WI-circle intersects the real axis at two points. ln Fig. 8-7 we 

designate the point on the positive-real axis (OP 0c) as PM and the point on the 

negative-real axis (OPsc) as Pm· Since x = 0 along the real axi . PM and Pm 

both represent situations with a purely resistive load, ZL = RL. Obviou ly, 

R L > Ro at P.\f• where rL > 1; and RL < Ro at pm • where ,.L < I. Point PM 
and Pm correspond to the location of a Vmax and a Vmin • re pectively. Now, 

r = RL - Ro = rL - l 
RL + R0 rL + 1 

S - 1 
(8-106) 
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r = O 

210° 

WI= I 

240' 

9Cf 

\ = I I . 
\ . 
\ _'.. = 0.'.'i I:' 

270° 

FIGURE 8-7 Smith chart with polar coordinates. 
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Thus, S = rL = RL/R0 for RL > R0 . It follows that the value of the r-circ/e 
passing through 1he point PM is numerically equal ro the standing-wave ratio. 
For the .:L = 1.7 + j0.6 point, marked P in Fig. 8-7, we find WI= 1/ 3 and 
Or= 28 . At PM, r = S = 2.0. These results can be verified analytically. 

So far we have based the construction of the Smith chart on the 
definition of the voltage reflection coefficient of the load impedance, as given 
in Eq. (8-88). The input impedance looking toward the load at a distance z' 

from the load is the ratio of V(z') and /(z '). From Eqs. (8-87) and (8-89) we 
have, by writing jf3 for y for a lossless line, 

, V(.:') [I + re -jl/J='] 
Z;(z) = l(z') = Ro 1 - re- j2JJz ' . 

The normalized input impedance is 

Z; I + re -j2P=' 

Z; =Ro= 1 - re-jl/J= ' 

_ I + !rlejt/> 
- I - jrjeN>' 

(8-107) 

(8-108) 
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Finding normalized 
input impedance, z , , 
on a Smith chart 
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where 

</> = 01 - 2/$:'. (8-109) 

We note that q. (8-10 ) relating:, and re - i2 11 = = Jrle1<t> i_ of exactly the 

same form as l:q. (8-100) relating :Land r = lrjei111 • In fact, the latter i a 

special case of the former for : ' = 0 (</> = Or). The magnitude, Jrl, of the 

reflection coefficient and therefore the standing-wave ratio , are not changed 

by the additional line length z'. Thus. just as we can u e the Smith chart to 

find Ir! and Or for a given ::1 at the load, we can keep Jrl con tant and suhtracr 
(rotate in the tlockwise direction) from 01 an angle equal to 2Pz' = 4nz'r ) .. 
This will locate the point for Jrle i4>, which determines:;, the normalized input 
impedance looking into a lo ·sles · line of charactenstic impedance R0 , length 

z', and a normalized load impedance :L. Two additional scales in : '/). arc 

u ·ually provided along the perimeter of the jrl = J circle for easy reading of 
the phase change 2fi(t.:') due to a change in line length t.: ': The outer scale i · 

marked "wavelengths toward generator" in the clockwise direction (increa. -

ing : '): and the inner scale i marked "wavelength toward load" in the 

counterclockwise direction (decreasing z'). 1-igure 8-8 is a typical Smith chart, 
which is commercially available.t It has a complicated appearance, but it 
actually consi ts merely of con tant-r and constant-\' circles. We note that a 

change of half a wavelength in line length (t.z' = )./2) corrc ponds to a 
2{J(t:d) = 2n: change in </>. A complete revolution around a Jrl-circlc returns 

to the ame point and re ult in no change in impedance. 

We shall illustrate the use of the Smith chart for olving some typical 

transmission-line problems by evcral example . 

Use the Smith chart to find the input impedance of a section of a 50-{Q) 

lo less tran mis ion line that i · 0.1 wavelength long and is terminated in a 

short-circuit. 

SOL TION 

Given 

I. 

2. 

::L = 0, 

R0 = 50 (Q}, 

: ' = O. li .. 

Enter the Smith chart at the inter ection of r = 0 and x = 0 (point P <c 

on the extreme left of the chart: ·cc Fig. 8-9). 

Move along the perimeter of the chart (/r/ = l) by O. l "wavelengths 
toward generator" in a clockw1 c direction to P 1. 

'All of the Smith chans used tn this book are reprinted w11h perm1-;s10n of Emclotd Industnes. 
Inc., New Jersey. 
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FIGURE 8-X The Smith chart . (The point Pis the same point as that in Figs. 8-6 
and 8-7.) 

3. At P1 , read r = 0 and 
R0 z i = SO(j0.725) = j36.3 
inductive.) 

x ~ 0.725. 
(il). (The 

or =i = j0.725. Thus, Z; = 
input impedance is purely 

This re ult can be checked readily by using Eq. (8-82): 

Zi = jR 0 tan {Jt = j 50 tan (2,;_n) O. li. 

= j 50 tan 36" = j 36.3 (il). 
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EXAMPLE 8-8 
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Fl GU RE 8-9 Smith-chart calculations for Examples 8-7 and 8-8. 

The input impedance of an open-circuited 75-(Q) lossless transmission line is a 
capacitive reactance of 90 (0). Use the Smith chart to determine the length of the line 
in term of wavelength. 

As. O.JU. 

A lossless transmission line of length 0.434}. and characteristic impedance I 00 
(Q) is terminated in an impedance 260 + j 180 (Q). Find (a) the voltage 
reflection coefficient, {b) the standing-wave ratio, (c) the input impedance, and 
(d) the location of a voltage maximum clo ·est to the load . 
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8-6 THE SMITH CHART 

SOL TJON 

Given 

z' = 0.434,l.., 

R0 = JOO (Q), 

ZL = 260 + j180 (Q). 

a) We find the voltage reflection coefficient in several steps: 

373 

t. Enter the Smith chart at =L = ZL/R 0 =2.6+j1.8 (point P2 in Fig. 8-
9). 

2. With the center at the ongm, draw a circle of radius 
- -
OP 2 = WI = 0.60. (The radius of the chart 0 P sc equals unity.) 

3. Draw the straight line OP 2 and extend it to P~ on the pe­
riphery. Read 0.220 on "wavelengths toward generator" scale. 

The phase angle Or of the reflection coefficient is 
(0.250 - 0.220) x 4rr = 0.12n (rad) or 21.6°. (We multiply the 
change in wavelengths by 4n because angles on the Smith chart 
are measured in 2{3::.' or 4rcz'/i •. ) This angle can also be read from 
the markings on the periphery. The answer to part (a) is then 

r = ir1 e j(/i = 0.60Q.L.Q_. 

b) The lrJ = 0.60 circle intersects with the positive-real axis OP0 , at 
r = S = 4. Thus the voltage standing-wave ratio is 4. 

c) To find the input impedance, we proceed as follows: 

l. Move P~ at 0.220 clockwise by a total of 0.434 " wavelengths 
toward generator," first to 0.500 (same a 0.000) and then further 
to 0. l 54[(0.500 - 0.220) + 0.154 = 0.434] to P'3 . 

2. Join 0 and P3 by a straight line, which intersects the lfl = 0.60 
circle at P 3 . 

3. Read r = 0.69 and x = 1.2 at P 3 . Hence, 

z i = R 0 : i = I00(0.69 + .i1 .2) = 69+J120 (n). 

d) In going from P2 to P 3 , the lfl = 0.60 circle intersects the positive-real 
axis OP0 , at PM where the voltage is a maximum. Thus a voltage 
maximum appears at (0.250 - 0.220)}. or 0.030}. from the load. 

It is decided to reduce the standing-wave ratio on the line in Example 8-8 from 4 lo 2 
by changing the terminating impedance to a resistive load Rv (a) What should RL 
be? (b) What will be the input impedance? 

ANS. (a) 200 (Q), (b) l 3.5 + j76 (Q). 
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REVIEW Ql F"'TIO!\ S 

Q.8-23 What is a Smith chart and why is it useful in making transmission-line 
calculations? 

Q.8-24 What are the rectangular coordi nate of a Smith chart? 

Q.8-25 What are the polar coordinates of a Smith chart? 

Q.8-26 Where is the point represen ting a matched load on a Smith char t? 

Q.8-27 For a given load impedance ZL on a lossless line of characteristic impedance 
Z 0 , how do we use a Smith chart to determine (a) the reflection coefficient, a nd (b) the 
standing-wave ratio? 

REMARKS ---~~~-~ 

l 

1. The r- and x-circlcs on a Smith chart are everywhere orthogonal to 
one another, and they all pass through the (I , 0) point. 

2. Smith charts are applicable to transmission lines having any charac­
teristic res istance. 

3. The value of the r-circle passing through the intersection of a !fl-circle 
and the positive real axis equals the tanding-wave ratio S. 

4. A cha nge of ha lf a wavelength corre po nd to a complete revolution 
o n a Smi th cha rt. 

8-6.1 ADM ITTANCES ON SM ITH C HA RT 

Property of q uarter ­
w ave t ra nsformers 

So far we have discussed the Sm ith chart in terms of normalized impedances 

z = r + jx; but the Smith chart ca n also be used to make ad mittance 

calculation . We recall from Eq. (8-79) the formu la for the input impedance Z; 

of a los less line of length I terminated in an impeda nce ZL: 

ZL + jR0 tan {Jf 
zi = Ro . 

R0 + JZL tan (31 
(8-79)(8-1 I 0) 

When f = 1./4: {Jf = n/2, tan [Jf-+ cc. and Eq. (8- 110) becomes (see Exerci e 
8.6) 

(Quarter-wave line). (8-111) 

Hence a quarter-wave lossle s line act as an impedance inverter and is often 

referred to as a quarter-wave tr an sf or mer. 

Now let YL = 1/ ZL dt:note the load admi ttance. The normal ized load 
impedance is 

(8-112) 
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where 

J'L =Ro YL 

= YL / Y0 = g + jb (Dimensionless) (8-1 l 3) 

is the normalized load admittance having normalized conductance g and 
normalized usceptance b as its real and imaginary parts, respectively. 
Equation (8-112) suggests that a quarter-wave line with a unity normalized 
characteri tic impedance will transform :L to JL, and vice versa. On the Smith 
chart we need only move the point representing zL along the !fl-circle by a 
quarter-wavelength lo locate the point representing YL· Since a J./4-change in 
line length corresponds to a change of n radians on the Smith chart, the points 
representing zL and Yt are then diametrically opposite to each other on the Ir/­
circle. This ob ervation enables us to !:ind YL from ;:L, and :L from JL, on the 
Smith chart in a very imple manner. (Remember that both zc. and YL are 
dimensionless.) 

Given Z = 95 + )20 (Q), use a Smith chart to find Y. 

SOLUTION 

Thi problem has nothing to do with any transmission line. In order to use 
the Smith chart we can choo ·e an arbitrary normalizing constant; for 
instance, R0 = 50(0). Thus. 

: = 5
10(95 + j20) = 1.9 + j0.4. 

Enter z as point P 1 on the Smith chart in Fig. 8-10. The point P 2 on the other 

FIGURE 8-10 Finding admittance from impedance (Example 8-9). 
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• EXERCISE 8.12 

EXAMPLE 8-10 

Cl!A PTE R 8 TRA NSMISSI ON LIN E 

side of the line joining P 1 and 0 represents y: OP 2 = 0 P 1• 

I I 
Y =Roy = SO (0.5 - JO. I) = 10 - }2 (mS). 

Given Y = 6 + j 11 (mS), use a Smilh cha rt to find Z . 

ANS. 38 - }70 (0). 

Use a Smith chart to find the input admittance of an open-circuited line of 
characteristic impedance 300 (0) and length 0.042. 

SOLUTION 

1. For an open-circuited line we start from the point P0 e on the extreme 
right of the impedance Smith chart, at 0.25 in Fig. 8-11 . 

2. Move along the perimeter of the chart by 0.04 "wavelengths toward 
generator" to P 3 (at 0.29). 

3. Draw a straight line from P3 through 0 , intersecting at P3 on the 
oppo ite side. 

4. Read at P3 
Y; = 0 + j0.26. 

FIG URE 8- 11 Finding input admittance of open-circuited line (Example 8- 10). 

(0.0-1) /> I 

I 

1 
I 

(0.00) (0.25) 
I' - --------"'------=-----. p 
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used either as an 
impedance chart or 
as an admittance 
chart . 
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Thus, 

I 
Y; = 

300 
(0 + j0.26) = j0.87 (mS). 

In the preceding two examples we have made admittance calculations 
by using the Smith chart as an impedance chart. The Smith chart can also be 
used as an admittance chart, in which case the r- and x-circles would be g­

and b-circles. The points representing an open- and a short-circuit ter­
mination would be the points on the extreme left and the extreme right, 
respectively, on an admittance chart. For Example 8-10, we could then start 
from extreme left point on the chart , at 0.00 in Fig. 8-11, and move 0.04 

"wavelengths toward generator" to P~ directly. 
The Smith chart as an admittance chart is actually more useful than as 

an impedance chart in solving problems involving parallel connections of 
line because admittances add in parallel connections. This will become clear 
when we discuss impedance-matching in the following section. 

8 -7 TRANSMISSION-LINE IMPEDANCE MATCHING 

The importance of 
impedance-matching 
on transmission lines 

Short-circuited 
(instead of open­
circuited) stubs are 
used for impedance-
matching on 
transmission lines. 

Transmission lines are used for the transmission of power and infonnation. 
For radio-frequency power transmission it is highly desirable that as much 
power a possible is transmitted from the generator to the load and as little 
power as possible is lost on the line itself. This will require that the load be 
matched to the characteristic impedance of the line so that the standing-wave 
ratio on the line is as close to unity as possible. For information transmission 
it is essential that the lines be matched because reflections from mismatched 
loads and junctions will result in echoes and will distort the information­
carrying signal. In thi section we discuss a simple single-stub method for 
impedance-matching on lossles transmission lines. 

An arbitrary load impedance can be matched to a transmission line by 

placing a single short-circuited stub in parallel with the line at a suitable 
location, as shown in Fig. 8-12. This is the single-stuh method for impedance 
matching.t Since we deal with a parallel connection, it is more convenient to 
explain the method in terms of admittances. Short-circuited stubs are usually 
used in preference to open-circuited tubs because an infinite terminating 
impedance i more difficult to realize than a zero terminating impedance. 
Radiation from an open end and coupling with neighboring objects make the 

1 An alternative method . u 111g two stubs spaced a fixed distance apart , is also u ed for impedance 
matching- the double-stub method. (See D. K. Cheng, Field a11d Wa!'e f.lec1romaynetic.1, 2/ E, 
pp 504- 509, Addison-Wesley Publishing Co .. Reading, MA, 1989.1 
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s / d--1 
\ ', -\' 
. I ~ - H 

Ru 

B 

FIGURE 8-12 [mpedance matching by single-stub method. 

impedance non-infinite. Moreover, a short-circuited stub of an adjustable 
length and a constant characteristic resistance is much easier to construct (by 
simply changing the location of the short-circuit) than an open-circuited one 
whose length has to be cut precisely. Of course, the difference in the required 
length for an open-circuited stub and that for a short-circuited stub is an odd 
multiple of a quarter-wavelength. 

Assuming YB to be the input admittance at B - B' looking toward the 
load in Fig. 8-12 without the tub, our impedance- (or admittance-) matching 
problem is to determine the location d a11d the length I of the stub such that 

(8-114) 

where Y0 = l / R0 . ln terms of normalized admittances, Eq. (8-114) becomes 

[ =YB+ Ys, (8-I 15) 

where YB = R 0 Y8 is for the load section and Ys = R0 ~ is for the short­
circuited stub. However, since the input admittance of a short-circuited stub 
is purely susceptive, Ys is purely imaginary. As a consequence, Eq. (8-115) can 
be satisfied only if 

(8-116) 

and 

(8-117) 

where h8 can be either positive or negative. Our objectives, then, are (I) to 
find the length d such that the admittance, YB• of the load section looking to 
the right of terminals B- B' ha a unity real part , and (2) to find the length I of 
the stub required to cancel the imauinary part. 
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U ing the Smith chart as un admittance chart. we proceed as follow ' for 
ingle- tub matching: 

I. 

2. 

Enter the point repre enting the normalized load admittance y,_. 

Drav. the Jrl-ci rcle for 1·,.- which will inter. eel they = I circle at two 
point . At thee point , y81 = l + jb81 and y81 = 1 jh82 . Both are 
possible solution . 

3. Determine load-section lengths d 1 and d2 from the angles between the 
point repre enting h and the point reprc cnting Yui and y8 2 . 

4. Determine tub length / 1 and 1 2 from the angles between the . hort­
circuit point p\C on the extreme right or the chart to the points 
repre enting -jb81 and -jb82 , re pectivel). 

The following example will illustrate the necc ary step . 

A 50-(.Q) tran mi ·sion 1;ne i connected t a load impedance Z1.. = 35 - }47.5 
(.Q). Find the position and length of a ·hort-circuited stub required to match 
the line. 

SOL TION 

Given 

R0 = 50 (fl) 

ZL = 35 -}47.5 (0) 

:L = ZL Ro = 0.70 - j0.95. 

I. Enter zL on the Smith chart as P 1 (Fig. 8- 13). 

2. Draw a !fl-circle centered at 0 with radiu · 0 P 1• 

3. Draw a straight line from P 1 through 0 to point P~ on the perimeter, 
intersecting the Jrl-circle at P 2 , which represents y1 • otc 0.109 at P~ 

on the "wavelengths toward generator" cale. 
4. ote the two points of intersection of the ill-circle with they = I circle. 

At P3 : y81 =I+)l.2=1 + ihn 1 ; 

l P 4 : .1'1Jl = 1 jl.2 = 1 jh82 . 

5. . olution · for the po ition of the stub: 

For P 3 (from P~ to P~): d 1 = (0.168 0.109)/, = 0.059),; 

For P4 (from P2 w P~): c/ 2 = (0.332 0.109)i. - 0.223i .. 

6. Solution for the length of the short-circuited tub to provide 
y, = - jl>a: 

For P3 (from P,. on the extrcm1.: right of chart lo P~. which repre. ents 
-j/JBJ = - ) J.2): 
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/ 
/ 

FIGURE 8-13 Con truction for single- tub matching on Smith admittance chart 
(Example 8-11 ). 

I 1 = (0.361 - 0.250)i. = 0.11 Lt 

For P * (from P sc to P~, which represents - jb 2 = j 1.2): 

t 2 = (0.139 + 0.250)..1. = 0.389) .. 

In general, the olution with the shorter lengths is preferred unless there 
are other practical constraints. The exact length, I, of the hart-circuited tub 
may require fine adjustment in the actual matching procedure; hence the 
shorted matching sections arc ometime called stub tu11ers. 
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Mea. urements on a 50-(Q) lossless transmission line show tha t the consecutive voltage 
minima arc 6 (cm) apart. It is desired to ma tch a load impedance Z L = 75 + j 100 (Q) 
to the line by a single short-circuited stub. Find (a) the locatio n of the stub closest to 
the load, (b) the shortest req uired stub length. (c) the SWR o n the line between the stub 
and the load, and (d) the SWR on the line between the stu b a nd the source. 

ANS. (a) 2.78 (cm), (b) 1.02 (cm), (c) 4.62, (d) 1.00. 

RE\IEWQL'fSTO S 

Q .8-28 Why does a change of ha lf a wavelength in line length co rrespond to a 
complete revol ution o n a Smith chart? 

Q .8-29 Given an impedance Z = R + jX, what proced ure do we follow to find the 
admittance Y = l /Z on a Smith chart? 

Q.8-30 Given an admittance Y = G + jB, bow do we use a Smith chart lo find the 
impedance Z = l / Y? 

Q.8-Jl Is t he standing-wave ratio constant on a t ran mis. io n line even when the line 
i lossy? Explain. 

Q.R-32 Why is it more convenient to use a Smith chart as an admittance chart for 
solving impedance-matching problems than to use it as a n impeda nce chart? 

Q.8-33 Why is it desirable to achieve an impedance ma tch o n a transmission line? 

Q.8-.14 Why are the stubs used in impedance matching usually of the short-circuited 
type instead of the open-circuited type? 

REM AR KS ------------------------ -, 

SUMMAR Y 

1. The Smith chart can be used either as an impeda nce chart (for 
dimen ionless impedances, z = Z/R0 ) or as an admittance chart (for 
dimensionless admittances, y = R0 Y). The point representing a short­
circuit, Psc• is at (1, 0) on a Smith admittance chart. 

2. The principle of single-stub impedance matching is to connect a short­
circuited tub of a proper length in parallel with the main line at an 
appropriate distance from the load such that the input admittance at 
the junctions of the parallel combination is 1 +JO. 

3. Transmissio n-line impedance-matching schemes are frequency­
sensi tive: The required tub location and stub length depend on the 
operating frequency. 

Tran m ission line are used for effi cien t po int- to-point transmission of energy 
a nd info rmation. W e have devoted this chapter to studying the method of 
analysis and the behavior of the tra nsverse electromagnetic (TEM) waves 
guided by transmi sion lines. In particula r, we 
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• di~c~sse~ the characteristics of the three most common types of trans­
ffi1ss1on Imes (the parallel-plate line, the two-wire line, and the coaxial line), 

• deriv~d the.general transmission-line equation , which combined to yield 
one-d1m.ens1on~I,. second-order, ordinary differential equations under time­
harmomc cond1t10ns, 

• examined the wave characteristics on infinite transmission Jines 
' 

• determined the propagation constant, phase velocity, and characteristic 
impedances of lossless lines and distonionless lines, 

• expressed rhe attenuation constant of a traveling wave on a lo sy fine in 
terms of power relations, 

• analyzed the wave characteristics on finite transmission lines in terms of 
propagation constant, input impedance, reflection coefficient, and SWR, 

• examined the properties of open-circuited and short-circuited lines, 

• solved transmission-fine circuit problems, 

• studied the principle of construction and the applications of the Smith 
chart, and 

• explained the single-stub method for impedance matching. 

P.8-1 Consider lossless stripline designs for a given characteristic impedance. 

a) How should the dielectric thickness, d, be changed for a given plate 
width, w, if the dielectric constant, E,, is doubled? 

b) How should w be changed for a given d if E, is doubled? 

c) How should w be changed for a given E,. if d i doubled? 

d) Will the velocity of propagation remain the same as that for the original 
line after the changes specified in parts (a), (b), and (c)? Explain. 

P.8-2 Consider a transmission line made of two parallel brass strips­
ac = 1.6 x 107 (S/m)- of width 20 (mm) and separated by a lossy dielectric 
slab - µ = µ 0 , E, = 3, a = 10 3 (S/m)- of thickness 2.5 (mm). The operating 
frequency is 500(MHz). 

a) Calculate the R, L, G. and C per unit length. 

b) Compare the magnitudes of the axial and transverse component of the 
electric field . 

c) Find y and Z 0 . 

P.8-3 Jt is desired to construct uniform transmission lines using polyethylene 
(E, = 2.25) as the dielectric medium. Assuming negligible lo ses, (a) find the 
distance of separation for a 300-(Q) two-wire line, where the radius of the 
conducting wires is 0.6 (mm); and (b) find the inner radius of the outer 
conductor for a 7 5-(Q) coaxial line, where the radiu of the center conductor is 
0.6 (mm). 
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P.8-4 alculatc the aLtenuauon conslanl at l (MHL) of a distortionless 
copper coaxial tran mission line who e inner conductor ha a radius 0.6 (mm) 
and outer conductor has an inner radius 3.91 (mm). The dielectric constant of 
the medium 1n-bet~een is 2.25. 

P.8-5 The following characteristic ha\'C been mea ured on a lo sy trans­
mis ion line at IOO(MHz): 

Z 0 = 50 + jO (0), 

'l - 0.01 (dB m). 

{3 = 0.8n (rad/ m). 

Determine R. L, G, and C for the line. 

P.8-6 Prove that a maximum power is tran ferred from a voltage source with 
an internal impedance 7.

11 
to a load impedance Z1. o er a lo le tran mt s1on 

line when Z; = z: , where Z, i the impedance looking into the loaded line. 
What is the maximum power-tran fer efficiency? 

P.8-7 Expre:. ~ ·(=)and /( ;;) in terms of the v ltagc V. and current I; at the 
input end and i' and Z 0 of a tran mt ion line (a) in exponential form, and (b) 
in hyperbolic form . 

P.8-8 A d-c generator of voltage V
9 

and internal resistance Rq i connected to 
a lo sy transmi · ion line characterized by a resi lance per unit length Rand a 
conductance per unit length G. 

a) Write the governing voltage and current tran mi sion-line equation . 

b) Find the general solutions for V(:) and /(:). 

c) Specialize the solutions in part (b) to tho e for an infinite line. 

d) pccialize the <;Olution in part (b) to those for a finite line of length ( 
that i terminated in a load re i tance RL. 

P.8-9 A generator with an open-circuit voltage v
9
(t) = 10 sin 8000m (V) and 

internal impedance Z
11 

= 40 + j30 (0) is connected to a 50-(n) di tortionle 
line. The line ha a re i tance of0.5 (0 m), and it los y dielectric medium has 
a loss tangent of0. 18° 0 • The line i 50 (m) long and is terminated in a matched 
load. Find (a) the in. lantaneou expressions for the voltage and current at an 
arbitrary location on the line, (b) the instantaneou cxpre ion for the 
voltage and current al the load. and (c) the average power Iran milted to !he 
load. 

P.8-10 Find the input impedance of a low-loss quarter-wavelength line 
(~i. « I): 

a) terminated 1n a ·hort circuit. 

b) terminated in an open circuit. 

P.8-11 A 2-(m) lo. le air-spaced transmission line having a characteristic 
impedance 50 (0) i terminated with an impedance 40 + j30 (0) at an 
operating frequency of 2 (MHz). Find the input impedance. 

P.8-12 The open-circuit and short-circuit impedances measured at the input 
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terminal of an air-spaced transmis ion line 4 (m) long arc 250, - 50 (Q) and 
360/20 (il). respectively. 

a) Determine Z0 , {:/., and fl of the line. 

b) Determine R. L. G, and C. 

P.8-13 Measurement on a 0.6-(m) lo sle. s coaxial cable at 100 (kH7) how a 
capacitance of 54 (pF) when the cable 1s open-circuited and an inductance of 
0.30 (ttH) when it is hort-circuited. 

a) Determine Z 0 and the dielectric constant of its insulating medium. 

b) Calculate the X io and X;, at 10 1MH/). 

P.8-14 A 75-/Q) los !es line is tcrmmated in a load impedance 
21.. =Rt jXL. 

a) What mu t be the relation between R1.. and .\ L in order that the 
standing-wave ratio on the line be 3? 

b) Find Xr. if R1 = 150 (Q). 

P.8-15 onsidcr a lossk.- Iran mi-; ion line. 

a) Determine the line's characteri tic rt:si tance so that it will have a 
minimum pos ible standing-wave ratto for a load impedance 40 + j30 
(Q). 

b) Find thi · minimum standing-wave ralw and the corre ·ponding voltage 
reflection coefficient. 

c) Find the location of the voltage minimum neare~t to the load. 

P.8-16 A transmission line of charncteristic impedance R 0 = 50 (Q) i~ to be 
matched to a load impedance Zt = 40+;10 (Q) through a length f ' of 
another transmi sion line of characteri. tic impedance R;1• Find the required I ' 
and R~ for matching. 

P.8-J7 Obtain the formulas for finding the length I and the terminating 
resistance RL of a los:-.less line having a characteri ·tic impedance R0 such that 
the input impedance equals z, = R; + ;x,. 
P.8- 18 The tanding-wave ratio on a lossless 300-(n) tran mission line 
terminated in an unknm n load impedance is 2.0. and the neare t \Oltage 
minimum is at a distance 0.3.A. from the load. Determine (al the reflection 
coefficient r of the load, and (bl the unl..nown load impedance L1..· 

P.8-19 A sinu. oidal voltage generator with 1 -~ = 0.1 . Q_ (V) and internal 
tmpcdancc 50 (il) t ' connected to a lo , less lran. mission line having a 
characteri tic impedance R0 - 50 (Q). The line i i 8 long and is terminated 
in a load re istancc R1. 25 (Q). rind (a) i~ . I;. i~. and 11..: (b) the standing­
wa\e ratio on the line: and (c) the a\l!rage power delivered to the load. 
Compare the result in part (c) with the case where R, = 50 (il). 

P.S-20 The characteristic impedance of a given lassies lransmis ion line is 75 
(Q). sea Smith chart to find the input impedance at 200 (MHz) of such a line 
that i. : (a) 1 (m) long and open-circuited, and (h) 0.8 (mJ long and short­
circuited. Then (c) determine the corresponding input admittance for the 
line,.., in parts (a) and (b). 
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P.8-21 A load impedance 30+j10 (Q) is connected to a lo sless transmis ion 
line of length 0.101/i. and characteristic impedance 50 (Q). Use a Smith chart 
to find {a) the standing-wave ratio. (b) the voltage reflection coefficient, (c) the 
input impedance, (d) the input admittance, and {e) the location of the voltage 
minimum on the line. 

P.8-22 Repeat Problem P.8-21 for a load impedance 30 - j 10 (Q). 

P.8-23 In a laboratory experiment conducted on a 50-(Q) lossless trans­
mission line terminated in an unknown load impedance. it is found that the 
standing-wave ratio is 2.0. The successive voltage minima are 25 (cm) apart, 
and the first minimum occur at 5 (cm) from the load . Find (a) the load 
impedance, and (b) the reflection coefficient of the load. (c) Where would the 
first voltage minimum be located if the load were replaced by a short-circuit~ 

P.8-24 A dipole antenna having an input impedance of 73 (Q) is fed by a 200-
(MHz) source through a 300-(Q) two-wire transmission line. Design a 
quarter-wave two-wire air line with a 2-(cm) pacing to match the antenna to 
the 300-(Q) line. 

P.8-25 The single-stub method is used to match a load impedance 25 + j25 
{Q) to a 50-(Q} transmission line. Use a Smith chart to find the required length 
and position (in terms of wavelength) of a hort-circuited stub made of a 
section of the same 50-(Q) line. 

P.8-26 Repeat Problem P.8-25 using a hort-circuited stub made of a section 
of a line that has a characteristic impedance of 75 (Q). 

P.8-27 Measurements on a lossle s transmission line of characteristic re-
i lance 75 (Q) show a standing-wave ratio of 2.4 and the first two voltage 

minima nearest to the load at 0.335(m) and I .235(m). Use a Smith chart to: (a) 
determine the load impedance ZL, and (b) find the location nearest to the 
load and the length ofa short-circuited stub required to match ZL to the line. 

P.8-28 A load impedance can be matched to a tran mis ion line also by using 
a single stub placed in series with the load at an appropriate location, as 
hown in Fig. 8-14. Assuming that ZL = 25 + j25 (Q}, R0 = 50 (Q), and 

R'o = 35 (Q), find d and I required for matching. 

-\ 
e 

1 
1--i/ 

FIG URE 8-14 Impedance matching by a series stub (Problem P.8-28). 
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In the preceding chapter we studied the charac-

tcri tic properties of transverse electromagnetic (T · M) wave guided by trans­

mi-..sion line . Tl· M wave . h we er. arc not the onl mode of guided wave. that 

can propagate on tran:mission line ; nor are the three types of tran mi sion lines 
(parallel-plate. tv.o-wirc. and coax ial) mentioned in ection - l the onl) po iblc 

wave-guiding tructurcs. For applict1tions above the HF and EHF range 

(f > 3 GH7, i. < IOcm) the u ·e or the two-conductor tran. mis ion line~ listed in 
Section 8-1 become impractical because the auenuation con. tant fT M waves 

along a line re ulting from a finite conductivity of the conductor increase. with 
the resi ·tan ·e pa unit length, R, of the line, which i directly proportional to the 

square-root of the frequency (sec Table 8-1 ). Al micr wave frequencie the 
attenuation would be prohibitive! high. In thi chapter wc tudy the character­

istics of electromagnetic wave propagating inside hollow metal pipes. Since 

metal pipes arc smglc conductor · \\ ith large urface area . we expect the 
attenuation due to resistance to be lower. Hollow metal pipe arc one form 0f 

uniform wa\e-guiuing tructurc-.. whi hare called waveguide . 

We fir t present an analy. i of the general behaviors of electromagnetic 
waw~ in a uniform waveguide of an arbitrary cross ection. The . larting point is 
the vcctor I lelmholtz' equation f r E and for H . We will ec that. in addition to 

t,.a11st•ersc electromagnetic (TEM) wave.\. which have no field components in the 

direction of propagation, both transverse magnetic (TM) wave with a longi­

tudinal c!lcctric-tldd component and transverse electric (TE) waves with a 



Waveguides and 
Cavity Resonators 

Cavity resonators 
are waveguide 
sections wit h 
endfaces. 

longitudinal magnetic-field component can a lso exist. However, it will be clea r 

that TEM wave cannot exist in a . ingle-conductor hollow (or dielectric-filled) 

waveguide. The characteri tics of both TM and TE modes in a rectangula r 

waveguide will be studied in detail. 

At microwave frequencies, ordinary lumped-parameter elements (such as 

inductance and capacitance ) connected by wires are no longer practica l a 

circuit element or as resonant circuits because the d imensions of the elements 

would have to be extremely small. becau e the resista nce of the wire circuits 

becomes very high as a result of the skin effect, and beca use of radia tion. A ho llow 

conducting box with proper dimensions can be used as a resonant device with a 

very high Q. Such a box, which is c. sentially a segment ofa waveguide with closed 

end face . is called a cavity resonatol'. We will d iscuss the different mode patterns 

of the field inside imple rectangular cavity resonato rs. 

9-2 GENERAL WAVE BEHAVIORS ALONG UNIFORM G UIDI NG STRUCTURES 

In this ection we examine some general characteristics for waves propagating 

along straight guiding structures with a uniform cross sect ion. We will a sume 

that the waves propagate in the +.::-direction with a propaga tion constant 

;· = (:/. + jf3 that is yet to be determined . For harmonic time dependence with an 

angular frequency w, the dependence on : and t for all fie ld components can be 

387 
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described by the exponentia\ factor 

(9-l) 

As an example, for a cosine reference we may write the instantaneous 
expression for the E field in Cartesian coordinates a 

E(x, y, z; r) = .~ < [E0(x, y)e<i<»t Y=IJ, (9-2) 

where E0(x, y) is a two-dimensional vector phasor that depends only on the 
cross-sectional coordinates. Hence, in using a phasor representation in 
equations relating field quantities we may replace partial derivatives with 
respect to t and z simply by products with (.icv) and (- }'), respectively ; the 
common factor eUwr - ; =I can be dropped. 

We consider a traight waveguide in the form of a dielectric-filled metal 
tube having an arbitrary cross section and lying along the z-axis, a . hown in 
Fig. 9-1. According to Eqs. (6-98) and (6-99), the electric and magnetic field 
intensities in the charge-free dielectric region inside satisfy the following 
homogeneous vector Helmholtz's equations: 

(9-3) 

and 

where E and H are three-dimensional vector phasors, and k the 
wavenumber: 

k = w,//;~. (9-5) 

The three-dimensional Laplacian operator V2 may be broken into two 
parts: v,:

1112 
for the cross-sectional coordinates and v; for the longitudinal 

coordinate. For waveguide with a rectangular cro s section we use Cartesian 
coordinates: 

V2E = (V;y + v;)E = ( v;,. + <:=
1
2) E 

- V2 E + "2 E - xy i · 

Combination of Eqs. (9-3) and (9-6) gives 

v;YE + (·/ + k 2)E = 0. 

Similarly, from Eq. (9-4) we have 

V.~y H + (/• 2 + k2)H = 0. 

(9-6) 

(9-7) 

(9- ) 

We note lhat each of Eqs. (9-7) and (9-8) is really three second-order partial 
differential equations, one for each component of E and H. The exact solution 
of these component equations depends on the cros - ectional geometry and 
the boundary conditions. (See Section 9-3.) 
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Expressing 
transverse field 
components in terms 
of E, and H, 

x 

FIGURE 9-1 A uniform waveguide with an arbitrary cross section. 

Of course. the variou components of E and H arc not all independent, 

and it is not necessary to solve all six second-order partial differential 

equation for the six components of E and H. Let us examine the interre­

lationship among the ix components in Cartesian coordinates by expand­

ing the two source-free curl equations Eq . (6-80a) and (6-80b) with J = 0: 

From V x E = - jwµH: From V x H = jwEE: 

(£~ elf!? 
~ + -;E?, = - jwpH~ (9-9a) ~ +-,·If? = jwEE~ (9- \Oa) 
cy l ' )' 

cE~ 
-1·H~ -

?H? 
-1·£~ - ~ - = - jwµH? (9-9b) ~ - = jwEEe (9-!0b) 

t'X rx 

?£~ cE~ . 0 
riHO ~Ho 

(9-9c) 
( )' (' x . 0 

(9-JOc) - - - = - /Olp H _ - - - = )WEE_ ex <".\' . - (1'( <ly -

Note that partial derivatives with respect to :; have been replaced by 

multiplications by ( -y). All the component field quantities in the equations 

above are phasors that depend only on x and y, the common e Y= factor for z­
dependencc having been omitted . By manipulating these equations we can 

express the transverse field components H~, H~, and E~, and E~ in terms of 

the two longitudinal components £~ and H~. For in lance, Eqs. (9-9a) and 

(9-lOb) can be combined to eliminate E~ and obtain H~ in terms of E~ and 

H~. We have 

0 I ( c'H~ . oE~) Hx = -- y-- -JWE -~-.- , 
h2 ox cy 

(9-11) 

0 I ( rH~ . ?E~) H ' = - - i' -~- +)WE -~- ' , h2 oy ex 
(9-12) 
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Cl-IAPHR 9 WAVEUUIDJ·S AND CAVITY R FSONATOR\ 

J~O = . \ 

t:<.' = 
I 

I (··''£·~ , 1
11-1°) 

I
-, I • - + /(.)JI • . 
1- < \: I .\ 

(9-13) 

l ( ?£~ . C' ll
0

\ 
-,- i' • - - j(l)JI • ) . 

Ji- ''J' r \ I 
(9-14) 

(9-15) 

The wave belun ior in a waveguide can be analyzed b) oh ing rq . (9- 7) and 
(9-8) for the longitudinal components,£~ and JI~. respectively. !>ubject to the 
required boundar) condition~. and then b) u ing 1-.q . (9-11) through t9-14) to 
determine the other component . 

It i · convenient to cla ·if)' the propagating wa \es in a uniform 
waveguide into three type at.:cording to whether f,= or II= exists. 

I. Thmsn•rw! electrmrwwierh' ( TE.\l J 11·m·e ·. Thee are wave that t.:un­
lain neither£= n r H =. e encountered T -M wave · in hapter 7 when 
we discussed plane waves and in ' hapter 8 on wave along Iran. ­
mi ·sion \me . 

2. frm1svc' rse 11wg11eric r TM J H'lll'es. Thee arc wave that contain a 
non1ero F.= but If== 0. 

3. 7rwtsi-ene electric ( TE ) 11 ares. The e arc waves that contain a 
nonzero II= but E, = 0. 

The propagation characteri tics of the various types of waves arc different; 
they will be discus ed in ubsequent subsections. 

9-2.1 TRA N SVERSE ELECTROMAGNETIC WAVES 

. ince l~= = 0 and H = = 0 for TEM waves within a guide. we -.cc that Fqs. 
(9-11) through (9-14) con titute a .el oftrii,,ial ·olution (all field components 
vani hl unle s the denominator '1 2 abo equal 1ero. In 01her \\Ord ·, Tl::.M 
waves exist only when 

(9-16) 

or 

~·I HI = jh = jcu, JI€. (9-17) 

which i~ e\adl) the same e\prc-.'>1on for the propagation con::.tant of a 
uniform plane \\.aYe in an unbounded medium charactcri7cd by con lllutivc 
parameters c andµ. We re all that [q. (9-17) also hold for a TJ"~1 v.a,c on a 
los les 1ransm1ssion line. It follow~ that the \elocit) of propagation (pha e 

\elocity) for TEM wave i · 



9-2 WAVF BEHAVIORS ALONG G U IDING STR U CTURF.S 391 
~~~~~~~~~~~~~~ 

Phase velocity for 
TEM waves 

Wave impedance for 
TEM waves 

Single-conductor 
waveguides cannot 
support TEM waves. 

(l) 

llp(THI J = k = fo (9-18) (m/s). 

We can obtain the ratio between£~ and H~ from Eqs. (9-9b) and (9-1 Oa) 
by setting E= and II= to zero. This ratio is called the wave impedance. We have 

z _ E~ _ jwp i' r1:M 

TFM - Ho - -,, - 1·wE 
.I' I T F. M 

(9-19) 

which becomes, in view of Eq. (9-17), 

(fi). 1 (9-20) 

We note that ZTEM is the same as the intrinsic impedance of the dielectric 
medium, as given in Eq. (7-14). Equations (9-18) and (9-20) assert that the 

phase velocity and the wave impedance for TEM waves are independent of the 

frequency of the waves. 
Single-conductor waveguides cannot support TEM waves. ln Section 

5-2 wc pointed out that magnetic flux lines always close upon themselves. 

Hence ifa TEM wave were to exist in a waveguide, the field lines of B and H 
would form closed loop in a transverse plane. However, the generalized 
Ampere's circuital law, Eq. (6-46b), requires that the line integral of the 

magnetic field around any closed loop in a transverse plane equals the um of 
the longitudinal conduction and displacement currents through the loop. 

Without an inner conductor there is no longitudinal conduction current 
inside the waveguide. By definition, a TEM wave does not have an £=­

component; consequently, there is no longitudinal displacement current. The 

total absence of a longitudinal cu rrent inside a waveguide leads to the 

conclusion that there can be no closed loops of magnetic field lines in any 
tran, verse plane. Therefore, we conclude that TEM waves cannot exist in a 
single-conductor hollow ( 01· dielectric-filled) waveguide of any shape. 

9-2.2 TRANSVERSE MAGNETIC WAVES 

Transverse magnetic (TM) waves do not have a component of the magnetic 

field in the direction of propagation, H= = 0. The behavior of TM waves can 

be analyzed by solving Eq. (9-7) for £=subject to the boundary condi tions of 
the guide and using Eqs. (9-11) through (9-14) to determine the other 
components. Writing Eq. (9-7) for £=, we have 

V.~y E~ + (y2 + k 2 )£~ = 0, (9-21) 
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Relat ion between 
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or 

19-221 

Equation {9-2-) i a econd-orc.Jer partial dilforential equation. "hi h can he 
solved for£~ . In th1 ·ection we wi h to c.Ji cuss only the general propertie · of 
the \ariou wave t)pc . The actual olut1on f q. (9-22) \viii v.alt until the 
next cction when we discus rectangular wavegmdcs. Once E~ is determined. 
all other field component can be found fr m Eq'>. 19-11) through 19-14) with 
/l ~ = 0. We can ei<prcs the rela tion between the trans\crse component of 
magnetic field intensll . H? and H?. anc.J those of electric field 1nten It). L~ 
and E~. in term of a wave impeda nce. Zn1• fo r the TM mode. 

E~ i' 
fl~ = -jcr-JE 

(9-23) (0). 

It i im portant to note that 7.,M i · "'''equal to j10µ ;·. because;· for TM 

WU c . unlike i' ll_\1• is tl()! ClJUa\ lo .JW, }IE . 

When we undertake to solve the two-duncn ·ional ho111 gcneous 
Helmholtz equation. Eq. (9-22). ubject to the boundar) conditions of a given 
waveguide, we will discover that solu ti ns are po 1blc onl) for discrete ra/ue.\ 
of h. There may be an infinit of these d1 cretc values. hut olut1on arc not 
po siblc for all va lue · of h. The values of h for which a solution of q. (9-22) 
e>.ist arc called the characteristic t•alue~. or eigent•ulue\. of the boundar)­
valuc problem . Each of the eigenvalue determines the characteristic proper­
tic of a particular 1 M mode of the g1vl.!n wa\cgu1de. 

ln the fol lowing ect1on we will also d1 over that the eigenvalue of 
the variou ~aveguide problems arc real number . From Eq. 19-15) we ha\l.! 

•. - '1,2 kl , - , 
(9-24) 

Two distinct ranges of the value · for the propagation constant arc noted, the 
dividing p int being ,· = 0. "here 

(9-25) 

or 

(H7). (9-26) 
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The frequency, _fc, al which /' = 0 is called a cutoff frequency. The value of Jc 
for a particular mode in a ww;eguide depend on the eigeni1a/11e, h, of this mode. 
Using Eq . (9-26), we can write Eq . (9-24) as 

(9-27) 

The two distinct range of 1· can be defined in terms of the ratio U/./~)2 
a compared to unity. 

a) (f )2 > I, or f > .fc . In this range, co 2w > h2 and y is imaginary. We 

have, from Eqs. (9-24) and (9-26), 

I' = jf3 =jkJ1 -G)1 =jkJI -(JY· (9-28) 

ll is a propagating mode with a phase constant {J: 

/3=kJ1 - (~~y (rad/ m). (9-29) 

The corresponding wavelength in the guide is 

), = 2n = I . 

g /3 1 - (}~/JV' 
(9-30) 

where 

. 2n I u 
/, = -=-- = -

k f µE f 
(9-31) 

is the wavelength of a plane wave with a frequency f in an unbounded 

dielectric medium characterized by J.L and E, and u = I/ µE is the 
velocity of light in the medium. Equation (9-30) can be rearranged to 
give a simple relation connecting)., the guide wavelength ).g, and the 
cutoff wavelength ).c = u/ fc: 

(9-32) 

The phase velocity of the propagating wave in the guide is 

(V u A 
u = - = = ...Jl.. u>u 

p [3 J i -(fc/f) 2 ). . 
(9-33) 
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b) 

We ~cc from Eq. (9-33) that the pha5c velocity \\ith1n a wa\egu1de i~ 

always higher than that in an unbounded medium and 1s frequcncy­
c.lepcnden t. Hence .\illgle-,·onductol' wal'eguide,1; are di pel'.,ire tt·u11!;­

mi ion system .\ , although an unbounded los le · dielectric.: medium is 
nonc.lisper!)ive. ub titut1011 of Fq. (9-2 ) in Eq. (9-23) yields 

,- (J,) 1 

Zrn = 17 I - I (Q). (9-34) 

Thu!;, the wa1•e impedance of pl'Opagating TM mode in a wat•eguid£' with 

u lo sler.s dielectric is purely rei.iMive and i!<. alway~ les~ than the intrin~ic 

impedance of tlte dielectric m edium. 

( f Y < I. or I < j~. When the operating frequency i lower than the 

cu101T frequency, "/ is real and Eq . {9 -27) can be written as 

.,. = r.c - Ii 1 -(I )2 

I·. ' 
. ' 

(9-35) 

which t., in fact, an attenuation constant. ince all (!eld components 
contain the propagation factor e ·= = e ". the wave d1minishc~ rapidly 
with :: and i~ !)aid to be evane.'icent. Therefore, a waveguide exhibits the 

property of " h(qh-pas.\ filter . For a yiren mode, 011/y ware W// h a 

fret/uencr hiqher 1ha11 the rnwlf'jre1111e11q• <1{ the mode c.11n propay11te i11 

tire yuitle. ub titution of Eq. (9-35) in l·q. (9-23) give an imaginary 
wave impedance of TM modes for f < /, . Thu . the wave impedance of 
eHtne ent TM mode at frequencies below cutoff 1s purely reactive. 
indicating that there i no power Oow as o iated with eva nescent waves. 

9-2.3 TRANSVERSE ELECTRIC WAVES 

Trans,erse electric (Tc) wa\ cs do not have a component of the electric field in 
the direction of propagation, £ . - 0. The behavior of TE wa ve · can be 
anal)'lcd by tir ·t solving Eq . (9-8) for H:: 

(9-36) 

Proper boundar) eondniom. JL the guide wall must be satisfied. The 
tran verse field comp nent can then be founc.l by ubstituting fl = into the 
reduced Eqs. (9-11) through (9-14) with /~= set to 7ero. 

The trnn vcr"e component of electric field intensity. E~ and t.?. are 
related to those nf magnetic licld inten ity. H? and H;1, through the wave 
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impedance. We have. 

E~ E~ jCIJJI 
ZTE= Ho= --o 

)' Hx ;· 
(9-37) (Q). 

Note that Z 1 E in Eq. (9-37) is quite different from Z™ in Eq. (9-23) because y 

for TE waves. unlike }'i1:M• is not equal to jw~. 
Since we have not changed the relation between y and h, Eqs. (9-24) 

through (9-33) pertaining to TM waves also apply to TE waves. There are 
also two distinct ranges of /', depending on whether the operating frequency is 

higher or lower than the cutoff frequency, j~, given in Eq. (9-26). 

a) (f )2 > 1. or f > J; .. In this range, '}' is imaginary, and we have a 

propagating mode. The expression for }' is the same as that given in Eq. 

(9-28): 

b) 

y =j/3 =jk J1 -(;)2. (9-38) 

Consequently. the formulas for {3, )·g · and uP in Eqs. (9-29), (9-30) and 
(9-33), respectively. al o hold for TE waves. Using Eq. (9-38) in Eq. 

(9-37). we obtain 

(9-39) 
17 

ZTI: = --;:==== J i - u;.!f)2 
(Q), 

which is obviously different from the expression for ZTM in Eq. (9-34). 
Equation (9-39) indicate that the wave impedance of propagating TE 
modes i11 a waveguide with a lossless dielectric is purely resistive and is 
always larger than the intrinsic impedance of the dielectric medium. 

(f )2 < l, or .f <f; .. ln this case, y is real a nd we have an evanescent or 

non-propagating mode: 

.. = rx = /1 J 1 _ (I)2 

I .1: • f <Jc. (9-40) 

Since i' in Eq. (9-40) is purely rea l, the wave impedance of TE modes in 
Eq. (9-37) for f <fc. 

wµ 
Z 11: = j -h---;::::J=-=(j='j 1=~=)2 ' f <fc. (9-41) 

is purely reactive. indicating agarn that there 1s no power fl ow for 
evanescent waves atf <k 
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• EXER I E 9.1 

• EXERCISE 9.2 

EXAJ\IPLE 9-1 

01spers1on diagram 
is an ~p graph. 

• 

CllAPTIR9 WAVI GllDES NIJC VllYRI 0 TORS 

(a) Determine the wa' c impedance and guide wa' elength (in term of their \· aluc~ 
for the TEM mode) at a frequency equal to twice the cu tolI frequency in a 
wa egu1de for TM and T mode~. 

(b) Repea l part (al for a frequency equal to one-half of the cutoff frequency. 

N..,. (a) 0.86611. l. I 55i.: 1.15511. J.155;. (b) - j0.276/z (,E; jJ.6Jfr11/ /r. 

Obtain from Eq. (9-33) an expres 1011 for the group velocity. "q· in a waveguide in 
term of fr and f. and pro e that 

(9-43) 

Equation (9-29) gives the relation bet ween the phase con ·tant p and the 
frequency .f f propagating modes m a v.aveguide. Pl t the c11 - fl graph for 
TM and TF modes. and discu s how the pha e and group elocitie · of a 
propagating wave in the guide ca n be determined from the gra ph. 

SoUTIO 

Equation (9-29) hold~ for both TM and TE propagating mode . incc 
k - cu111. where 11 = II , ~ i the velocity of wave propagation in the 
unb unded medium. we can rewrite Eq . (9-29) a · 

/Ju --- (9-·B) (/) - -
, I - (wJ w) 2 

The 01 - /J graph. called a dispersion diagram. i plotted in Fig. 9-2 as thi..: olid 

curve. It mtcr-.ecb the 10-axi!I (/J = 0) at <1J = <oc. The lope of the line joining 

Fl 1llRr 9-2 m - fJ gra ph for waveguide I ":<.ample 9-1). 

Propa!!altng 
I \I <md T[ 1111 id.:" 

/ 

/ 
/ 

/ 
/ 

/ 
/ 

/ 

- · · · ,,. ,,. rl.:M mode .-· / 

. / 

.·· ,,/ .· / 
,'/ 

,Y 

/ 
/ 

/ 
/ 

/ 
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the origin and any point, such as P, on the curve is equal to the phase velocity, 

uP. for a particular mode having a cutoff frequency Jc and operating at a 
particular frequency. The local slope of the w- {J curve at P is the group 
velocity, uq. We note that, for propagating TM and TE waves in a waveguide, 

uP > 11, Llg < LI, and Eq. (9-43) holds. As the operating frequency increases 

much above the cutoff frequency, both uP and ug approach u asymptotically. 

The exact value of w" depends on the eigenvalue Ii in Eq. (9-26)-that is, on 
the particular TM or TE mode. 

onsider a parallel-plate waveguide of two perfectly conducting plates 
separated by a distance h and filled with a dielectric medium having 
constitutive parameter (E, µ),a shown in Fig. 9-3. The plates are assumed to 

be infinite in extent in the x-direction. (Fields do not vary in the x-direction.) 

a) Obtain the time-harmonic field expressions for TM modes in the guide. 

b) Determine the cutoff frequency. 

SOLUTION 

a) Let the waves propagate in the +.:-direction. For TM modes, H= = 0. 
With harmonic time dependence it is convenient to work with field 
intensity phasors and write EAy, .:) as E~(y)e -r=. Since there i no 
variation in the x-direction, Eq. (9-22) becomes 

d2 £0( ") =/ + h 2 E~(y) = 0. (9-44) 
dy 

The general solution for Eq. (9-44) is 

E~(y) = An sin hy + 8 11 cos hy. (9-45) 

I IGURE 9-3 An infinite parallel-plate waveguide. 
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ince the tangenual wmponent of the electric field must \trn1 hon the 
urface of the perfect!) conducting plate . . the following boundary 

c nditi ns should he ~ati . tied : 

(i) l \' = 0. 1:: 0(0) = o. 
and 

(ii) t .\ = h, E~1(h) = 0. 

Boundary condtlion (1) rc4u1re Bn = 0; and boundar} cond111on (ii) 
require. sin hh -= 0. or hh = 1m. which determines the value of the 
eigenvalue Ii: 

111r 
h = h. n = l, .... 3 ..... 

Hence. E~(.\') in Eq. (9-45) must be of the follo\\111g form: 

£~(.\') = An sin ('1~'} 

(9-46) 

(9-47) 

\\here the amplitude ·I,. depends on the trength of excitation of the 
particular TM wave. The only other non1cro fkld ·omponcnh arc 
obta 111ed from l:qs. (9-11 land (9-14), keeping 111 mind that 1-/ ~ = 0 and 
?E~ ?x = 0. 

(9-481 

t;O( \') = - 1 4 COS -
.. (1111:) 

I h n . h • (9-49) 

The ;· 111 Eq. (9-49) is the propagation constant that an be determined 
from l?q . (9-24): 

i' = I('~ 
1 

- ( !Jl /IE (9-50) 

b) The cutoff frequency,.., the frequcm:y that makes ;• = 0. We have 

II 

= ') 
- h'- JlE 

(H~ (9-51) 

''h1ch. of<.:our ... e. l:he<.:k-. \\Ith q. (9-26). \\aves \\Ith/ > J, propagate 
\\ ith a pha ·e cnnstant {J. given in q. (9-29): and Wa\'CS With f ::;; J, are 
c,·ane.Tcnt. 

Depcndmg on the \alue-. of 11. there are d11Tcrent pos ible 
propagating TM modes (e1genmodes) corn: ponding. to the difkrent 
l!igell\alues h. Thu:-. there are the TM 1 m(idc (11 I) with cutofT 
frequcnq (J,), = I '2.h, /If:. the r M z mode (11 = '2.J \\.ith U.h = I h, /If:. 

and so on . Fach mode hus its own charactcrbttc . When 11 = 0, /-. , = 0 



9-2 WAVE BEHAVIORS ALONG GUIDING STRUCTURES 399 

a nd only the tran verse components Hx and £}. exist. Hence TM0 mode 
is the TEM mode, a special case, for which .fc = 0. 

REVIEW Ql FS I 

<._ .iJ - 1 Why are the common types of transmis ion lines not useful for long-distance 
signal transmission at microwave frequencies in the TEM mode? 

Q.'>· 1 Why are lumped-parameter elements connected by wires not useful a resonant 
circuits at microwave frequencies? 

Q., - What are the three basic types of propagating wave in a uniform waveguide? 

Q.So--' Explain why ingle-conductor hollow or dielectric-filled waveguides cannot 
upport TEM waves. 

Q - Define wave impedance. 

Q o In what way doe the wave impedance in a waveguide depend on frequency: 

a) For a propagating TEM wave? 

b) For a propagating TM wave? 

c) For a propagati ng TE wave? 

Q.9· 7 What are eiyerwolucs of a boundary-value problem? 

Q. - What is mean t by a cwojf.frequency of a waveguide? 

Q. - J Can a waveguide have more than one cutolT frequency? On what factor Joes 
the cutolT frequency of a waveguide depend? 

Q. 10 Is the guide wavelength of a propagating wave in a waveguide longer or 
shorter than the wavelength in the corresponding unbounded dielectric medium? 

Q t J What is an evanescent mode? 

REMARKS 

l 

1. A waveguide exhibits the properties of a high-pass filter, letting only 
those frequencies that are higher than a cutoff frequency propagate. 

2. The wave impedance for both TM and TE propagating modes in 
lossless waveguides are purely real and change with the ratio (.fc / J); 
those for evane cent modes are purely imaginary. 

3. The wavelength (/,g) and phase velocity (up) for both TM and T E 
modes in a waveguide are greater than the wa velength (A.) and velocity 
(u), respectively, of wave propagation in the corresponding un­
bounded medium. 

4. The group velocity (ug) of wave propaga tion in a waveguide is not 
equal to the productf)."' but the phase velocity (up) i . 

5. Single-conductor waveguides are dispersive transmission sys tems. (up 
is not proportional to f) 

6. The cutoff frequency of a pa rallel-pla te waveguide is inversely pro­
portiona l to the pla te sepa ra tio n. 
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9-3 R ECTAN GULAR W AVEGUIDES --- -

The parallel-plate waveguide analpcd in [xample 9-2 a urned the plates to 
be of an infinite ex lent in the tran ver e x-direction; that is. the field do not 
\ary \\ith x Jn practice. thee plate!> are alway finite in width, with fringing 
fields at the edges. Electromagnetic energy will leak through the <>ide of the 
guide and create undel'.irablc stray coupling to other circuit and ystem . 
Thu · practical waveguides arc u ually uniform structures ofa cro. s section of 
the endo cd varict~ . In this .,cction we \\Ill analyic the wave behavior in 
hollo\\ rectangular wa vcguides. 

In the following d1 ·cm.-.ion we draw on the material in Section 9-2 
concerning general wa c behavior along. uniform guiding tructures. Prnpa­
gation of lime-harmonic \\ave in the + ::-direction with a propagation 
con tant ;· is con ·idered. TM and TE modes will be discu · ed eparately. s 
we have noted previous!), Tr 1 wa es cannot exi t in a ·inglc-conductor 
hollo~ or dil!lectric-fillcd waveguide. 

9-3.1 TM WAVES IN RECTANGULAR WAVEGUIDES 

Consider the wa,eguiJc ketched 1n Fig. 9-4. with it rectangular cross 
cction of side a and h. The enclo cd dielectric medium is as urned LO have 

constitutive parameter~ E and JL For TM \\ave-, H= = 0 and L= i to be ol\'cd 
from Eq. (9-22). Writing E=(x, y, :) as 

/: =( x, y. :) = t~( .\, y)e =, (9-52) 

we solve the folio~ ing ~ccond-order partial differential equation: 

( 

(~ i r2 ) 
72 + 72 + 1i2 E~(x. y) == 0. 
(.\ ( y 

(9-53) 

FIGURI· 9-4 A rectangular waveg.uide. 

,\ 
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We as umc that the olution E~(x, ) ')can be expressed as the product of a 

function X(x) depending only o n x and a function Y(y) depending only on y: 

E~(x . .rl = X(x)Y(y). (9-54) 

In Subsection 3-11.5 we mentioned the uniqueness theorem. which guaran­
tees that a olution of Eq. (9-54), however obtained, is the only po · ible 

solution if it satisfies the problem's boundary conditions. By assuming a 

product olution such as that in Eq. (9-54). we follow the method ofsepararion 
of variables. Substituting Eq. (9-54) in Eq. (9-53) and dividing the resulting 

equation by X(x)Y(y), we have 

1 d2 X(x) I d2 )' (y) 
2 ------,-=----1- +h. 

X(x) d:c Y(y) dy-
(9-55) 

Since the left side of Eq. (9-55) is a function of x only and the right side is a 
function of y only, both sides must equal a constant in order for the equation 

to hold for all values of x and y. Calling this constant (separation constant) k_~, 
we obtain two separate ordinary differential equations: 

d1 X(x) 2 
--2- + k_, X(x) = 0. a nd 

dx 

where 

c12 Y(y) , 
-

1
- 2- + k~ Y(y) = O. 

c J' 

k 2 = /12 - k2 
.l' x· 

The general solutions of Eqs. (9-56) and (9.57) are 

X(x) =A 1 sin k .. x + A 2 cos k .. x a nd 

Y(y) = 8 1 si nky)' + B1 coskrY· 

(9-56) 

(9-57) 

(9-58) 

(9-59) 

(9-60) 

The appropriate forms to be chosen for X(x) and Y(y) must be such that their 

product in Eq. (9-54) atifies the following boundary condition : 

1. In the x-direction: 

£~(0, y) = 0, and 

E~(a, y) = 0. 

2. ln the y-direction: 

E~(x, 0) = 0, and 

E~(x, h) = 0. 

Obviousl y. then, we must choose: 

X(x) in the form of si n k,,x, 

nm 
kx= - , 

a 
Ill = l, 2, 3, ... : 

(9-61) 

(9-62) 

(9-63) 

(9-64) 
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Y(y) in the form of sin ky.I', 

mr 
ky=-y; , n = I, 2, 3, ... : 

and the proper solution for E~(x, y) is 

0 . . (nm ) . (mr ) E~(x, y) = E0 stn 0 x sin b Y (V / m), (9-65) 

where £ 0 has been written for the product A 1 B 1• which is to be determined 
from the excitation conditions of the waveguide. The other field component 

can be obtained from Eqs. (9-11) through (9-14) by setting H~ = 0. 

The eigenvalue h C! nd propagation constant ;· are related to k_, and ki by 

Eqs. (9-58) and (9-24), respectively. We have 

2 (nm)2 (nrr)2 

h= -;- +-,;, (9-66) 

(9-67) 

Every combination of the integers m and n defines a possible mode that may 

be designated as the TM,,,,, mode; thus there are a double infinite number of 

TM modes. The first ubscript denotes the number of half-cycle variations of 

the fields in the x-direction, and the second sub cript denotes the number of 

half-cycle variations of the fields in they-direction. The cutoff of a particular 

mode is the condition that makes;· vanish. For the TM"'" mode, the cutoff 
frequency is, from Eq . (9-26), 

/1 l jf}m)2 
- ( 11)2 (}~),,,,, = - - - -- = - + -b 

2rr JI€ 2 /IE a 
(9-68) (Hz). 

Alternatively, we may write i"' = u/j~ = 2rr/h, or 

(m), (9-69) 

where )., is the cutoff wavelength. 
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For TM modes in rectangular waveguides, neither m nor n can be zero. 

Otherwise, E~(x, y) in Eq. (9-65) and all other field components would vani h. 

Hence, the TM 11 mode has the lowest cutoff frequency of all TM modes in a 

rectangular waveguide. The expression for the phase constant (J and the 

wave impedance ZTM for propagating modes in Eqs. (9-29) and (9-34), 

respectively, apply here directly. 

A rectangular waveguide having interior dimensions a= 2.3 (cm) and b = 1.0 

(cm) i filled with a medium characterized by E, = 2.25, µ, = t. 

a) Find h.fc , and ).c for TM 11 mode. 

b) If the operating frequency is 15°10 higher than the cutoff frequency, find 
(ZhM

11
, (fJhM .,, and (/.

9
hM.,· Assume the waveguide to be los less for 

propagating modes. 

SOL TJON 

a) For the TM 11 mode, we use m = n = 1 in Eqs. (9-66). (9-68), and (9-69). 

(hhM ., = J(2.3 x1\o-2 y + C.o xn 10 - 2 y = 342.6 (m 1). 

_ h _ ~ _ 342.6 x (3 x I 0 8
) _ O 

(J;.hM
11 

- - - - 1 .9 (GHz). 
2n J.IE 2n E, 2n 2.25 

2n 2n 
V-rhM11 = h = 

342
.
6 

= 1.83 (cm). 

b) At .f = 1.15]~ = 1.15 x 10.9 = 12.54 (GHz), TM 11 is a propagating 
mode. The expressions for Z™, {3, and i.9 in Eqs. (9-34), (9-29), and 

(9-30) all contain the factor J1 - (/c//) 2 = J1 - (l / 1.15)2 = 0.494. 
We have 

rTJ:\! 377 
(Zh\i , I = 17 '1 l - \ ] ) = ' 2.25 x 0.494 = 124.2 (Q), 

(q = CJ -([c_)2 
_ 2n x (12.54 x 10

9
) 

f'hM 11 Wy µE J { - 3 X 108 
2.25 

x 0.494 

= 194.5 (rad/ m), 

and 

211: 211: 
0)TM 11 = -((J) = -

9
- = 0.0323 (m) = 3.23 (cm). 

TM 11 I 4.5 
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For f < (.fc)rM
11

, TM 11 i an evanescent mode. Find the attenuation constant for 
TM 1 1 mode in the waveguide in Example 9-3 at f = 0.85.fc. What i the di lance in the 
waveguide over which field amplitudes will be reduced by a factor of e 1 or 36.8° 0 ? 

A[';S. 180.5 (Np/ m), 5.5 (mm). 

For the waveguide in Example 9-3 find the cutoff frequencies for TM 12 and TM 21 

modes. 

A[';S. 20.5 (G Hz), 13.3 (GHz). 

9 -3.2 TE WAVES IN RECTANGU LAR WAVEGUIDES 

For transverse electric waves, E= = 0, we solve Eq. (9-36) for H =· We write 

HJx, J', ;:) = H~(x, y}e -;·=, (9-70) 

where H~(x, z) satisfies the following second-order partial-differential 

eq uation: 

( ~112 + : -i 22 + 112) H~(x, y) = 0. 
c ·x cy 

(9-71) 

Equation (9-71) is seen to be of exactly the same form a Eq. (9-53). The 

olution for H~(x, y) must satisfy the following boundary conditions. 

I. In the x-d irection: 

?Ho 
~ = 0 (£}, = 0) 
ex 

2. l n the y-direction: 

cH? 
~ = 0 (Ex= 0) 

Dy 

cH? 
-- =O(Ex=O) ry 

at x = 0, 

at x = a. 

at y = 0, 

at y = h. 

It i readily verified that the appropriate olution for H~(x, y) is 

H~(x, y) = H 0 cos (
11

;,rr x) c_o_ ( _nbrr_ j_) __ (_A/ m j 

(9-72) 

(9-73) 

(9-74) 

(9-75) 

(9-76) 

The other field component are obtained from Eqs. (9-11} through 

(9- 14): 

E~(x, y) = );: ( nbrr) H 0 cos er: x) sin ( nbrr y), (9-77) 
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• EXERCISE 9.5 

EXAMPLE 9-4 

9-3 RECTANGLLAR WAVl:G U IDI: 405 

0 _ . _ jw11 ("m) . (1111! -) (nn ) Ey(.x, .1) - -v --;- H 0 sin -;- ·x cos h y , (9-78) 

'}' (nm) (mn ) (nn ) H~(x, y) =hf a H 0 sin ax cos by , (9-79) 

"/ (nn) (nm ) . (nn ) H~(x, y) = 111 h H 0 cos a x sm by , (9-80) 

where h and I' have the same expressions a those in Eqs. (9-66) and (9-67), 

respectively, for TM modes. 
Equation (9-68) for cutoff frequency also applies here. For TE modes, 

either m or n (but not both) can be zero. Cf u > b, h = n/a is the sma llest 

eigenvalue and the cutoff frequency i the lowest when m = I and n = 0: 

. 1 u 
Ur lr1:1n = 2a 

2a µE 
(9-81) (Hz). 

The corresponding cutoff wavelength is 

(m). I (9-82) 

The mode having the lowest cutoff frequency (longest cutoff wavelength) is 

called the domina11t mode. Hence the TE 10 mode is the dominant mode of a 
recran9ular waveguide wirh a > b. Because the TE 10 mode has the lowest 

attenuation of all modes in a rectangular waveguide and its electric field is 

definitely polarized in one direction everywhere, it is of particular im ­
portance. We will examine its field structure and other characteristics more in 

detail later in this chapter. 

(a) What i. the dominant mode of an a x h rectangular waveguide if a< b? What is its 
cutoff wavelength? (b) What are the cutoff frequencies in a square waveguide (a= b) 
for TM 11 • TE10, and TE02 modes? 

Al'\S. (a) 2b, (b) 11a 2w. 

A TE 10 wave at I 0 (GHz) propagates in a rectangular waveguide with inner 

dimensions a = 1.5 (cm) and h = 0.6 (cm), which is filled with polyethylene 
(E, = 2.25, µ, = I). Determine (a) the phase constant, (b) the guide wavelength, 

(c) the phase velocity, and (d) the wave impedance. 
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EX.\ \1PLE 9-5 
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SOLUTIO'\ 

At f = 10 10 (H7) the wavelength in 11nho11nded polyethylene is 

• er 3 x I 0 8 2 x I Oli 
1 = - == - I()~ = 0.02 (m). 
. J v 2.25 10 10 

The cutofTfrcquen .Y for the Tf: 10 mode i, from Eq. (9-81), 

II ~ x JO 10 f.. = ,- = -, - -
5
- -

0 
, = 0.667 x 10 (Hz). 

_a (I. x I -i 

a) The pha e con tant i">. from Fq. (9-3 ), 

(I) nn1;)2 2rr101 0 ff = I = - I 0.6671 

LI ( 2 X 108 "V 

= 74.5n = 234 (rad/m). 

b) The guide wavelength is, from Eq. (9-30). 

• I . 0.02 
1.9 - - == 0_ 74~ = 0.0268 (m). 

' I - U: fl2 _) 
c) The phase \elocity i . from E:q . (9-33). 

ll .::! x 10 
11,, - -=- - = - = 2.6 x 10 

, I _ U: t!Ji 0.74-
(ms). 

d) The wave impedance is, from Eq. (9-39). 

J77/ 2.25 
0 7 = 337.4 (0) . 

. 45 

Which Pv1 and Tl modes can propagate in the polyeth)lene-lillcd rcct..ingular 
waveguide in b.ample 9-4 if the operating frequency i~ 19 1G ll1)'! What are their 
cutoff fre4w:: m:1e"? 

/\" .. rE 111 • TF· 211. Tl ., 1• Tl: 11 • and T\1 11 ut o fffrcquencie in (GI 11): 6.67, 13.3. 16.7. 
17.9. and 17.9. 

(a) Write the in ·tantaneous field expre!->sion for the TE 10 mode in a 
rectangular waveguide ha' 1ng !->ide~ a and h. (b) Sketch the electric and 
magnetic field line-. in t_y pica! \ 1 - . y:-. and \:.: -plane~. (l:) ketch the :.urface 
current on the guide ''alb 

' OLLTION 

a) The in tantaneou-. field expres\ion for the dominant TE 10 mode are 
obta1nccl by multiplying the pha. or expre ion in Eq'>. (9-76) through 



1/a 

-- - ....... ,_ . 
-- -... ... ,_ . 
- --.... ... ,_ . 
- - -_ ... ,_ . 

(a) 

9-3 RE:CT ·'\l\l(jLJL.AR WA\E(jlJIDLS 

ylh ~ y//1 

1.0 

05 8 

() 

() () rr/2 

1/11 

I .0 

rr 
th) 

----

. . ..:. 

.'. 

407 

-;, 
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(C) 

FIGURE 9-5 1-ic!d lines for TE 10 mode in rectangular waveguide. 

(9-80) with e.ii<n - fl:J and then tak.ing the real part of the product. We 
have. for 111 = I and 11 = 0 ('1 10 = n111). 

E,(x. y, .:; I)= 0. 

EJ(x, y, :; r) = -- Ii 0 sin x sin (wt - /J 10z), 
(.')Jill . (7[ ) . 

rr a 

E:(_'(, y, .:; r) = 0, 

fJ 1 0 a . (n ) . 1, Hxf \", y. ::; I) = - - JI 0 sm - \" sin (wt - ,_, rn:::). 
7r ll 

11,.(x. y . .:; f) = 0. 

1-f 0 (.x. y, :; I) = /-f 0 cos (: \)cos (wl - {J 10z), 

where 

(9-83) 

(9-84) 

(9-85) 

(9-86) 

(9-87) 

(9-88) 

11 =, k
2 

- 1i2 = J:2
,1E - (~)1- (9-89) 

b) We see from Eq . (9-83) through (9-88) that the TE 10 mode has only 
three nonzero field components - namely, f.}., H x• and H =· In a typical 
xy-plane, say, when sin (wt - {J.:) = I, both Er and I-ix vary as in (nx/u) 
and arc independent of y, as shown in Fig. 9-5(a). In a typical y:-planc, 
for example at x = a. 2 or sin (n. /a) = I and cos (nx/ a) = 0. we on!y 
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---3 rr/ '2 

I IGURI' 9-6 urfat:c current on guide walls for TE 10 mode in rectangular 
waveguide. 

have L, and 11 x• both of which vary sinusoidally with /J:. A ketch of £ 1• 

and H, at 1 = 0 is given in Fig. 9-S(h). 
The ketch in an \:-plane will show all three non7ero field 

components £ , . H .. and H =· The -;lope of the H line at t = 0 is 
gn,erncd by the following equation: 

(ch) /3 (n) (rr ) = --, tan .\ tan fl::. 
cl: 11 Ir a a 

(9-90) 

''hich can be u:ed to draw the H line in hg. 9-S(c). These lines are 
111dependent of y . 

c) The ·urface current tkn~ll) on guide \\alls. J ,. is related to the magnetic 
fh.:ld inten ity by Eq. (6-47h): 

J ., = a,, x H. (9-91) 

''here an 1 the ou111cm/ normal from the \\all ~urfacc and H i the 
magnc1it: field 111tens1ty at the wall. We have. at 1 ==-- 0. 

J 1(\ = 0) = a 1 H. (0 . . 1. :: 0) - a 1H 0 co fl:, 
J ,(x = ct) = a, H =(a. r . :: OJ = J ,{x = OJ. 

J ,( J = 0) = a,11=(.\ . 0. : : 0) - aJ/x(.\, 0, :: 0) 

(9-92) 

(9-93) 

= a,J/ 0 cos(~ .\) co /J: - a= 1~2 C) H0 <;111 (: x) s111 /J:, 

J , ( I'= hi = - J , (_r 0). 

(9-94) 

(9-95) 

The urfoce current~ on the inside wall at x = 0 and at y = h arc 
ketched in Fig. 9-6. 
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As wave. propagate a long a wavegui<le, charges arc depo~ite<l on the inner surface of 
its walls. Find the expressions for the :-.urface charge di:,, I ribut1on~ 

a) along the center lines of the top and bottom walls. and 

b) along the ~1de walb for the TE 10 mode a t t = O 

A"·. (a) p, = {C'J/lfll n)ll 0 si n {J 10:: (C m 2
) on top wall. (b) 0. 

Standard air-filled rectangular waveguides have been designed for the radar 

bands listed in Table 6-4. The inner dimensions of a waveguide suitable for 

X -band applications arc: a = 2.29 cm (0.90 in.) and h = 1.02 cm (0.40 in.). If it 

is de ired that the waveguide operates only in the dominant TE 10 mode and 

that the opera ting frequency be at lea t 25° 0 above the cutoff frequency of the 

TE 10 mode but no higher than 95° 0 of the next higher cutoff frequency, what 
is the a llowable operating-frequency range? 

SOLL'TIO~ 

For a= 2.29 x 10 1 (m) and h = l.02 x 10 - 2 (m). the two m ode having the 

lowest cutoff frequencies are TE 10 and TE20. Using Eq. (9-68), we find 

c 3 x 10 8 

(J~l10 = 2a = 2 x 2.29 x 10 i = 6.55 x 109 (H z). 

c 9 Cf..ho =-= 13.10 x 10 (Hz). 
a 

Thus the allowable operating-frequency range under the specified conditions 

or 

8. 19 (GHz) s Is 12.45 (GHz). 

9-3.3 ATTENUATION IN RECTANGULAR WAVEGUIDES 

Causes for 
attenuation in 
waveguides 

Attenuation in a waveguide arise. from two sou rces: lossy dielectric a nd 

imperfectly co nducting walls. Lo e modify the electric and magnetic field 

within the guide, maki ng exact solutions difficult to obtain. H owever, in 

practical waveguides the los es are usually very sma ll, and we can assume 

that the transver e field patterns of rhe propagating modes are not appreci­

ably affected by them. A real part of the propagation constant will now 

appear as the attenuation consta nt, which accounts for power losses. The 

attenuation constant consists o f two parts: 

"./. = 'Y.d + 'Y., . • (9-96) 
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Attenuation due to a 
lossy dielectric 
increases with 
d1electr1c 
conductivity and 
with frequency 

Attenuation due to 
finite wall 
conduct1v1ty 1s 
inversely 
proportional to the 
square root of wall 
conductivity . but 
depends on the mode 
and the frequency 1n 
a complicated way 

T E, 0 mode has the 
lowest anenuat1on on 
a rectangular 
waveguide 

CHAPIER9 WA\ F<1lllDI !'> t\1'0C\\11 \ RL\O"- .\lOR\ 

where ':l.J 1s the attenua11on coni>tant due lo losses 1n the d1dectric and a,. 1s 
that due lo ohmic power loss in the imperfectly conducting walb. The 
analytical di:term1nation of ~J and x< is somewhat led1ou . Herc we will 
merely outline the.: general rrocc<lurc for their dctcrminatwn. 

fo find ':1.J WC note from . cction 7-3 that the effet:tS of a lossy d1cfednc 
on wave propauation can be studied hy considering a complex pcrm1tt1vl\y 

Ed= E ' iE " 

<TJ .,... E I (9-97) 
(') 

where.: c:: " E' = rr,1 11Jc:: 1-. the lo-.-. tan!!cnt and rrd I'> the c4u1Vitlent conductJ\1t} 
Of the dielectric. SC of € 0 111 place of€ 111 l:4. (9-24) \,\ifl )Jcfd a COmple>. 
propagation con~tanl i'- the real part of which i' a.d. lt will he found that '.X" 1~ 

directly proportional to aJ and decrease'> with the ratio U. j ). 
Tc> find 'Y., WC U'ie l· q (8-57), \\h1ch wa . demcd from the law or 

con ervation of energy. 

(9-98) 

where Pf:) is the time-a veragc power propagated along the guide at : , and 
P1 1:) is the lime-awrngc power loss per unit kngth at:. Pl:) can be round 
from the trans\ersc electric and magnetic field 111tcnsitic~ using Eq. (7-79). In 
order to calculate P1 (:). it 1s net:e sar) to consider th\: power loss in all four 
guide walls dui: to a finite conduct1v1t) a,. This requires lhc 111tegration of 
jJ,j2 R, over the inner 'iurfaces rcr unit length nf the walls. where J, and R, 
denote. respectivcl}. the surface <.:urrenl densit) on, and the intrinsic re­
sista111.:c (~cc [ q 7-5l) of the \\all conductor ... The ex pre ,ions of :x, for 1 M'"" 
and 1 F '""arc different because of different current di~tributiom •. They depend 
on guidr: dimen ... 1ons and the ratio !.f:.' f) 111 a complicated way. For all 
prop;1ga1ing modes. x, is d1rcctl) proportional to R,. \\.hich. in turn. is 
111versely proportional to the ... 4uarc root of the ""II conducti\i ty a ... 

aturally '1., 1s 1crn (n o po"er los:>) 1fthe guide \\alls arc 111finitcly conducting 
(<>,-> f ). 

In Fig. 9-7 arc plotted t}p1cal x, cuncs ,1s functions of the operating 
frequency l for Tr 1 o an<l 1 M 11 modes in a 2.29 (cm) x 1.02 (cm) rectangular 
copper wa,cgu1de. From l·q (9-68) we find (/..)10 = 6. -5 (GHz) and 
u; )1 1 = l 6. l 0 (Gll1) Th~ curves ... hm>v that the attenuation constant incn::a'\e 
raridl) to".ird infinil) a~ the opr:rat111g frequent:) approaches thi: cutoff 
frcquenc). In the opemt1ng range U > /~). both cunc posses'> a broad 
m111imum. The attenuation eon~tant of the n 10 mode 1~ c\ocrywhcrc ltmcr 
than that of the T\11 11 mode. r he e facts IHt\C dire\."\ rele\.ancc 111 the choice uf 
operating mode-. ,111d frequencies. 
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0.4 

E 0.3 -... cc 
-0 T 111 
.::: 0.2 
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0. 1 
Tbio 

0 5 f IO 15 l 20 30 35 -10 f (GHz) 

FIG URE 9-7 Atten uation due to wall losses in rectangular copper waveguide for 
TE 10 and TM 11 mode. a= 2.29 (cm), b = l .02 (cm). 

An a ir-fiJled 5.0 (cm) x 2.5 (cm) rectangular waveguide 0.8 (m) long, is to 

deliver J.2 (kW) to a matched load at 4.5 (GHz). Assuming an attenuation 

constant of 0.05 (dB/m). find (a) the required average input power to the 

waveguide, (b) the total amount of power dissipated in the walls of the 

waveguide, and (c) the maxi mum value of the electric intensity within the 

guide. 

SOL"CTION 

Given : a= 5.0 x 10 2 (m), b = 2.5 x JO 2 (m). 

c 3 x 108 

Dominant-mode UJ10 = - = 
0 

I0 - 2 
2a 2 x 5. x 

= 3 x 109 (Hz) = 3 (GHz). 

The next higher modes are TE 20 a nd TE0 1, both o f which have a cutoff 

frequency equal to 6 (GHz)> 4.5 (G Hz). Thus, the only propagating mode at 

4.5 (GHz) is the TE 10 mode. 

a) ~ = 5 x 10 2 (dB/m) = 5.75 x 10 - 3 (Np/ m). 

P. = p e2a.I = I ? x 103e2 X( S.75 x 10 3) x0.8 
in load ·-

= 1.2 x 103e0 ·0092 = Ul 1 (W). 

b) Power dissipated = P;0 - P10.d 

= 1,21 J - l ,200 = 11 (W). 
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c) For TE 10 mode. the pha or expres ion for the tran ver e field 
componenL can be written from qs. (9-84) and (9-86) as 

£?, = £0 sin(~)' (9-99) 

and 

JI~= I ( fc)2 
. (TC ) .- 7 in ax, (9-100) 

where 17 0 = "~- and [J 10 in Eq. (9-86) has been written a 

cu ....,!;0 e-:,,/ I - (fc -' /} 2 ( ·cc Eq. 9-38). Since the maximum fields o cur 
at the input end,• e ha\"e, from Eq. (7-79), 

P;
0 

= - ~ f hf a E~~ /J ~ dx dy 
2. () 0 

= ~::b Ji -(i)2 . {9- IOl )t 

Substituting the numbers in Eq. (9-101), we obtain the fo ll owi ng: 

£2( .0 x 10 2 )(2.5 x 10 2
) 

l ,2 11 = - 0
---------

4 x 377 

from which we find 

E0 = 44,2 )3 (Y 'in). 

REVlt::W Ql FS TIOl'\ S 

l -(2-)1 
4.5 

Q .9- 1? xplain the method of ep<natinn of variable. for , olving partial d1ffercnual 
equations. 

Q.9- U hat 1s meant by the dom111an1 mode of a waveguide'? What is the dominant 
mode of a parallel-p late waveguide'? 

Q .9- 1-4 State the boundar) condll1on to be \ati fied by I-.= for rM wave. in a 
rectangu lar waveguide. 

Q .9-15 Which TM mode ha\ the 101 est c:utoff frcqucnc:y of all the TM modes in a 
rectangular waveguide'> 

Q.9- 16 ' tale the boundary conditions tn be sati ficd by II , for TE waves in a 
rcctangulnr waveguide. 

,,,"-~ff .11,rt: x H*)' a,d.\d .... 
- () 0 

where E - a,.t:;: :rnd H - a _Jf~ I- a, II~. Hence, .<?f'l(E x H*) = - a, E~ fl~. si nt:e H~ is 90 ' out­
of-phase with E~ and ihcir product ha~ no real parl. 
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Q. - 17 Which mode i the dominant mode in a rectangular wavegu ide if (a) a> b, (b) 
a < b, and (c) a = b? 

Q 9 I~ What is the culoIT wavelength of the TE 10 mode in a rectangular waveguide if 
a > h? 

Q .9-19 Which are the nonzero field com ponen ts for the TE 10 mode in a rectangular 
waveguide? 

Q 'J-20 Why is the TE 10 mode in a rectangular waveguide of pa rticula r practical 
importance? 

Q9-.21 Why are waveguides not used for VH F a nd lower frequency bands? 

Find the maximum amount of 10-(G Hz) average power that can be transmitted 
through an air-filled a = 2.25(cm). b = l.OO(cm) recta ngula r waveguide at the TE 10 

mode without a breakdown. 

REM ARKS ------~--~--~------------~ 

1. There are a double infinite number of TM and TE modes in a 
waveguide. 

2. The eigenvalues of TM and TE modes in a rectangular waveguide are 
discrete real numbers. 

3. The cutoff frequencies for TMmn and TEmn modes are the same. 

4. Cutoff frequencies are inversely proportional to A of the dielectric 
medium. 

5. The lowest-order TM mode in a rectangular waveguide is TM 11 . 

6. T he dominant mode in a recta ngular waveguide with a > b is TE 10, 

whose cutoff wavelength is 2a. 

7. T he TE10 mode in a rectangular waveguide bas the lowest attenuation 
consta nt due to wall los e . 

8. The a ttenuation constant due to wall los es in a waveguide is inversely 
proportional to the square-root of wall conductivity. 

9-4 O THER WAVEGU IDE T YP ES 

We recall from Sec. 9-2 tha t the procedure used for analyzing the wave 
behaviors along uniform waveguides tarted with the solution of a homo­
geneous vector Helmholtz's equ ati on in the plane of the guide cross section. A 
complete ol ution depends on the hape and dimen ions of the cross section . 
Foll owing th is procedure, we obtained the operating characteristics of 
recta ngular waveguides in Section 9-3. In this section we briefly discuss some 
other waveguide type tha t also fi nd practica l applications. 



414 

Optical fibers are 
waveguides at 
optical frequencies . 
They are flexible. and 
have very low 
attenuation and very 
large bandwidth . 

CHAPTER 9 WAVEG UJDES AND CAVITY RESONATORS 

First, we mention hollow circular waveguides, which are, in fact, round 
metal pipes. A complete analysis of the wave behaviors along a circular 

waveguide involves the olution of a two-dimensional Helmholtz' equation 
in the circular cross section of the guide in polar coordinates (r, ¢). This, in 
turn, require a knowledge of Bessel's differential equation and Bessel 
functions. We shall not attempt such a solution in this book, except to point 
out that. as in rectangular waveguides, both TM and TE modes with 
characteristic cutoff frequencies may exist. 

Dielectric sla bs and rods without conducting walls can also upport 
TM and TE guided-wave modes that are confined e entially within the 
dielectric medium. Outside the guide medium the fields fall exponentially. 
These are stray fields and may cause interference problems between neigh­
boring circuits. 

A type of waveguide of particular importance for optical frequencie 
consists of a very thin fiber of a dielectric material , typically glass, cladded 

with a sheath having a slightly lower index of refractjon. Such optical 
waveguides are generally called optical fibers . An illustration of a cladded 
optical fiber wa hown in Fig. 7-18. The operation of an optical fiber can be 
explained in terms of total internal reflection, as was done in Example 7-10 
for Fig. 7-13. The core diameter of optical fibers is usually in the range of 25 
to 100 (pm), and an attenuation as low as 1/4 (dB/ km) can be attained at 
infrared frequencies. Compared with an attenuation of about 30 (dB/ km) for 
hollow metal waveguides and hundred of dB/ km for ordinary coaxial cables, 
this low-attenuation feature is a tremendous advantage for optical fiber . 
Moreover, at infrared frequencies the available bandwidth is such that a 
si ngle fiber-optic circuit can carry about 20 million telephone channels or 20 
thou and television channel . 

Optical fibers are hair-thin and flexible, and thousands of them can be 
bundled together to form an important part of an endoscope, a medical 
instrument for examining the interior of a hollow human organ uch as the 
bronchial tube , the colon, the bladder, and o on. Images are effectively 
tran mitted through the optical waveguides. 

9-5 CAVITY RESONATORS 

Cavity resonators are 
enclosed metal 
boxes . 

We have previously pointed out that at microwave frequencies, ordinary 
lumped-circuit elements such as R, L, and C are difficult to make, and stray 
fields become important. Circuits with dimensions comparable to the 

operating wavelength become efficient radiators and will interfere with other 
circuits and systems. Furthermore, conventional wire circuits tend to have a 
high effective resi tance both because of energy lo s through radiation and a 



Electromagnetic 
fields are confined 
inside the boxes. 
Radiation and 
high - resistance 
effects are 
eliminated . resulting 
in a very high Q . 
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a result of skin effect. To provide a resonant circuit at UHF and higher 
frequencies. we look to an enclosure (a cavity) completely surrounded by 

conducting walls. Such a shielded enclosure confine electromagnetic field. 
inside and furnishes large area for current flow, thus eliminating radiation 
and high-re~istance effects. These enclosures have natural resonant freq­

uencie · and a very high Q (quality factor), and are called cavity resonators. 

9-5.1 RECTANGULAR CAVITY RESONATORS 

Consider a rectangular waveguide with both end closed by a conducting 
wall. The interior dimensions of the cavity arc a, h, and d, as shown in Fig. 9-8. 

Let us disregard for the moment the probe-excitation part of the figu re. Since 
both TM and TE modes can exist in a rectangular guide, we expect T M and 

TE modes in a rectangular resonator too. However, the designation of TM 
and TE modes in a resonator is 1101 unique because we are free to choose x or 
y or : as the ''direction of propagation"; that is, there is no unique 

·'longitudinal direction." For example, a TE mode with respect to the z-axis 

could be a TM mode with respect to the y-axis . 
For our purposes we choose the z-axis as the reference "direction of 

propagation." 1 n actuality, the exi tence of conducting end walls at z = 0 and 
: = d give rise to multiple reflections and sets up standing waves; no wave 
propagates in an enclosed cavity. A three-symbol (mnp) sub cript is needed to 
designate a TM or TE standing wave pattern in a cavity resonator. 

FIGURE 9-8 Excitation of cavity modes by a coaxial line. 

-
/~ 

-1 
b 

0'-1 _ __.11., 
--~~~ d~~~--

(a) Probe c\citation. (bl Loor c citation. 
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For TM,. ,,0 modes. 
m/Oandn i" O 

Resonant frequency 
of cavity resonator 

HAPTER 9 W ;\VEGUIDES AND 1\VI I Y RESONATORS 

(A) TMmnp Modes 

The pha or exrrc · ion for the sole longitudinal field component. 

f:=(x, _r. :::) = £~(:, y}e ·=. for TM"'" mode in a waveguide has been 
given in Eqs. (9-52) and (9-65). Note that the longitudinal variation for a 
wa\C traveling in the +.::-direction is described by the factor e 1= or 
e iP•. This wave will be reflected by the end wall al ;:; = d; and the 
reflected wave. going in the - :-direction, i described by a factor e111=. 
The superposition of a term with e - N1= and another of the same 
amplitude \\ith e1ll= results in a landing wave of the in {J;:; or o p;:; 
type. Which hoult.1 it be? The an wcr to this question depend · on the 
particular field componen l. 

Con ider the transverse component E,.(.x, y. :). Boundary con­
dition · at the conducting ~urfuees require that it be zero at z = 0 and 
;: = d. Thi mean ' that (I) its :-dependence mu t be of the in fi: type. 
and that (2) {3 = prc1d. The same argument applies to the other 
transverse electric field component £,(x, y, .::). The relation between the 
tran verse component . £~ and £~, and Ji~ have been given in Eq . 
(9-13) and (9-14). in \.,.hich H~ \anish for TM modes. We recall that the 
appearance of the factor ( -j') in Eq . (9-13) and (9-14) i the resull of a 
differentiation with re pcct to.::. Thus, if£, (x, y, :) depend on sin/"/:. we 
can conclude from Eq. (9-14), which contains the factor(-/'). thal 
E=( \'. y . .::) must vary according to cos /J:::. We ha vc. for the TM,,inp mode, 

E=(x, y. :) = E~(x. y) co · (~~:) = £ 0 sin ('1;,n x) sin(':}) cos(~~.::). 
(9-102) 

All other field component · can be written by u ing t:= in Fqs. (9-11) 
through (9-14) and noting that multiplication by ( - ·r'J signifies a partial 
<lifTerentiation with respect to.:: . 

ubstituting fl= pn cl in Eq. (9-67), we obtain the resonant 

frequency for TMmnp mode (u = I v Ji;): 

II / ( m)2 (11)2 ((1)2 
f ,,,,,p = 2 y -;; + h + d (Hz). (9-103) 

Equation (9-l03J slate the obvious fact that the re onanl frequency 
increase~ as the order of a mode becomes higher. 

(B) TEmnp Modes 

For TE,,,,,P modes(£== 0) the phaser cxpre. sions for the tanding-wave 
licld component can be written from Eqs. (9-76) and (9-77) through 
(9-80). We follow the same rules a. those we u ct! for TM.,,,," modes; 
namely, (I) the transver c (tangential) electric field component mu ·t 



For TEmno modes. 
p ~ O ; m and n are not 
both zero . 

Degenerate modes 

A cavity resonator 
may be excited by a 
small probe or loop 
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\ani h at : = 0 and ;; = d. and (2) the facto r i' indicates a negative 
partial differentiation with respect to ::. The fir ·t rule require a 
sin ( pn: ld) factor in E (x, y, :) and E,.(x, y, :), a well a in H =(x, y, ::); 
and the second rule indicate a co (pn:: d) factor in H .. (x,y.:) and 
ll ,.(x,y.:). We have 

H ='-'· _\'. .:) = l/~ (x, y) c,;in (~;:) 

(
»rn ) = H 0 co --;;- x c (9-104) 

JI other field components can be written by using H= in qs. (9- 11) 
through (9-14) and by noting that multiplication by ( -y) ignifie a 
partial differentiation with res pect to:. 

The exprc ion for re onant frequency, fmnP' remain, the same as 
that obtai ned for TMm,,p mode in Eq . (9- 103). Different modes ha ing 
the same re o nant frequency are called degenerate modes. Thus TM"'"P 
and T "'""mode a re always degenerate if none of the mode indices i 
Ler . The mode with the !owe t resonant frequency for a given cavity 
ize i referred to a the dominant mode ( ee Example 9-8). 

A particular m de in a cavity re onator (or a waveguide) ma be 
excited from a coaxial line by mea n of a mal l probe or loo p antenna. 
In Fig. 9_, (a) a probe i hown that i. the tip of the inner conduct r of a 
coaxial cable: it protrudes into a cavity at a location where the elect ric 
field i a maximum for the desired mode. The probe is, in fact, an 
antenna that couple~ electromagnetic energy into the re o nator. Alter­
natively, a avi ty re onator may be excited through the introducti n of 
a mall loop at a place where the magnetic flu x of tbe de ired mode 
linking the lo p i a maximum. Figure 9-8(b) illustra te su h an 
arrangement. Of cou rse, the source frequency from the coaxial line must 
be the ·ame as the resonant frequency of the desired mode in the c<1vity. 

· an example, for the TEJ0 1 mode in an a x h x d rec tangu lar 
cavi ty. there a re o nl y three nonzero field components: 

El"= _Ju~w H 0 · in(~x)sinG =} 

H"= -:H 0 in(:x) o (J=} 
H = = Ho cos ( ~ x) in c : ). 

(9- 105) 

(9- L06) 

(9-107) 

Thi · mode may be excited by a probe inserted in the center region of the 
top o r bottom face where Ey is maximum, as shown in Fig. 9-8(a), orb 
a I op to ouple a maximum H , placed in ide the front or back face, as 
shown in Fig. 9- (b). The be t lo at ion of a probe or a lo pis affected by 
the impeda nce-matching requirements of the microwave circui t of 
\\hi ch the resona t r i a part. 
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A cavity resonator 
may also be excited 
through an iris. 

EXAMPl.F. 9-8 

LllAPTFR 9 WAVl:.G L! IOES A D CAVITY R ESONATORS 

A commonly used method for coupling energy from a waveguide 
to a cavity resonator is the introduction of a hole or an iris at an 
appropriate location in the cavity wall. The field in the waveguide at the 
hole must have a component that is favorable in exciting the desired 
mode in the resonator. 

Determine the dominant modes and their frequencies in an air-filled 
rectangular cavity re onator for (a) a> b > d, (b) a> d > b, and (c) 
a = h = d, where a, h, and dare the dimensions in the x-, y-, and z-directions, 
respectively. 

SOL TION 

As usua l, we choose the .:-axis as the reference "direction of propagation." 
For TMmnp modes, Eq. (9-102) show that neither m nor n can be zero, but 
that p can be zero. For TEmnp modes, Eq. (9-104) indicate that H= does not 
vanish even if both m and n are zero, provided pis not zero. However, if H z is 
independent of both x and y, Eqs. (9-11) through (9-14) show that there will 
be no transverse field components at all. Thus, for TEmnp modes, p cannot be 
zero, and either m or n (but not both) can be zero. 

The modes of the lowest orders in a rectangular cavity resonator are 

TMll O> 

The resonant frequency for both TM and TE modes is given by Eq. 
(9-103). 

a) For a > b > d. the lowest resonant frequency is 

c~ 
!110 = 2 ...)--;? + !7' (9-108) 

where c is the velocity of light in free space. Therefore TM 110 is the 
dominant mode. 

b) For a> d > b, the lowest resonant frequency is 

(' ~ 
.f101 = 2 ...)Qi+ di ' 

and TE 101 is the dominant mode. 

(9-109) 

c) For a = b = d, all three of the lowest-order modes (namely, TM 110, 

TE011 , and TE 10 i) have the same field patterns. The resonant frequency 
of these degenerate modes is 

I
. (' 

. 110 = fia · (9-110) 
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• EXERCISE 9.9 Determine the four \owe t resonant frequencies of an air-filled 2.5 (cml x l.5 
(cm) 5.0(cm) rectangular cavity resonator and identify their modes. 

A!'.S. 6.71, 8.49, 10.44. 11.66 (GHl). 

9-5.2 QUALITY FACTOR OF CAVITY RESONATOR 

Definition of the Q 

of a resonator 

Formula for 
computing the Q of a 
cavity resonator 

A cavity resonator tores energy in the electric and magnetic field for any 
particular mode pattern. In any practical cavity the walls have a finite 

conductivity (a nonzero surface resistance), and the re ulting power 

lo cau e a decay of the stored energy. The quality factor , or Q, of a 
re onator. like that of any resonant circuit, is a measure of the bandwidth of 
the re onator and i defined as 

Q = 2n 

Time-average energy stored 
at a resonant frequency 
Energy dissipated in one 
period of this frequency 

(Dimen ionless). (9-111) 

Let W be the total time-average energy in a cavity resonator. We write 

(9-112) 

where W, and Wm denote the energies stored in the electric and magnetic 

field . respectively. lf P1, is the time-average power dissipated in the cavity, 
then the energy dissipated in one period is PL divided by frequency, and Eq. 

(9-111) can be written as 

<11W 
Q= -

PL 
(9-113) (Dimensionless). 

In determining the Q of a cavity at a re onant frequency , it i customary to 

a ·sume that the lo is small enough to allow the use of the field patterns 

without los . 
We will now find the Q of an a x h x d cavity for the TE 101 mode that 

ha three nonzero field components given in Eqs. (9-105), (9-106) and (9-107). 

The time-average stored electric energy is 

E"o f 2 W,. = - JE,.J dr 4 . 

(9-114) 
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The total time-average tared magnetic energy is 

W = J.Lo f {I H 2 + IH-121 dv m 
4 

x _ J 

= 
1~0 H6 J: f ~ t {:: sin 2 (~x) cos2 (J =) 

+cos
2 (~x) in

2 (J=)} dx dy dz 

= l~o H6 {;: (~) b (~) + (¥) b (~)} = ~1~ abd (;: + 1) H~. 
(9-115) 

From Eq. (9-103) the resonant frequency for the TE 101 mode is 

I I I 
!101 = ,- 2 +2-

2y' J.LoEo a d 
(9-116) 

Substitution o(f101 from Eq. (9-116) in Eq. (9-114) prove that, at the resonanr 
.frequency. We = W,,,. Thu , 

11 0H~ (a 1 
) W = 2Wp = 2W,,, = -

8
- ahd d 2 +I . 

To find P1,. we note that the power loss per unit area i · 

-~,. = f/ Js/ 2R. = t/H,/ 2 R_., 

(9-117) 

(9-118) 

where IH,1 denotes the magnitude of the tangential component of the 
magnetic field at the cavity walls. The power loss in the z = d (back) wall is 
the same as that in the z = 0 (front) wall. Similarly, the power loss in the x = a 
(left) wall is the amc as that in the x = 0 (right) wall; and the power loss in the 
y = b (upper) wall is the same as that in the y = 0 (lower) wall. We have 

P1, = f ·~ .. ds = R_, {J~ t IH x(: = 0)12 dx dy + J: f: HJ' = 0)1 2 
dy d: 

= R, H6 {a
1 

(~ + ') + d (~ + ~)}. 
2 dd 2 (/ 2 

(9-119) 

Using Eqs. (9-117) and (9-119) in Eq. (9-113), we obtain 

nf101 µ 0abd(a 2 + d2
) 

Qioi = R
5
[2b(a 3 + d3) + ad(a2 + d2)] 

(TE 101 mode) (9-120) 

where f 101 has been given in Eq. (9-116). 



• EXERCISE 9.10 

EXAMPLE 9-9 

A high- Q cavity 
resonator has a very 
narrow bandwidth . 

9 -5 CA V I T Y R ESO AT O RS 421 

The to tal sto red energy. Win a lossy ca vit y decays eit po nenti a ll y acco rding toe 27' , 

a nd the rate of cha nge o f W with time is equa l to the po wer. /-\ . dissipated in the 
cavit y walls. Show tha t the a ttenua ti o n constant :xis rela ted to cav it y Q by the formula 
:x = cv 12Q. 

a) What hould be the size of a ho llow cubic cavity made of copper in 
order for it to have a d o minant resonant frequency of 10 (GHz)? 

b) Find the Q at that frequency. 

SOLUTION 

a) For a cubic cavity, a = h = d. From Example 9-8. part (c), we know that 

™11 0. TE011 • and TE101 arc degenerate dominant modes having the 
same field patterns and that 

r 3 x 108 
10 

. IO L = = 10 (H z). 
2a 

Therefore, 

3 x 108 

a = = 2.12 x I 0 2 
( m) 

2 x 10 10 

= 21.2 (mm). 

b) The expression of Qin Eq. (9-120) for a cubic cavity reduces to 

Q 
_ rr/10 1 ~i oa a 

IO I - 3R 3 
s 

(9-121) 

For copper, <J = 5.80 x 107 (S/ m), wc have 

(
2.12 -2) 

QI O I = -
3

- X 10 nl0 10(4nlO 7 )(5.80 x 107
) = 10.693. 

The Q of a cavity resonator is thus extremely high in comparison with 

that obtainable from lumped L C re onant circuits. In practice, the preced­

ing value i omewhal lower because of losses through feed connections and 

surface irregularities. 

As we know from circuit theory, the respon e variable (voltage or 

current) in a resonant circuit is a maximum at the resonant frequency and 

fall off sharply in a high-Q circuit as the frequency deviates from the resonant 

frequency on either side. Thu , a high-Q cavity re onator is very selective and 

has a narrow bandwidth. 
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• EXERCISE 9.11 

CHAPTER 9 WAVEG U IDE AND CAVITY RE ' ONATORS 

A suming that the cubic cavity in Example 9-9 is made of brass and filled with a 
lossle dielectric material (E, = 3. p, = I). determine 

a) the lowest resonant frequency. and 

b) the quality factor Q. 

ANS. 5.78 (GHz), (b) 4,230. 

REVIEW Ql E~TIO"IS 

Q.9-22 What are cavity resonators'l Whal are their most desirable properties? 

Q .9-23 Are the lleld pattern in a cavity re, onator traveling waves or tanding waves? 
How do they differ from those in a waveguide? 

Q.9-24 Referring to the :-axis, which of the following mode cannot exist in a 
rectangular cavity resonator: TM011 , TM 101 • TM 110, TE011 • TE 101 , TE, 10? Explain . 

Q.9-25 Whal i meant by degr:nerale modes? 

Q.9-26 Define the quality factor, Q, of a re. onator. 

Q.9-27 What fundamental assumption is made in the derivation of the formulas for 
the Q of cavity resonators? 

Q.9-28 Explain why the measured Q of a cavity resonator is lower than the calculated 
value. 

REM ARKS --~----------~------------. 

SUMMARY 

1. TMm,. p and TEmnp modes (m, n, p :f. 0) in a rectangular resonator ha ve 
the same resonant frequencies. 

2. The subscripts m, n, and p denote, respectively, the number of hal f­
wavelengths of field varia tion in the x-, y-, and z-directions. 

3. The Q of a cavity resona tor is directly proportional to the squa re-root 
of wall conductivi ty. 

In this chapter on waveguides and cavity resonators we 

• discus ed the method for analyzing the wave behavior along uniform 
guiding structures by solving homogeneous vector Helmholtz' equation , 

• examined the general characteristics of TM and TE waves, 

• explained the cutoff and high-pass propertie of waveguides, 

• analyzed the field and current distributions of the dominant TE 10 mode in 
a rectangular waveguide, 
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• discu. sed the method for determining the attenuation constant of propa­
gating modes in a rectangular waveguide, and showed typical ar curves as 
function of frequency, and 

• explained the wave modes, determined the resonant frequencies, and 
verified the high-Q property of rectangular cavity resonators. 

P.9-1 (a) Plot the wave impedances for an air-filled waveguide versus the ratio 
(J/fc) for TM and TE modes. (b) Compare the value of ZTM and ZTE at 
f= l.1}~ and 2.2fc . 

P.9-2 For uniform waveguides, use appropriate relations in Section 9-2 to: 

a) prove that the universal diagram relating ug/u and fr / f is a quarter­
circle with a unity radius, 

b) plot the universal graph of J..g /I, versusf/fc, and 

c) find uu/u, ),9 / ) . and u p/u at f = 1.25fc. 

P.9-3 Assume that a TE wave of a frequency .f is launched along the z­
direction in the parallel-plate waveguide in Fig. 9-3. The dielectric medium 
between the plates has constitutive parameters E andµ. (a) Find the phasor 
expre ion for H~ (y) . (b) Find the cutoff frequency for the TE 1 mode. (c) 
Write the instantaneous expression for all the field components of the TE 1 

mode. 

P.9-4 For the air-filled parallel-plate waveguide in Fig. 9-3, 

a) obtain the phasor expressions of all field components for TE modes, 

b) determine the cutoff frequency for the TE" mode, and 

c) find the surface current densities on the conducting plates. Do the 
currents on the two plates flow in the same direction, or in opposite 
direction ? 

P.9-5 Guide wavelength and impedances can be measured by means of a 
detector attached to a probe moving along a slotted section of a waveguide. 
Assuming that when a shorting conducting plane is placed at the load end of 
a lossless hollow 2.50 (cm) x 1.25 (cm) rectangular waveguide operating at 
the TE 10 mode. adjacent voltage minima are 2.65 (cm) apart. When the 
shorting plane is replaced by a load, it is found that the SWR is 2.0 and that 
the voltage minima have been shifted toward the load by 0.80 (cm). Find (a) 
the operating frequency, (b) the load impedance, and (c) the power delivered 
to the load for an input power of 10 (W). 

P.9-6 For an air-filled a x b rectangular waveguide operating at frequency/ 
in the TM 11 mode, (a) write the phasor expressions for all the field 
components, and (b) find./~ ,)« , and ),g · 

P.9-7 A standard air-filled S-band rectangular waveguide has dimensions 
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a = 7.21 (cm) and h = 3.40 (cm). What mode lypes can be used to tran mil 
electromagnetic wave having the following\ avelengths? 

a) A= 10 (cm), and b) i - 5 (cm). 

P.9-8 Calculate aml list in a~ccnding order the cutoff frequencies (in term of 
the cutoff frequency of 1he dominant mode} of an a x h rectangular 
waveguide for the following moJc : TE01 • TE, 0 , TE, 1, TL02, TE 20, TM 11 • 

TM 12, and TM 22 (a) if a = 2h, and (h) if a = h. 

P.9-9 An air-filled o x h (h <a < 2h} rectangular waveguide i to be con-
tructed to operate at 3 (GHz) in the dominant mode. We desire the operat111g 

frequency to be at lca~t 20"., higher than the cutolf frequen cy of the dominant 
mode and al o at lea t 2011

0 below the cutoff frequency nf the next highcr­
order mode. 

a) Give a typical de ign for the dimensions a and h. 
b) alculatc for your de ign fl, uP, ),11 , and the wave impedance at the 

operating frequency. 

P.9-10 alculate and compare the value · of fl, tt
11

, u11 • J.1r and Zn.
11

, for a 2.5 
(cm) x 1.5 (cm) rectangular waveguide operating at 7.5(GI11.): 

a) 1f the wa.,,cgurJe r. hollow, and 
b) if the waveguide ts filled with a dielectric medium charactcn?cd hy 

E, = 2. 11, = I and a - 0. 

P.9·· 11 Starting from Eq. (9-65), 
a) obtain thee. prcssiom of c~(-.;, y) £?.(x. y), H~(x, y), and H?.(.x. _r) for the 

TM,, mode.and 
b) obtain a formula for the average power Pj, transmitted along an a h 

waveguide. 

P.9- 12 The instantaneous expression for£ = of a TM mode in an air-filled 5.0 

(cm) x 2.5 (cm) rectangular waveguide I) 

/~= = £ 0 sin(100rrx)sin(!00ny)cos(2nl0 10
1 fh) (V/ m). 

a) hat i · the mode of operation? 

b) 'a)cu)atefc, {J, ZlM• and ).,
1

• 

P.9-13 The instantaneou ex pre · ion for H , of a TE mode in an air-filled 2.5 
(cm) x 2.5 (cm) square waveguide is 

H = = 0.Jco (80n:y)co · (M 280::) m). 

a) What i the m< de of operation? 

b) Calculatcf,. r: Z r1:.· and i.9 . 

c) Assuming negligible lo es, calculate the average power now in the 
waveguide. 

P.9-14 The attenuation of propagating mode in a waveguide due to a lossy 
dielectric can be !llu<licd m terms of a complex permittivit) Ed and an 
equivalent conducti\ it) rrd shown in rq. (9-97). (a) Sub1.,t1tute l::q . (9-97) in Eq. 
(9-24) to obtain a formula for the attenuation constant rxd due to los y 
dielectric in term f the ratio/~ I (b) Calculate -xd in a 2.50 (cm) 1.25 (cm) 
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rectangular waveguide operating at 4.0 (GHz). The dielectric medium has a 
dielectric constant 4 and an equivalent conductivity 3 x 10 5 (S/ m). 

P.9-15 An electromagnetic wave is to propagate along an air-filled a x h 
rectangular waveguide at the dominant mode. Assume a= 2.50 (cm) and the 
u able bandwidth to be between 1. l 5(fc) 10 and 15~0 below the cutoff 
frequency of the next higher mode. 

a) Calculate and compare the permissible bandwidth for b = 0.25a, 
b = 0.50a, and h = 0.75u . 

b) Calculate and compare the average powers transmitted along the three 
guide in part (a) at 7 (GHz) if the maximum electric intensity is 10 
(kV /m). Neglect the losses. 

P.9-16 Given an air-filled los le s rectangular cavity resonator with dimen­
sions 8 (cm) x 6 (cm) x 5 (cm), find the first eight lowest-order modes and 
their resonant frequencie . 

P.9-17 An air-tilled rectangular cavity with brass walls- E0 , J..L0 , 

a = 1.57 x 107 (S/m) has the following dimensions: a= 4 (cm), h = 3 (cm), 
and d = 5 (cm). 

a) Determine the dominant mode and its resonant frequency for this 
cavity. 

b) Find the Q and the time-average tored electric and magnetic energies 
at the resonant frequency, assuming H 0 to be 0.1 (A/m). 

P.9-18 If the rectangular cavity in Problem P.9-17 is filled with a los less 
dielectric material having a dielectric con tant 2.5, find 

a) the resonant frequency of the dominant mode, 

b) the Q, and 
c) the time-average stored electric and magnetic energies at the resonant 

frequency, as urning H 0 to be O.l (A/m). 

P.9-19 Equation (9-J 21) indicates that the quality factor Q101 for TE 101 mode 
in a cubic re onant cavity (a = h = d) can be written as 

a 
QIOI = Jc5 • 

where c5 i the kin depth of the cavity walls. 

(9-122) 

a) If the cavity is made of brass, determine a so that a quality factor of 
6,500 is obtained. 

b) Find the resonant frequency . 

c) What will Q 101 be if the cavity i made of copper? 

P.9-20 For an air-filled rectangular copper cavity resonator, 

a) calculate its Q for the TE 101 mode if its dimensions are 
a= d = 1.8b = 3.6 (cm). and 

b) determine how much b should be increased in order to make Q 20% 
higher. 
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1 0 - 1 0 V E R V I E W In Chapter 7 we studied the propagation 

characteri tics of plane electromagnetic wave in source-free media without 

considering how the waves were generated. Of cour e, the waves mu t originate 

from source , which in electromagnetic terms are time-varying charges and 

currents. In order to radiate electromagnetic energy efficiently in prescribed 

directions, the charge and currents must be distributed in pecific ways. Antennas 

are structures de igned for radiating and receiving electromagnetic energy 

effectively in a prescribed manner. Each antenna has a characteristic input 

impedance, and can be viewed as a transducer for matching the feeding 

tran mis ion line or waveguide to the intrinsic impedance of the surrounding 

medium. Without an efficient antenna, electromagnetic energy would be local­

ized, and wirele s transmis ion of information over long di lances would not be 

possible. 

In this chapter we will first study the radiation fields and characteristic 

properties of an elemental electric dipole. We then con ider finite-length thin 

linear antennas, of which the half-wavelength dipole is an important pecial case. 

The radiation characteri tics of a linear antenna are largely determined by its 

length and the manner in which it is excited. To obtain more directivity and other 

desirable properties, a number of such antennas may be arranged together to 

form an antenna array. Some basic properties of simple arrays will be considered. 

We will discuss the concepts of the effective area of receiving antennas and the 

backscattering cros >ection of catterers. We will also examine the power 



Antennas and Antenna Arrays 

Procedure for 
determining 
rad iation 
characteristics of 
an antenna 

transmission relation between transmitting and receiving antennas, including the 

radar equation. 

In general, the analysis of the radiation characteristics of an antenna follows 

the three tep below: 

I. Determine the magnetic potential A from known or as urned current 

di tribution J on the antenna. For harmonic time dependence, the phasor 

retarded vector potential is, from Eq. (6-85), 

A = _!1_ _e __ di- '. i 
J -jk R 

4n 1 • R 
(I 0-1) 

where k = oJ J-LE = 2n/J. is the wavenumber. 

2. Find the magnetic field intcn ity H from A. See Eq . (6-50). 

I 
II = - x A. (I 0-2) 

II 

3. Find the electric field intensity E from H . See Eq. (6-80b) with J = 0 in 

pace. 

I 
E = - VxH. 

jWE 
(l 0-3) 

After knowing E and H, all other radiation characteristics of the antenna can be 

determined . 
427 
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10-2 THE ELEMENTAL ELECTRIC DIPOLE 

Hertzian dipole is a 
very short radiating 
current element 

We first consider the radiation characteristics of a very hart (compared to 
the operating wa\'clcngth). thin. conducting wire of length di that carrie a 
time-harmonic current 

i(r) = I co WI = ./,f, [fei''']. ( 10-4) 

a shown in F-ig. I 0-l. Such a current clement is a building block of linear 
antenna . c.1nd is culled a Hen:ian dipole. 

To determine the electromagnetic field of a Hcrtzian dipole. we follow 
the three step-; outlined in Section 10-1. 

sn:r I Find the phasor representation of the retarded vector potential A. 
From Eq. (10-1} we have 

A = a_~/ di (e j/JR)· 
- 4n R 

( 10-5) 

where /J = k0 = w 1c = 2n1A. Since (:,ce 1.:.4. 2-47) 

( 10-6) 

( 10-6a) 

( 10-6b) 

At/>= 0. ( 10-6c) 

STEP 2 Find H from A. 
From the geometry of Fig. I 0-1 \ e expect no variation with re pect to 

the co rdinate ¢. We have. from Eq. (2-99), 

--------------
FJGL'Rl: I0-1 A Hcruian dipole. 



Far zone 

Radiation fields are 
far fields. 

Far fields of a 
Hertzian dipole 

10-2 THE ELEMENTAL ELECTRIC DJ POLE 

I I [ c1 cARJ H = - v x A = at/> - -~ (RAe) - -;--e 
µo µ0 R c R l ' 

I di 2 . G l 1 J -' (IR = - at/> - µ smO - +-- e 1 • 
4n '{JR (jf3R) 2 

STEP 3 Find E from H . 

1 
E= --V x H 

jWEo 

= -. 
1
- [aR -R ~ 

0 
~0 (Hlf> sin 8) - a0 -R

1 
(RHq,)], 

JWEo sm c 

which gives 

I di 2 [ I I J _ 'PR 
ER = - 4n: Y/ofJ 2 cos 0 (j{JR)z + U/3R)J e J , 

~ - I df f;'J2 . } [ 1 1 l J -jpR 
Eo - - 4n: 'lo sm ( jf3R + (jf3R)2 + (jf3R)3 e , 

Eq, = 0. 

where 170 = µ 0/ E0 ~ 120n (Q). 

429 

( 10-7) 

(10-8) 

(10-8a) 

(10-8b) 

( 10-8c) 

Equations (I 0-7) and (I 0-8) constitute the electromagnetic fields of a 
Hertzian dipole. These expressions are fairly complicated. However, in 
antenna problems we are primarily interested in the fields at distances very 

far from the antenna: that is, in regions where R » i./2n, or f3R = 2nR(A. » I. 
Under these circumstances (in the far zone) we could neglect l/ (fiR) 2 and 
l/(/3R) 3 terms and write the.fur field, or radiation field, of the elemental electric 
dipole as 

(A/m), (10-9) 

fd((e -j/JR) 
E0 = j - -- YJo/3 sin G = YJoH q, 

4n R 
(V/m). ( 10-10) 

The other field components can be neglected. 

RE\'IEW QL'£STIO"IS 

Q.10-1 What are the essential functions of antennas? 

Q.10-2 State the procedure for finding the electromagnetic field due to an assumed 

time-harmonic current di tribution on an antenna structure. 
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Q. 10-J Wha t is a l!eri:itm dipole? 

Q.Hl- ..t Define the f ar ;one of an a ntenna 

Q . IO-S What i meant by the radiation.f1e/ds of an antenna'? 

REM AR KS ---~-------~-~~----~---~~ 

I. The radiation field of a vertical Hertzian dipole consi ts of H 4> and 
Eo = f'/ oH ,p. 

2. E0 a nd H <P are in pace quad rarure and in time phase, both va rying 
inversely with the distance to the dip le. 

10-3 ANTENNA PATTERNS AND DIRECTIV ITY -~ ~ 

Radiation pattern of 
an antenna. the 
antenna pattern 

£ - plane and H- plane 
radiation patterns 

EXAMPLE 10-1 

Pattern function is 
the normalized 
electric intensity 
function descr ibing 
an antenna pattern. 

o physical antennas radiate uniformly in all directions in pace. The graph 
that describes the relative far-zone fie ld strength ver. u directio n at a fixed 
di lance from an antenna i. called the radiation pattem of the antenna, or 
imply the antenna pattem. In genera l, a o antenna pattern is three­

djmensional, varying with both(} and </>in a pherical coordinate ystem. The 
difficulties of making three-dimen ional plot can be a oided by plotting 
·eparately the magnitude of the normalized field trength (wi th respect to the 
peak value) ver u e for a constant <P (an £-plane pattern ) and the magnitude 
of the normalized field trcngth ve rsu . ¢ for e = n/2 (the ff -plane partern ). 

----------

Plot the £-plane and H-plane radiation pauern of a Hert1ian dipole. 

ou;noN 

Since £ 0 and H tf> in the far 70ne ure proportional to each other. we need only 
consider the normalized magnitude of £0 • 

a) 

b) 

E-plw1e pattern . At a given R, h.. 0 i. independent of c/J; and from Eq. 
(10- 10) the normalized magnitude of £0 is 

orrnalized I £ 01 = jsin Oj. (I 0-111 

Thi is the £-plane pattern function or a Hertzian dipole. For any given 
</J, Eq. (10-l 1) represents a pair of circle . as hown in Fig. J0-.2(a). 

fl -plane pa11ern. At a given R and for 0 = n/ 2 the normalized mag­
nitude of Eo is I in e1 = I. The H-planc pattern i then simply a circle f 

unity radius centered at the : -directed dipole. as 'lhown in Fig. 10-2(b). 
------- -------------



Definition of and SI 
unit tor radiation 
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Directive gain 

Isotropic or 
omnidirectional 
antennas do not exist 
in practice. 

Antenna directivity 
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\' 

- -1------+-----'--- ---+- • .1 
0 

(a) £-plane pattern . (b) H-plane pallern . 

FIGURE 10-2 Radiation patterns of a Hcrtzian dipole. 

A commonly used parameter to measure the overall ability of an 
antenna to direct radiated power in a given direction is directive gain. which 
may be defined in term of radiation intensity. Radiation intensity is the time­
average power per unit solid angle. The SI unit for radiation intensity is watt 
per steradian (W /sr). Since there are R 2 square meters of spherical surface 
area for each unit solid angle, radiation intensity, U, equals R2 time the time­
average power per unit area or R2 times the magnitude of the time-average 

Poynting vector .::1'01 , : 

(W /sr). (I 0-12) 

The total time-average power radiated is 

P, = pf?0 v·ds = p U dQ. (W), (I 0-13) 

where dQ. is the differential solid angle, dO. = sin 0 dO dc/J. 
The directive gain, G0 (0, </>), of an antenna pattern is the ratio of the 

radiation intensity in the direction (fl,</>) to the average radiation inlensity: 

Gn({), </>) = ~(~~¢) = 4nU(e, ¢). (10-14) 

Ob 
· I h d. , . n . p Uf dO.. . .d . . I ( 

v1ous y, t e 1rect1ve gam o an 1sotrop1c or omni 1rect1ona antenna an 
antenna that radiate uniformly in all directions) is unity. However, an 

isotropic antenna does not exist in practice. 
The maximum directive gain of an antenna is called the directivity of the 

antenna. It is the ratio of the maximum radiation intensity to the average 
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Calculating 
directivity from far­
zone electric field 
intensity 

EXAMPLE 10-2 

Definit ion of antenna 
gain 

CllAPTER I 0 

radiation intensity and is usually denoted by D: 

D = _U_m:.x = _4_n: _U_m_ax 
Ua•· P, 

(Dimension less). (10-15) 

In terms of electric field inten ity, D can be ex pre sed a 

(10- 16) (Dimensionless). 
D = {2rr {" 

Jo Jo IE(O, ¢)[2 si n &dOd</> 

Directivity i frequently ex pressed in decibels referring to unit y. 

Find the directive gain and the directivity of a Hertzian dipole. 

SOLlJTION 

For a Hertzia n dipole the magnitude of the time-average Poynting vector i 

.:11,," =t~<IE x H*I =1IE8llH<1> I· (10-17) 

Hence from Eqs. (10-9), (10-10), a nd (l0-12), 

(I df) 2 

U = 
32

n: 2 11 0 {3 2 sin 2 fJ . (10-18) 

The directive gain can be obtained from Eq. (10-14): 

4n:sin 2 8 
Gv(e, cf>)= -f 2 f 

0
" ; (s in 2 0)sin8d&d</> 

= 1 in 2 a. (10-19) 

The directi vity i the maximum value of G0 (0, </>): 

D = c0 (~.<t>) = 1.5, 

which corre ponds to 10log1 0 t.5 or 1.76 (d B). 

A measure of antenna efficiency is the power gain. The power gain, or 

simply the gain , Gp, of an antenna referred to an isotropic source is the ratio 

of its maximum radiation intensity to the radiatio n inten ity of a lossless 
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radiation efficiency 

Antenna radiation 
resistance 
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isotropic source with the same power input. The directi ve gain as defined in 
Eq. (I 0-14) is based on radiated power P,. Because of ohmic power loss. P1, in 
the antenna itself as well as in nearby lossy structure including the ground, P, 

i le than the total input power P, . We have 

P, = P, + P1 . (J 0-20) 

The power gain of an antenna is then 

(Dimen ionless). ( 10-2 1) 

The ratio of the gain to the directivity of an antenna is the radiation efficiency, 

(,: 

(Dimension less). (10-22) 

Normally, the efficiency of well-constructed antennas is very close to 100° 0 . 

A u eful measure of the amount of power radiated by an antenna is 
radiation re i ·tance. The radiation resistance of an antenna is the value of a 
hypothetical re istance that would dissipate an amount of power eq ual to the 
radiated power P, when the current in the re istance is equal to the maximum 
current along the antenna. A high radiation re i tance is a de irable property 
for an antenna. 

Find the radiation resistance of a Hertzian dipole. 

Sou;noN 

Ifwe assume no ohmic losses, the time-average power radiated by a Hertzian 
dipole for an input time-harmonic current with an amplitude I is 

P, = l f :" f: £0 H: R 
2

sin11 dO d¢ . (10-23) 

U ing the far-7one fie ld in Eq. (10-9) and ( 10-10), we find 

/ 2(£1/)2 J1n J~ 
P, = --2- 170/12 in 3 0 dO d</J 

32rr o o 

- J2(d/)2 2 - 12 [ . 2 (d/)2] 
- J? 'l ofJ - ? 80rr . . 

_rr - A 
( 10-24) 
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Radiation resistance 
of a Hertzian dipole 

EXAMPLE 10-4 

CHAPTER 10 

In thi lastexpres ·ion we have used 120rr for the intrin ' ic impedance of free 

space, 17o, and substituted 2rr/ }, for /J. 
Since the current along the short Hcrtzian dipole i · uniform. we refer 

the power di sipaled in the radiation resistance R, to I. Equating / 2R, / 2 to 

P,, we obtain 

R, = 80n2 
( d:) 2 

(Q). (10-25) 

As an example, if d( = O.OU, R, is only about 0.08 (Q), an extremely 

small value. Hence a short dipole antenna is a poor radiator of electromag­

netic power. However, it is erroneou · to say without qualification that the 

radiation resistance of a dipole antenna incrca ·cs as the square of its length 
because Eq. (10-24} holds only if dt « } .. 

Find the radiation efficiency of an isolated Hertzian dipole made of a metal 

wire of radius a, length d. and conductivity <J . 

SOLUTION 

Let I be the amplitude of the current in the wire dipole having a loss 

resi tance R1 . Then the ohmic power loss is 

P1 =1I 2 Rr . 

In terms of radiation resistance R, the radiated power is 

P, = t I 2R, . 

From Eq . (10-20) and (10-22) we have 

v P, 
(,, = p + p 

r I 

l 
= -----

1 + (R 1 /R,) ' 

R, 

(I 0-26) 

( 10-27) 

(I 0-2H) 

where R, has been found in Eq. (I 0-25). The loss resistance Rr of the metal 

wire can be expressed in terms of the urface resi lance R, : 

(10-29) 
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where 

R, = flfa (10-30) 

as given in Eq . (7-53). U ing Eq . (10-25) and (10-29) in Eq. (10-28), we obtain 
the radiation efficiency of an isolated Hcrtzian dipole: 

, 
~ r = ----(....,...-,)-(~..,--) . R, ). i.. 

1 + 160~ 3 -a dt 

(I 0-31) 

Assume that a = l.8 (mm), d{ = 2 (m), operating frequency f = 1.5 
(MHz), and a (for copper)= 5.80 x 107 (S/ m). We find that 

c 3 x 108 

). = f = o(j = 200 (m), 
1.5 x l 

R, = 
rr x (l.50 x 106

) x (4n10 - 7
) = 

3
.
20 

x _4 
5.80 x 107 10 (Q), 

- 4 ( 2 Rr = 3.20 x 10 x 
2

n1.
8 

x 
10 

3) = 0.057 (Q), 

R, = 80n 2 (2~0)2 = 0.079 (!2), 

and 

~ 0.079 
I., , = 0.079 + 0.057 = 580 

O • 

which is very low. Equation ( 10-31) show that smaller values of (a/ ).) and 
(di/ i.) lower the radiation efficiency. 

The normalized pattern function in the E-rlane of a vertical antenna over a ground 

rlane i given a '"/ sin n, (0 :S; 0 :S; rr/ 2. and 0 :S; </> :S; 2rr). 

a) Obtain an expression for the directive gain. 

b) Calculate its directivity. 

ANS. (a) (8/ rr)sin 0. (b) 2.55, or 4.06 (dB). 

RE\'lEW QllESTIOl'\S 

Q.I0-6 Define w11e11na paltern. 

Q.10-7 Describe the £ -plane and TT-plane patterns of a Hert1ian dipole. 

Q.I0-8 Define radiwio11 i111 e11si1y. 
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Q.10-9 Define directil'e qain and directirity o f an a ntenna . 

Q.10- 10 Deline power ~1ai11 and radiation ejf1cie11cy of an antenna. 

Q.10-11 Define rmlia1icm resiswnce of an antenna. 

REMARKS 

J. A radiation-intensity pattern (or power pattern) of an antenna plot 
the quare of field intensity ver us e or </> at a fixed di lance. 

2. Directive gain i not the ame a power gain. 

3. Directivity is not the ame as radiation efficiency. 

4. Rad iation re ista nce 
imped ance. 

11or the same as the real part of input 

10-4 THI N LINEAR AN TE NNAS -------· - --

Linear dipole antenna 

We have ju t ind icated that a short dipole antenna is not a good radiator of 

electr magnetic power becau e of its low radiation re istancc a nd low 

radia t ion efficiency. We now examine the radiation characteri tic of a cent r­

fcd thin traight antenna having a length comparable to a wavelength, a 

shown in Fig. I 0-3. Such an antenna i a linear dipole antenna. If the current 

di tribution along the antenna i known, we can find it radiation field by 
in tegrating the radiation field due to an elemental dipole over the entire 

rlG RI: 10-3 center-fed linear <l1polc with ~inuso1dal current distribution . 
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length of the an tenna. The determination of the exact current distribution on 

such a ecmingly simple geometrical configuration (a straight wire of a finite 
radius) is, however. a very difficult boundary-value problem. For our 
purposes we assume a inusoidal space variat ion for the current on a very 

thin , straight dipole. Such a current distribution constitutes a kind of 

standing wave over the dipole, as sketched in Fig. l 0-3; it represents a good 

approximation . 

Since the dipole is cen ter-driven, the currents on the two halves of the 

dipole arc ymmetrical and go to zero at the ends. We write the current 

phasor as 

J(z) = Im in {l(h - J.:I) 

{

/ 111 in /J(h - ;:.) 

= Im sin fj(h + :), 
: > 0, 
: < 0. 

(10-32) 

We are interested on ly in the far-7one fields. The far-field contribution from 

the differential current element I dz i~. from Eqs. (10-9) and (10-10), 

dE0 = 17 0 dH rJ> =.i 
14~: (e -~:R') 170 {3sin0. ( 10-33) 

Now R' in Eq . (I 0-33) is lightly different from R measured to the origin 

of the pherical coordinates, which coincides with the center of the dipole. In 

the far zone, R » h, 

R' ;;: R - z. cosO. (10-34) 

The magnitude difference between l / R' and I/ R is insignificant, but the 

approximate relation in Eq. ( I 0-34) must be retained in the phase term . Using 

Eqs. (10-32) and (10-34) in Eq. (10-33) and integrating, we have 

E0 = 17 0 HrJ> 

. I m'7 of3 sin 0 I h - ./ 4nR e j/JR h sin {J(h - lzl)ejft: cosO dz. (10-35) 

The integrand in Eq. (10-35) is a product of an even function of z, 
in {J(h - J:I), and 

eiP=coso = cos(/J:cosO) + jsin(/J:::cosO), 

where in (/J: cos 0) is an odd fu nction of:. Integra ting between symmetrical 

limits - hand h, we know that only the part of the integrand containing the 

product of two even functions of .:, in{J(h - J.:))cos(f3z cos8), yields a 

nonzero value. Equat ion ( 10-35) then reduces to 

l ml7of3sin0 ·pRih. {Jh fJ O)d £ 8 = 17 0 H q, = .i e 1 s111 ( - z) cos ( z cos z 
2nR o 
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Pattern function of a 
linear dipole antenna 
having half-length h 

CHAPTER 10 ANTCNNAS AND A TENNA ARRAY S 
~~~~~~~~~~~~~~~~ 

(10-36) 

where 

(10-37) 
cos({Jh cos 0) - cos f3h 

F(e) = . . 
sin 0 

The factor JF(G)I is the £-plane pattern function of a linear dipole 

antenna. The exact shape of the radiation pattern represented by JF(O)J in Eq. 

(I 0-37) depends on the value of f3h = 2nh/ i. and can be quite different for 

different antenna length . The radi<ttion pattern, however, is always ym­

metrical with respect to the 0 = n/2 plane. Figure 10-4 shows the £-plane 

patterns for four different dipole lengths measured in terms of wavelength: 

2h/ ). = !, 1, t and 2. The H-plane patterns are circles inasmuch as F(O) is 

independent of <f>. From the patterns in Fig. I 0-4 we see that the direction of 

maximum radiation tends to shift away from the 0 = 90 plane when the 

dipole length approaches 3A./2. For 2h = 2i. there i no radiation in the 

0 = 90° plane. 

FIGURE 10-4 £-plane radiation patterns for center-fed dipole antenna . . 

(a) 2'1 1 A = In. (b) 2h / A = I. 

(d 2'1 / A ~ JC .. (dl 2/i / A = 2. 
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10-4.1 THE HALF - WAVE DIPOLE 

Pattern function of a 
half-wave dipole 

Radiation resistance 
of a half -wave dipole 

The half-wave dipole having a length 2h = i./ 2 is of particular practical 
importance because of its desirable pattern and impedance characteristics. 
With /Jh = 2nh/ I. = n/2, the pattern function in Eq . (I 0-37) become 

F(f:J) =co [(rr/2)co~OJ 
sin fl 

( 10-38) 

This function has a maximum equal to unity at fJ = 90 · and has nulls at 
(} = 0 a nd 180 . The corre ponding £-pla ne radiation pattern is ketched in 
Fig. 10-4(a). The far-zone field phasers a re, from Eq. (I 0-36), 

E - H _ J 601 m jpR {co [(rr/2) cos e} 
e - l]o </> - --e . . 

R Sill fl 

The magnitude of the time-average Poynting vector is 

.JJJ .(e) = ~ E H* = 1 s1;, {cos [(rr/2) cos O] }
2 

a• 2 ° tJ> nR 2 sine . 

(10-39) 

( 10-40) 

The total power radiated by a half-wave dipole is obtained by integrating .'!I'm 
over the urface of a great phere: 

Pr = J
0
2rr t ~m(f:J) R 2 inf:Jdf:Jd<f> 

= 30 2 f" cos
2 

[(n/ 2) cos 8] dO 
Im . e . 

o Sill 
( 10-41) 

The integral in Eq. (10-41) can be evaluated numerically to give a value 1.218. 

Hence 

Pr = 36.541?- (W), (I 0-42) 

from which we obtain the radiation resistance of a free-standing half-wave 
dipole: 

2Pr 
Rr = - 2 = 73.1 (Q). 

Im 
( 10-43) 

Neglecting losses, we find that the input resistance of a thin half-wave dipole 

equals 73.1 (Q) a nd th at the input reactance i a small positive number that 
can be made to vanish when the dipole length is adjusted to be slightly 

shorter than A./2. (As we have indicated before, the actual calculation of the 

input impedance is tedious and is beyond the scope of this book.) 
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Directivity of a half­
wave dipo le 

EXA:\1Pl.E l 0-5 

CHAPTER 10 /\NTF"1 AS Ai\D /\Nl INNA ARRAY 

The directivity of a half-wa e dipole can be found by using Eq. (IO- I ). 
We have, rrom Eqs. (10-12) and (10-40), 

( 10-44) 

and 

D = 4nL m.u = 6~ = 1.64, 
P, 36.)4 

(I 0-45) 

which corre pond to I 0 log 10 1.64 or 2.1 - (dB) referring to an omn1-
directional radiator. 

A thin quarter-wa\elength verucal antenna over a perfect!) conducung 
ground is excited by a time-harmonic ourcc at its base. Find its radiation 
pattern, radiatwn resi ·tancc. and directi'vity. 

SOLLTIO"-

Since current i charge in motion. we can u e the method of image di u sed 
in ubsection J- 1 I .5 and replace the conducting ground by the image of the 

.verti al antenna. A little thought \'viii convince u that the image of a \erll .ii 
antenna carrying a current I is another vertical antenna of the same length 
located bel w the ground. l he image antenna came · the <>ame current 1n the 
same direc11011 as the original antenna. The elcctromagnetu.: field 111 rhe upper 

halhpace due to the quarter-wave vertical antenna in Fig. 10-5(a) 1 . then. the 
same a that of the half-wave antenna in 1-ig. 10-5(b). The pattern function 1n 
Eq (10-38) applies here for 0 s (} :5 n 2. and the radia1ion pa11ern dri.l\\.11 in 
dashed line in Fig. 10-S(b) 1s the upper half of that in Fig. 10-4(a). 

The magnitude of the time-average Poynting vc tor. ~°' . tn q. ( 10-40), 
holds for 0 :5 & ~ n. 2. Ina much as the quarter-wave antenna (a monopole) 

radiate only into the upper half- pace. it total radiated power 1 only one­
half that given in Eq . (I 0-42). 

P, == 1 .'27 t;,, (\.\.) 
Consl:qucntly. the radiation resi tance is 

1P, 
R, == 11 - 36.54 (OJ. 

m 

( 10-46) 

which i one-half of the radiation resistance of a half-wave antenna 111 free­

space. 



Directivity of a 
quarter-wave 

monopole 

• EXERCISE 10.2 

I 0-2 THIN LINEAR ANTENNAS 

-1 
A/.+ 

(a) A \Crtical quarter-wave 
monorolc 0\ er contlucting 
ground. 

T 
A/4 ... --t .... -- ... 

/ ' ~ ' ~ , \ 
_!_ ____ '"\., _ ___ L 

A/.+ 

_j 
(hl Equivalent half-wa\'c 

dipole radiating. into 
upper half-space. 

FIGURE 10-5 Quarter-wave monopole over d conducting ground and its 
equivalent half-wave dipole. 
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To calculate directivity, we note that both the maximum radiation 

intensity, Uma:x• and the average radiation intensity, P, /2n, remain the same as 

tho c for the half-wave dipole. Thu , 

D = Umax = Uma. = L 64 
u.,, P) 2rr . ' 

(10-47) 

which is the same as the directivity of a half-wave antenna. This antenna is 

known as a quarte1·-wave monopole. 

A center-fed dipole of length 25 (cm) operating at 600 (MHz) radiates a total average 
power of 475 (W). Find the magniludes of the electric and magnetic field intensities at 
the point P( 100 m. n, 2. 0). 

A1'S. 2.17 (V ,'m). 5.75 (mA m). 

REV I EW Q UESTIOl\, S 

Q.10-12 Describe qualitatively the F.- and II-plane radiation patterns of a half-wave 
dipole antenna. 

Q.10-13 What arc the radiation resistance and directivity of a half-wave dipok: 
antenna? 

Q.10-14 What are the radiation resistance and directivity of a vertical quarter-wave 
monopole over a conducting ground'! 

Q.J0-15 What is the image of a horizontal dipole over a conducting ground? 
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REM ARKS ~~~-~----~------------~~ 

t. Time-harmonic current distribution on center-fed, thin, lrnear anten­
na are approximately inusoidal landing wave vani hing at the 
ends. 

2. The only fa r-zo ne field inten ities o f a vertical antenna are E9 a nd H .,,. 

3. The radia tio n re ' i ta n e a nd directivity of a center-fed linear ha1f­
wave dipo le antenna are, respectively, 73. l (Q) and 1.64. I 

J 

10-5 A NTENNA A RRAYS 

Antenna arrays 

As we have seen. ingle-clement linear antenna tend to spread radiated 

power over the broad beam in tbeir radiation pattern . Tbey ha c low 
directivity and their main beam point to fixed directions. These restrictions 

can be overc me by arranging a group of everal antenna element in various 

configuration::. (straight line . circle . triangle and o on) with proper 
amplitude and pha e relations to give certain desired radiation character­
istic . uch arrangements of antenna elcrnenL are called antenna arrays. In 

thi ection we examine the ba ic theorie and characteristic of linear 
antenna arra_ (radiating clemenl arranged along a ' lraight line). We fir t 

consider the implesl case of two-element arrays. After some experience has 

been gained with them. we con ider the ba ic propertie of uniform linear 

arrays made up of many identical elements. 

------------ -
10-5.1 TWO-ELEMENT ARRAYS 

The imple. t array is one consisting of tw identical radiating clement 

(antenna ) paced a di tance apart. Thi~ arrangement i illu trated in Fig. 
10-6. or simplicity. let u, as urne that the antenna are lined along the x­
axis, and examine the far-zone electric field of the individual antennas in the 

0-direction. Tht: antennas are excited with a current of the same magnitude. 

but the phase in antenna l lead. that in antenna 0 by an angle.;. We have. at 
p int P((). ¢). 

e i~ e 1/J R1 

£L = £mf(O. q;)----, 
R1 

and ( 10-4 ) 

( 10-49) 

where F(O, ¢) i the pattern function of the individual antenna. and£"' is an 
amplitude function . The electric field of the two-clement array is the sum of 
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, ,( /J.<f>) 

FlGURE 10-6 A two-element array . 

£ 0 and E 1. Hence, 

[

e - jPRo eR e jpR,J 
E = £ 0 + £ 1 = E111 F(O, </JJ -- + . 

Ro R1 
(I 0-50) 

In the far zone. R0 » d/2, and the factor l/ R 1 in the magnitude may be 
replaced approximately by l (R 0 . However, a small difference between R0 and 
R 1 in the exponents may lead to a significant phase difference, and a better 

approximation must be used . Because the lines joining the field point P and 

the two antennas arc nearly parallel, we may write 

R 1 ~ R0 - d sin 0 cos¢. (I 0-51) 

Substitution of Eq. (10-51) in Eq . (10-50) yield 

(10-52) 

=E e 1 0 eJ'' 2cos -F(8, </J) 'PR " !2 ( i/1) 
m Ro 2 , 

where 

i/1 = /3d sin ()cos <P + r (10-53) 

The magnitude of the electric field of the array is 

IEI = 
2:~" IF(H, </>)I ,cos ~I· ( 10-54) 

where IF(O, </J) I may be called the element factor, and !cos (i/1/2)1 the normalized 
array factor. The clement factor is the magnitude of the pattern function of 

the individual radiating elements. and the array factor depends on array 
geometry as well as on the relative amplitudes and phases of the excitations in 

the elements. (In this particular case the excitation amplitudes are equal.) 
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Principle of pattern 
multiplication 

EXAMPLE 10-6 

Broadside array 

CHAPTER I 0 

From Eq . ( 10-54) we conclude that the pattern function of an array of identical 

elements is described by the product of the element factor and the array .f acto1·. 

T his property is called the principle of pattern multiplication . 

Plot the H-plane radiation patterns of two parallel dipole for the following 

two case : (a) d = i./2. ~ = 0, and (b) d = J./4, ~ = -n/2. 

SOL TION 

Let the dipoles be z-directed and placed along the x-axi , as hown in Fig. 
J0-6. Jn the H-plane (0 = n/ 2), each dipole is omnidirectional, and the 
normalized pattern function is equal to the normalized array factor IA(cf>)I. 
Thu 

jA(</>)I = lco· ti= lea ~({3dco </> + 01· 
a) d = IJ 2 ({3d = n). ~ = 0: 

jA(</>)1 =\cos(~ cos cf>)\· (10-55) 

The pattern has its maximum at ¢ 0 = ± n/ 2- that is, in the broadside 
direction. Thi is a type of broadside arra}>. Figure 10-7(a) shows thi 
broadside pattern. Since the excitations in the two dipoles a re in phase, 
their electric fields add in the broadside directions,</> = ± n/2. At </> = 0 
and n the electric field cancel each other because the A./ 2 separation 
leads to a phase difference of 180"' . 

FlGURE 10·7 H·plane radiation pattern of two-element parallel dipole array. 

(al d = Al!..~= 0. (b ) d = A/4. ~ = - 1Tl2 . 
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EXAMPLE 10-7 
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b) d = i-/4 ({Jd = n/ 2), ~ = - n/2: 

IA(</J)I = lcos i (cos <P - I),, ( 10-56) 

which has a maximum at ¢ 0 = 0 and vanishes at <P = n. The pattern 
maximum is now in a direction along the line of the array, and the two 
dipoles constitute an end.fire array. Figure 10-7(b) shows this endfire 
pattern. In this case the phase in the right-hand dipole lags by n/2, 
which exactly compensates for the fact that its electric field arrives in 
the <P = 0 direction a quarter of a cycle earlier than the electric field of 
the left-hand dipole. As a consequence, the electric fields add in the 
<P = 0 direction . l n the ¢ = n direction, the n/2 phase lag in the right­
hand dipole plus the quarter-cycle delay results in a complete can­
cellation of the field . 

Discuss the radiation pattern of a linear array of the three isotropic sources 

spaces A/2 apart. The excitations in the sources are in-phase and have 
amplitude ratios I : 2 : I. 

SOLUTION 

This three-source array is equivalent to two two-element arrays displaced A./2 
from each other a depicted in Fig. I 0-8. Each two-element array can be 
considered as a radiating ource with an element factor as given by Eq. (10-
55) and an array factor. which is also given by the same equation. By the 
principle of pattern multiplication we obtain 

4Em I (n )1 2 

4£m 1£1 = Ro cos "2 cos¢ = Ro [A(</>)[ . (10-57) 

The radiation pattern represented by the normalized array function 
IA(</J)I = lcos[(n/2)cos ¢]12 is sketched in Fig. 10-9. Compared to the pattern 

FIG URE 10-8 A three-element array a nd its equivalent pair of displaced two­
elemenl arrays. 

- · - - · - - · -x I 2 I 

(a) Three-e lement 
binomial array. 

- ~ 1 
- •- - !- - •-x 

I I 

(b) Two displaced 
two-element arrays. 
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Binomial arrays 

• EXERC ISE 10.3 

CHAPHR 10 ANT E1'NAS AND A TFN A ARRAY 

- ·- -· . l 
] I 

Ff 1 R r: IV-9 Radiallon pattern of three-element broadside binomial array. 

of the uniform two-clement array in Fig. l 0-7(a). thi three-element broad ide 
pattern i harper (more directive). Both pattern. have only main beam ~ wtth 
no side! bes. 

The three-element broadside array i · a pecial ca e of a c/as!. of 
sicleloheless array called binomial arrays. In a binomial array of element . 
the array fa tor i a binomial function (I + e 1.,; ), _ 1 and the excitali n 
amplitudes vary according to the coefficient · of a binomial ex pan ion ('" 1 

). 

n = 0, I. 2, . .. . N - 1. or = 3 the relative excitation amplitude · are 
(b) = I. (T) = 2 and( ~)= I . a in E ample 10-7. To obtain a directive pattern 
without . idelobc, din a binomial array is normally re trictcd to be ;.; 2. 

a) What are the reh.Hive excitation amplitude ofa binomial array of four isotropic 
equipha e • ourccs ha 1 ing a uniform pacing of ). 3'? 

b) A. suming the ources to be located along the y-axis. obtain the normali1cd 
arra y factor in the (} = rr 2 plane. 

Al\ .. (a) l : 3 : 3 : l. (bl !co G o <P )13· 

10-5.2 GENERAL UNIFORM LINEAR ARRAYS 

We now omider ;rn array of more than two identical antennas equally 
pa ed along a traight line. The antenna are fed ~ith current f equal 

magnitude and have a uniform progres ive phase hift along the line. uch an 
array is called a uniform linear array . An example i hown in fig . 10-10. 
where N antenna clement , arc aligned along the x-axis. ince the array 
element are identical. the arraj pattern fun ction i · the product of the elemt.:nl 



Array factor of an 
N -element uniform 
linear array 

Mainbeam occurs at 
Y' = 0. 
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factor and the array factor. The normalized array factor in the xy-plane is 

(I 0-58) 

where 

t/1 = fid cos <P + e. (10-59) 

The polynomial on the right side of Eq. (10-58) is a geometric progression and 
can be ummed up in a closed form: 

or 

) I) - ejNIJll 
IA(l/l)I = N I - eN 

I !sin (Nt/1 /2)1 
JA(t/l)J = N sin (t/1/2) (Dimensionless). (l 0-60) 

Assuming omnidirectional H-plane patterns for the identical array 

elements, we may derive everal significant properties from JA(l/l)J given in Eq. 
( 10-60). 

1. Main-beam direction. The maximum value ofJA(l/l)I occurs when t/1=0, 
or when 

fid co <Po + ( = 0, 

which leads to 

~ 
cos ¢ 0 = - {Jd . 

Two special ca cs are of particular importance. 

(I 0-61) 

a) Broadside array. For a broadside array, maximum radiation 
occurs at a direction perpendicular to the line of the array-that 

FIG URE 10-10 A general uniform linear array. 

y 

() V-2 N- 1 

~d-1 
Phase ~hi rL () 2f. (N - 2) f (N - I l f. 



Phased arrays 

Sidelobes 

Tapering excitation 
amplitudes reduces 
array sidelobes. 

• EXERCISE 10.4 

2. 

is, at <Po = ± n/2. This requires ~ = 0, which means that all the 
elements in a linear broad ide array should be excited in phase, as 
was the case in Example 10-6(a). 

b) End.fire array. For an endfire array, maximum radiation occurs at 
<Po = 0. Equation (I 0-61) give 

~ = - f3d cos </> 0 = - f3d. 
We note that the direction of the main beam of a uniform linear 
array can be made to change (to scan) by changing the progressive 
pba e shifts. Antenna arrays equipped with phase shifters to steer 
the main beam electronically are called phased arrays. 

Sidelobe locations. Sidelobes arP minor maxima that occur approx­
imately when the numerator on the right side of Eq. (I 0-60) is a 
maximum- that is, when I in(Nlf;/ 2)1=1 , or when 

NI/I TC 

2 
= ± (2m + I) 2, m = I, 2, 3, . . . . 

The fir t sidelobes occur when 

NI/I 3 - + 1C 2 --2. (m =I). (I 0-62) 

Note that Nlf; /2 = ± rr/ 2 (111 = 0) does not represent locations of 
sidelobes because they are still within the main-beam region. 

3. First side/obe /ere/. An important characteristic of the radiation pattern 
of an array is the level of the first sidelobe compared to that of the main 
beam, since the former is usually the highest of a ll sidelobes. All 
sidelobes should be kept as low as pos ible in order that most of the 
radiated power be concentrated in the main-beam direction and not be 
diverted to sidelobc regions. Substituting Eq. (10-62) in Eq. (10-59), we 
find the amplitude of the first sidelobe to be 

1~ I in(3~/2N) I ~ ~ 13n; 2N I = :n = 0.
212 

for large N. ln logarithmic terms the first sidelobes of a uniform linear 
antenna array of many element are 20 log 10(1 /0.212) or 13.5 (d B) duw11 
from the principal maximum. This number is almost independent of N 
a long as N is large. (The sidelobe level i ' higher for sma ll N.) 

One way to reduce the sidelobc level in the radiation pattern of a linear 

array is to taper the current distribution in the array elements- that i , to 
make the excitation amplitudes in the elements in the center portion of an 

array higher than those in the end elements. (Problem P.10-14.) 

Determine the level and the location of the lirs l sidclobes in the array pattern of a li ve­
elemcnt linear array with d = i./2 for 



EXAMPLE 10-8 

Width of main beam 
of endfire array is 
wider than that of 
the corresponding 
broadside array. 
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a) broachide operation. and 

b) endfirc opera ti on. 

A" . {a) - 12. l (d\3) at <P - ± 53.1 and ± 126.9 . (b) - 12.1 (dB) at</> = ± 66.4 . 

For a five-element uniform linear arra with i. ·_ pacing. find the width of the 

main beam for (a) broadside operation, and (b) endfire operation. 

SOL TION 

The width of the main beam i the region of the pattern between the fir t nulls 

on either ide of the direction of maximum radiation . The fir t null of the 

array pattern o cur at 1/1 01 that makes ( ee Eq . 10-60) 

t/10 1 
rr. ( 10-63) 

For thi c ample, t/1 0 1 = ± 2n, 5 = ± 0.4n. It is obviou that the c rresp nd­
ing null locations in ¢ are different for broadside and endfire arrays because 

of the different value of ~ implicit in tft . 

a) Broadside opel'alion. ~ =0, tf; = /3dco ¢=nco ¢. At first nulls, 
nco ¢ 01 = ± 0.411:, from which we obtain 

b) 

¢01 = co - 1
( ± 0.4). 

Taking the po itive sign, we have ¢ 01 = ± 66.4 '. Taking the negative 
sign. we get ¢ 0 1 = ± l 13.6 . The main beam of a broad ide array point 
in the broadside directions at ¢ 0 = ± 90°. Thus, the main-beam width 
is 113.6 - 66.4 = 47.2-. 

Endfire operation . ~ = - /Jd , t/t = /Jd(cos </J - I)= n(co <P - I). At fir t 
null , n(co ¢ 0 1 - J) = -0.4n,t from which we obtain 

¢0 1 =co 10.6 = ± 53.1°. 

Thu the width of the ingle main beam at ¢ 0 = O" i 2 x 53. 1 = I 06.2 . 

We ee that the main beam of an endfire array is much broader than that of 
the corre ponding broad ide array. 

A typical graph of the normalized array factor in Eq . (I 0-60) is shown in 

Fig. 10-1 l for = 5. lt i a rectangular plot of \A(l/1)1 vcr. us i/J . The actual 
normalized array pattern for the range of the azimuth angle ¢ = 0 to 2n 

(the visible range) depends on the relation between t/I and ¢. As we have 

h wn above: 

'Nole 1hal the posllive ~ign in Eq. (10-6 ) doe not apply here because i1 would lead 10 1he 
impo sible si tuation of cos </> 01 = 1.4. 
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8 EXERCISE 10.5 

• EXERCISE 10.6 

CHAPTER 10 ANTENNAS AND ANTENNA ARRAYS 

() O:!rr 04rr 06rr O.Xrr 1T I 2r. l.4r. 1.67T l.8r. :?.rr 

FIGURE 10- 1 J Normalized array factor of a five-element uniform linear arr11y. 

a) 

b) 

For broadside arrays, ¢ 0 = ± rr/2, ~ = {Jd co ¢, 

For endfire arrays. ¢ 0 = 0, ~ = /Jd(cos ¢ - 1). 

( I0-64a) 

( 10-64b) 

The different transformations in Eqs. (I 0-64a) and (I 0-64b) lead to different 
array patterns versus ¢ for the same array factor. 

Use Fig. I 0-11 to ketch the normalized array pattern IA(</;)I for <P from 0 to rr for a 
five-element uniform broadside array with d = )./ 2: 

a) in rectangular coordinate. , and 

b) in polar coordinates. 

Use Fig. I 0-11 to sketch the normalized array pattern IA(</>ll for</> from -n/2 to +ni2 
for a five-element uniform endfire array with d = i./2: 

a) in rectangular coordinates, and 

b) in polar coordinates. 

REVIEW QUt::STIONS 

Q.10-16 What are the major advantages of antenna array compared to singlc­

element antenna fed with the same input power? 

Q.10-17 What is meant by the normali:::ed array.factor of an antenna array? How i. it 

different from the pattern function of the individual antenna ? 

Q.10-18 State the principle of pa/tern mul1iplicalion. 

Q.10-19 State the difference between a broadside array and a n e11djire array. 

Q.J0-20 What is a binomial array? What are the relative excitation amplitudes of a 

six-element binomial array'' 

Q.I0-21 Is the radiation pattern of all linear binomial arrays sidelobeless'? Explain. 

Q.I0-22 What is meant by a uniform linear array? 

Q.10-23 What is a phased array? 

Q.10-24 In the radiation pattern of a uniform linear array of many elements, how 

many decibels down from the principal maximum are the first sidelobes? 
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REMARKS 

J. The principle of pattern multiplication applie only to arrays with 
identical elements. 

2. The radiating elements in a broad ide array are fed in phase. 

3. The phase of a radiating clement in an endfire array usually lags by an 
amount equ al to (2n/ ).) multiplied by the distance that the element is 
displaced in the direct ion of maximum radiation.t 

4. A broadside a rray has a na rrower main beam and a higher directivity 
tha n those of a corresponding endfire array. 

5. The sidelo be level in the radi a tion pattern of a linear a rray with a 
tapered amplitude distribution is lower tha n that of the corresponding 
array with a uniform amplitude d istribution. 

10-6 EFFECTIV E A REA AND B AC KSCATTER CROSS S ECT ION 

Rec iprocity re lations 
for antennas in 
transmitt ing and 
receiv ing m o des 

In the discussion of antennas and antenna arrays so far we have implied that 

they opera te in a transmitting mode. In the transm itting mode a voltage 

source is applied to the input terminal of an anten na, set ting up current a nd 

charges on the antenna structure. The time-varyi ng cu rrents a nd charges. in 
turn. radiate electromagnetic wave·, which carry energy and/ o r information. 

A tran milting antenna can then be regarded as a device tha t transforms 

energy from a source (a generator) to energy associa ted with an 

electromagnetic wave. A receiving an tenna, on the other hand, extracts 

energy from an incident electromagnetic wave a nd delivers it to a load. By 

invoking reciprocity relations it is pos ible to j ustify the foll o wing 

conclusion : 

I. 

2. 

The equivalent generator impedance of a n antenna in the rece1vmg 
mode is equal to the input impedance of the antenna in the tran mitting 
mode. and 

The directional pattern of an antenna for receptio n is identica l with that 
for transmi . ion. 

We will accept the:>e conclu ions. 

For a receiving antenna weakly coupled to a transmitting source, an 

approximate Thevenin's equivalent circuit a t the receiving end is as shown in 

Fig. I 0- 12. where V,,, is the open-circuit vo ltage induced in the receiving 

1 The t!\c1ta11on pha'e' m an end fire array may be ad Justed in specific ways 10 improve a rray 
th reel!\ ity. ( ee D K. Cheng and P. D. Raymond, Jr .. "Oplimization of a rray d irectivil y by phase 
adju-,tment : · Eleu rm11n Lei/a,,. \OI. 7. pp. 552- 553, September 9. 197 1.J 
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z I l' 
I 

+ 

FIGURE 10-1 2 Thevenin's equiva lent circuit for a receiving antenna with load . 

antenna, Z
9 

is the equivalent generator internal impedance of the antenna in 

the receiving mode (equal to its input impedance in the transmitting mode), 

and ZL is the load impedance. We will use this equivalent circu it to study the 
performance of receiving antennas. 

10-6.1 EFFECTIVE AREA 

Effective area of a 
receiving antenna 

In discu sing receiving antenna it is convenient to define a quantity called 

the effective area. t The effective area, Ae, of a receiving antenna i the ratio of 

the average power, PL , delivered to a matched load to the time-average power 

density &:,,,, of the incident electromagnetic wave at the antenna. We wri~e 

(10-65) 

Under matched condition , 

z,_ = z; = zt. (10-66) 

Neglecting losses, the antenna input impedance Z i in the transmitting mode 

may be wr itten as 

Z i = R, + jXi> ( 10-67) 

where R, denotes the radiation resistance. In view of Eqs. (10-66) and (10-67), 

the induced open-circuit voltage JI;,, in Fig. 10-12 appears aero s a total 
resistance of 2R,, and the average power delivered to the matched load is 

P = ~{I Vocl} 2 
R = !Var1

2 
. 

L 2 2R r BR 
r r 

(I 0-68) 

Let Ei denote the amplitude of the electric field intensity at the receiving 

antenna. Then the time-average power den ity at the receiving site is 

t Also ca lled effective aperture or receiving cross section. 
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Effective area of 
Hertzian d ipole 

Relation between 
effect ive area and 
directive gain of an 
antenna 
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£?- £2 
~ = - ' = - '-

< a" 2ry
0 

240rr · 
( 10-69) 

The ratio of PL and -~ •. gives the elTective area. 

Determine the effective area. A.,(0), of an elemental electric dipole of a lengt h 

di ( « /.) used to receive an incident plane electromagnet ic wave of wavelength 

) .. Assume that the dipole axis makes an angle 0 with the directio n of the 

incident electromagnetic wave. 

SOLUTION 

Let E; be the amplitude of the electric field inten ity at the dipole. T hen the 
induced open-circuit voltage i 

V,,0 = E, di sin 0. ( I 0-70) 

The radiation resistance of the elemental electric dipole i , from Eq. ( I 0-25), 

(
d[)2 

R, = 80rr
2 T . (10-71) 

Use of V,,c from Eq. (I 0-70) and R, from Eq. (I 0-71) in Eq. ( 10-68) gives 

E? . . i 
PL =- o 2 (1. me). 64 n 

(J 0-72) 

Substituting Eqs. ( l 0-69) and (I 0-72) in Eq. (I 0-65), we obtain the effective 
area of the elemental electric dipole (Hertzian dipole): 

3 ( .. 0 2 A,, = - ASW ) . 
8n 

( I 0-73) 

Recalling from Eq. (10-19) in Example 10-2 that the directive gain of a 
Hertzian dipole i 

Gt>(8, </J) = J in 2 8, (10-74) 

we write the following relation for an antenna under matched- impeda nce 
condition : 

( 10-75) 

I t can be proved in general that the relation between A, and G 0 in Eq. (10-75) 
holds for any a n tenna. 
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• EXER ISE 10.7 Calculate the ma xi mum clfeCll\C arcu of a I lert11an d1poll: at ] l 11171 

AN~. I 1.9 (cm 1
). 

10-6.2 BACKSCATTER CROSS SECTION 

Backscatter cross 
section. (radar cross 
section) 

Radar 

A we aw in the preceding subsection. the concept of clTcctive aren pertain 

to the p wer available to the matched load ofa receiving antenna for a gm:n 
incident pO\\er density. In ca'e in whii.;h the incident wave impinge on a 
pa i\e obje t \\.hose purpo e 1 not to extract cnerg) from the incident wa\.e 
but whose presence creates a callcre<l field, n i appropriate to define a 
quan11ty called the buck.\cattcr cro.\s \ectiun. or radar cro:, ,·ection. The 
back catter ere<;· ·ection of an object is the equivalent area that would 
intercept that ,1mnunt of incident power in order to produce the -:ame 
cattcrcd power dcnsit) at the recei\er itc if the object -;cattcred uniformly 

(isotropically) in all d1rect1ons. Let 

Then. 

or 

.1', = Time-a\eragc incident pO\\cr dcn'.'>il) at the object (W m1
) . 

. ~ = Time-a,erage ·cattcred power den,it) at the 
receiver itc (W m2

). 

rr,,, = Backscatter cros-. cc11on (m 2 1. 

,. = D1 tancc bct\\.een scatterer and rccei\cr (m). 

' 1! , a = 4nr- (m - ). 
h> :I'. 

I 

(10-76) 

ote that -1', is Jn\Cr dy prorort1onJI to r1 for larger and that u~, doc. not 

change \\1th '" 
The backscatter cro s -.ect1on 1s a measure of the detectability of the 

object (target) b) rudur (radio detection and ranging); hence the tcnn radar 
cross ection. It i-. a composite measure. depending on the geometry. 
orientation, constitutive parameter:. and ::.urfa e conditions of the object, and 
on the frequency and polarin1tion of the incident wave in a complicated \\ay. 
The de. ign of a tcalth aircraft must be <;uch that its backscallcr or radar 
cro s ect1on i cxccptionall) small. 
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10-7 FRIIS TRANSMISSION FORMULA AND RADAR EQUATION 

Friis transmission 
formula 

Alternative form of 
Friis transmission 
formula 

We now consider the power transmission relation between transmitting and 

receiving antennas. Assume that a communication link is established between 

stations 1 and 2 with antennas having effective areas Ae1 and Ae2 , re­
spectively. The antennas are separated by a distance r . We wish to find a 

relation between the transmitted and received powers. 

Let P1 be the total power radiated by antenna I having a directive gain 

Gvt· The average power density at antenna 2, 9.w, at a distance r away is 

Pr 
g<>at• = -

4 
2 Gv1 · 

nr 
(10-77) 

If antenna 2 has an effective area Ae2, it will receive a power PL in a matched 
load (see Eq. 10-65): 

(\0-78) 

Combining Eqs. (10-77) and (10-78) and using Eq. (10- 75), we obtain 

p L = (~) GD 1 = (~.e2 )(4n.A,,1), 
P, 47tr2 4nr2 1, 2 

or 

(10-79) 

The relation in Eq. (10-79) is referred to as the Friis transmissionformula. For 

a given transmitted power, the received power is directly proportional to the 

product of the effective areas of the transmitting and receiving antennas and 

is inversely proportional to the square of the product of the distance of 

separation and wavelength. 
Noting Eq. (10-75), we may write the Friis transmission formula in the 

following alternative form : 

PL Gv1GD2A2 

P, (4m-}2 
(10-80) 

The received power PL in Eqs. (10-79) and (J0-80) assumes a matched 

condition and disregards the power dissipated in the antenna itself. It also 

assumes that the transmitting and receiving antennas are in the far zone of 

each other. 
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Oj" 

,. 

Tran~ miuer 1'. .G" 

~ 
~ IT/R 
~~witch 

FIG RE 10- 13 A mono tatic radar y tern . 

Now consider a radar system that uses the same antenna for transmit ­
ting short pulses of time-harmonic radiation and for receiving the energy 

scattered back from a target as depicted in Fig. 10-13.t For a transmitted 

power P, the power density at a target at a distance r away is (sec Eq. 10-77) 

P, 
,}'au= --1 Go(O. ¢), 

4nr 
( 10-81) 

where G0 (8, </>) is the directive gain of the antenna in the direction of the 

target. If (Jb" denotes the backscatter or radar cross section of the target, then 

the equivalent power that is scattered isotropically is (Jb, .11'0 • • , which re ult in 

a power density at the antenna crb5 f 0 ,,/4nr2
. Let Ae be the effective area of the 

an tenna. We have the following expression for the received power: 

P, 
= A., (Jb., (4nr2)2 Go(O </>). ( 10-82) 

By using Eq. (10-75), Eq. (10-82) becomes 

Radar equation 
(10-83) 

which is called the radat· equation. In terms of the antenna effective area Ae 
instead of the djrective gain G1i(8, ¢). the radar equation can be written a, 

•A radar , ys tem employ111g a common antenna for transm itt ing and receiving at the same site 
and using a T/ R (xmt /rcv) switch is ca llt:d a monosraric rudar. 



Alternative form of 
radar equation 

Geosynchronous 
satellites 

EXAMPLE I0-10 
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(I 0-84) 

Becau e radar ignal have to make round trips from the antenna to the 

target and then back to the antenna, the received power is inversely 

proportional to the fourth power of the distance r of the target from the 
antenna. ln practice, a part of the cattered power from the target, upon 

reaching the receiving antenna, is reflected or reradiated. Hence PL will be 

somewhat lower than that given in Eq. (10-84). 

A satellite communication system makes use of satellites traveling in 

orbits in the earth's equatorial plane. The speed of the satellites and the radius 

of their orbits are such that the period of rotation of the atellites around the 

earth 1 the same as that of the earth. Thus the satellite appear to be 
stationary with respect to the earth 's surface, and they are said to be 
geostationary. The radius of the geosynchronous orbit is 42,300 (km). With 

an earth radius of 6380 (km) the satell ites are about 36,000 (km) from the 

earth's surface. 

Signals are transmitted from a high-gain antenna at an earth station 
toward a atellite, which receive the signal , amplifie them, and retransmits 

them back toward the earth tation at a different frequency. Three atellites 

equally paced around the geo ynchron ou · orbit would cover almost the 

entire earth's surface except the polar region (see Problem P.10-21). A 
quantitative analy is of the power and antenna gain relations for a atellite 
communication circuit requires the application of the Friis transmission 

formula twice, once for the uplink (earth station to satellite) and once for the 

downlink (satellite to earth station). 

A microwave link is to be establi hed over a distance of I 0 miles at 300 (MHz) 
by using two identical parabolic reflector , each having a directive gain of 30 

(d 8). The transmitting antenna radiate a power of 500 (W). Neglecting losses, 
find (a) the power received, and (b) the magnitude of the electric field intensity 
at the receiving antenna. 

SOUJTION 

a) Let us first convert the 30-(dB) logarithmic directive gain into a 

number. 

10 1og 10(G 0 ) = 30 (dB), 

G0 = 103 = 1,000. 
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EXAMPLE 10-11 

r = 10 x 1609 = 1.609 x 104 (m), 

Using Eq. (10-80), we have 

(
G0 }.)

2 

PL= P, --
4nr 

( 
1000 x I ) 2 

= 500 4n x 1.609 x I 04 

A ARRAYS 

). = 3 x l 0
8 

= l (m). 
. 300 x 106 

= 12.23 x 10 - 3 (W) = 12.23 (mW). 

b) From Eq. (10-77) and (10-69), 

Thus, 

l 
E; = - j 60P1 G0 r 

= l 
4 

J60 x 500 x 1000 = 0.341 (V/m). 
1.609 x 10 

Assume that 50 (kW) is fed into the antenna of a radar system operating at 3 

(GHz). The antenna has an effective area of 4 (m 2
) and a radiation efficiency of 

90%. The minjmum detectable signal power (over noise inherent in the 

receiving system and from the environment) is 1.5 (pW), and the power 

reflection coefficient for the antenna on receiving is 0.05. Determine the 

maximum usable range of the radar for detecting a target with a backscatter 

cross section of I (m 1
). 

SOLUTION 

At.f = 3 x 109 (Hz), ..l.. = 0. 1 (m): 

Ae = 4 (m 2
), 

P, = 0.90 x 5 x 104 = 4.5 x 104 (W), 

PL = J.5 x 10- 12 (i _ ~.05 ) = 1.58 x 10 - 12 (W), 

abs= 1 (m 2
). 
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From Eq. (I 0-84). 

and 

,..J. = CJb.,. A~ (P,) 
4n:i,2 PL . 

r = 4.20 x I 04 (m) = 42 (km). 

For the radar system in Example 10-11. calcula te 

a) the maximum range for detecting a target that has a backscatter cross section of 
0.2 (m 2). 

b) the directivit y in (dB) of a new antenna necessary for detecting the new target at 
42 (km), and 

c) the total transmission loss in (dB) in the original case. 

ANS. (a) 28.l (km). (b) 40.5 (dB), (c) 155.2 (dB). 

REVIEW QllESTIO~S 

Q.10-25 Wha t arc the import ant consequences of reciprocity relations concerning 

antennas that operate in the transmitting and receiving modes? 

Q.10-26 Define e[fec1i1·e area of an antenna. 

Q .10-27 Define backsca11er cross sect ion of an object. 

Q .10-28 Explain the princip le of radar. 

Q .\0-29 What does the Friis 1rn11smi. sionformu/11 say in terms of e!Tective areas of the 

an tennas? 

REM ARKS - --------- ----- ----- -------. 

I. The ratio between the effective area and the directive gam of an 
antenna is a universal constant equal to ).2/4rr. 

2. For a given incident power density the power delivered to a matched 
load is proportional to the effective area {and therefore also to the 
directive gain) of an antenna. 

3. Effective area is a property or antenna , and backscatter (radar) cross 
section is a property of passive objects. 

4. For a gi ven transmitted power, the power received in a monostatic 
rada r sys tem is pro portional to the backscatter cross section of the 
ta rget and to the squa re of the product of the antenn a directive gain 
and the opera ting wavelength ; it is a lso in versely proportional to the 
fo urth power of the distance to the target. 
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SUMMA R Y 

PROBLEMS 

CHAPTER 10 A 

Antenna and antenna array are used to radiate, and/or receive, 

electromagnetic energy efTectivcly in prescribed manner . fn this chapter, we 

• discussed the general procedure for determining the electromagnetic fields 
radiated by an antenna with an assumed current distribution, 

• found the far-?One electric and magnetic field inten ities of a radiating 
elemental electric (Hertzian) dipole, 

• defined the essential radiation characteristics (directive gain, directivity, 
power gain. radiation resistance, radiation efficiency) of an antenna, 

• examined the pattern functions of a general linear antenna, a half-wave 
dipole, and a quarter-wave monopole, 

• explained the principle of pattern multiplication for antenna arrays of 
identical elements, 

• pointed out the -pecial feature of binomial arrays, 

• di cu . ed the general characteristic of array factor with pecial emphasi 
on broadside and endfire array , 

• explained the concepts of effective area and back catter cro s section, and 

• derived the Frii transmi ' ion formula and the radar equation. 

P.10-1 Determine the maximum electric and magnetic field intensities at a 
distance of 10 (km) from a Hertzian dipole that ha an input power of 15 (kW) 
and radiates at 70° 0 efficiency. 

P.10-2 The radiation intensity of an antenna is given a 

U(O, </J) = {50 in
2 

0 cos¢; 0 s 0 5 re, - rc/2 5 </> 5 rc/ 2, 
O; elsewhere. 

Find (a) the directivity, and (b) the radiation resistance of the antenna if the 
magnitude of the input current is 2(A) and losses are negligible. 

P.10-3 (a) A sume the spatial di tribution of the current on a very thin center­
fed half-wave dipole lying along the :::-axis to be 10 co 2rc:. Find the charge 
distribution on the dipole. What is the wavelength? (b) Repeat part (a), 
assuming the current distribution along the dipole to be a triangular function 
de. cribed by 

/(z) = / 0 (1 - 4Jz l). 

P.10-4 A 1-(MHz) uniform current flows in a vertical antenna of length 15 (m). 
The antenna is a center-fed copper rod having a radius of 2 (cm). Find: 

a) the radiation re istance, 

b) the radiation efficiency, and 
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c) the maximum electric field intensity at a distance of 20 (km) if the 
radiated power of the antenna is 1.6 (kW). 

P.I0-5 Determine the radiation efficiency of a center-fed dipole of length 1.5 
{m) operating at 100 (MHz). The dipole is made of brass and has a radius of I 
(mm). 

P.10-6 The amplitude of the time-harmonic current distribution on a centcr­
fcd short dipole antenna of length 2h(h « )") can be approximated by a 
triangular function 

( 1-1) l( z) = I 0 1 - ~ . 

Find {a) the far-zone electric and magnetic field intensities, (b) the radiation 
resistance, and (c) the directivity. 

P.J0-7 The transmitting antenna of a radio navigation system is a vertical 
metal mast 40(m) in height insulated from the earth. A 180-(kHz) source 
ends a current having an amplitude of I 00 (A) into the base of the mast. 

Assuming the current amplitude in the antenna to decrease linearly toward 
zero at the top of the mast and the earth to be a perfectly conducting plane, 
determine: 

a) the maximum field intensity at a distance 160 (km) from the antenna, 

b) the time-average radiated power, and 

c) the radiation resistance. 

P.10-8 (a) Verify the £-plane polar radiation patterns in Figs. l0-4(c) and 
10-4{d) for center-fed dipole antennas with 2h/ i, = 3/2 and 2h/ii = 2, re­
. pectively. (b) Plot these patterns in rectangular form with F(B) versus 0. (c) 
E timate the angles, fJ 0 , at which the patterns show a maximum. 

P.10-9 The angle between the half-power points of the main beam of the 
radiation pattern of an antenna is often called the beamwidth of the pattern. 
(Half-power points are points at which the field strength is !/fl of that in the 
direction of maximum radiation.) Find the beam width of the £-plane pattern 
of (a) a Hertzian dipole, and (b) a half-wave dipole. 

P.10-10 Sketch the polar radiation pattern versus() for a thin dipole antenna 
of total length 2h = 1.25) .. Determine the width of the main beam between the 
first nulls. 

P.10-11 Two elemental dipole antennas, each of length 2h (h « ).),are aligned 
colinearly along the z-ax is with their centers spaced a distance d (d > 2h) 
apart. The excitations in the two antennas are of equal amplitude and equal 
phase. 

a) Write the general expression for the far-zone electric field of this two­
element colinear array. 

b) Plot the normalized £-plane pattern for d = )./2. 

c) Repeat part (b) for d = ) .. 
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P.10-12 Plot the fl-plane polar radiation pattern of two parallel dipoles for 

a) d = i .1 4. ~ = n '2: b) cl = 3i .. 4. ~ = n/ 2. 

P.10-13 For a five-element broadside binomial array: 

a) Determine the relative excitation amplitude in the array elements. 

b) Plot the array factor for d = i./2. 
c) Determine the half-power beamwidth and compare it with that of a 

five-element uniform array having the same element spacings. 

P.10-14 Find the array factor and plot the normalized radiation pattern of a 
broadside array of five isotropic elements spaced ),/2 apart and having 
excitation ampLitude ratios I: 2: 3: 2 : I. Compare the first idclobe level with 
that of a five-element uniform array. 

P.J0-15 Obtain the pattern funclion of a uniformly excited rectangular array 
of N 1 x N 2 parallel half-wave dipoles. Assume that the dipoles are parallel to 
the .:-axis and their center arc spaced d1 and d2 apart in the x- and y­
directions, respectively. 

P.10-16 In dealing with thin linear antennas. it is ometimes convenient to 
define an effective length, I,,. of the antenna. which is the current moment 
normalized with re peel to the current at the feed point. For a center-fed 
dipole of half-length h. the maximum effective length (at 0 = n/2) i 

I (n /2) = - f(::.) e1fi= d::.. 1 f -"- h 
e . /(0) 11 

(10-85) 

Determine the effective length of 

a) a Hcrtzian dipole of length di, 

b) a half-wave dipole with inu .oidal current distribution / 0 co /fa, and 

c) a half-wave dipole with triangular current distribution 10 (1 - 41.:1/ A}. 

P.10-17 When an antenna having an effective length le as defined in Eq. 
(10-85) is used for receiving an incident electric field E; parallel to the dipole, 
the product IE/ el equals the induced open-circuit voltage JV0 ,I in the 
receiving circuit. As ume that a half-wave dipole radiate 2 (kW) at 300 
(MHz) and that a second half-wave dipole parallel to and 150 (m) away from 
the fir t i. u ed as a receiving antenna. Neglecting losses, find (a) I J!~"I in the 
equivalent receiving circuit. and (b) the power received in a matched load. 

P.10-18 (a) Two parallel half-wave dipole are 150 (m) apart. The tran milling 
dipole radiate 2 (kW) at 300 (MHz). ·e Eq. ( 10-80) to find the power 
received at the receiving dipole. (b) Repeat part (a) assuming that both 
antennas arc Herl/ian dipoles. 

P.10-19 Given a symmetrical dipole antenna of a half-length i .. 4: 
a) obtain an exprc sion for effective area, A~(&), 

b) calculate the maximum value of A" for 100 (MHz). and 

c) calculate the maximum value of Ar for 200 (MHz). Why is this an wer 
mailer than that obtained in part (b)? 
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P.10-20 The antenna of a 120-(kW) monostatic radar operating at 3 (GHz) 
has a directive gain of 20 (dB). Suppose that it tracks a target 8 (km) away and 
that the backscatter cross section of the target is l S (m 2

) . Determine 

a) the magnitude of the electric intensity at the target, 

b) the amount of power intercepted by the target, and 

c) the amount of the reflected power absorbed by the antenna at the radar. 

P.10-21 (a) Show that three satellites equally spaced around the geo~ynchro­
nous orbit in the equatorial plane would cover a Imo ·t the entire earth's 
surface. Explain why the polar regions are not covered . (b) Assuming the 
main beam of the radiation pattern of the satellit,e antenna to have the shape 
of a circular cone that just covers the earth with no spillover, find a relation 
between the main-lobe beamwidth and the directive gain of the antenna. 

P.10-22 The antenna at the earth talion of a satellite communication link 
having a gain of 55 (dB) at 14 (UHz) is aimed at a geostationary satellite 
36,500 (km) away. Assume that the antenna on the satellite has a gain of 35 
(dB) in transmitting the signal back toward the earth station at 12 (GHz). The 
minimum usable signal is 8 (pW). 

a) Neglecting antenna ohmic and mismatch losses, find the minimum 
atellite transmitting power required . 

b) Find the peak transmitting pulse power needed at the earth station in 
order to detect the satellite as a passive object, assuming the backscatter 
cross section of the satellite including its solar panels as 25 (m 2

) and the 
minimum detectable return pulse power to be 0.5 (pW). 



Appendix A 

SYMBOLS AND UN ITS 

Qua ntity Symbol Unit Abbreviation 

Length I meter m 

Mass 111 kilogram kg 

Time second s 

Current I , i ampere A 

'Besides the M KSA ystem for the units of length, mass. time. and 
current, the SI adopted by the International Commillee on Weights 
and Measure con ists of two other fundamen tal units. They are 
Kelvin degree (K) for thcrmodynam1c· temperature and candcla (cd) 
for luminou intensity. 
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-------- ---- ---- -- - - - - -- ------

A-2 DERIV ED QUANTITIES --------- -

---- -- --
Quantity ymbol nit Abbreviation 

Admittance y ~iemcns 

Angular frequency (I) radian, sc llnd radi ~ 

lh::nuat1on constant :i neper meter pm 

Capacitance c fa rad I-' 

Charge Q. q coulomb ( 

Charge dens1l.) \linc<ir) Jl1 coulomb meter Cm 

Charge den ity (surface) p, coulomblmeter i ('ml 

Charge den. ity (volume) (I, coulomb meter' ml 

Conductance G 'iemcn 

Conductivity fT ~iemens 'meter Sm 
urrent den ity (surface) J, ampere/meter A 1m 

Current density (volume) J ampere rncter 2 mi 

Dielectric constan t €, (d1mcnsionle ) 

(relative pcrmilli\ity) 

Dire tivity D (ti imen:.ion le,~) 

Electric dipole moment p coulomb-meter ( .. m 

Elcctnc dt~placc::ment 0 coulnmb, ml!lcr! l m! 
(1--lectric flu .~ densllj) 

Electric field intensity E volt meter V•m 

Electric potential v 'oh v 
Electric su~ceptibilit) /., (dimcns1onlcss) 

Electromotive force t volt v 
Energy (work) ll JOUie 

Energy dcnsit) \\ JllUle meter 1 J m3 

Force F newton 

Frequenc) .I hertz HL 

Impedance z. 'I ohm n 
I nductancc L henry II 

Magneti dipole moment m amperc-mctcr 2 A:J L Magnetic field inten~it , H ampere meter 
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Quantity Symbol nit Abbre\'iation 

Magnetic flux <I> weber Wb 

Magnetic flux density B tesla T 

Magnetic potential (vector) A weber/meter Wb/m 

Magnetic susceptibility Xm (dimensionless) 

Magnetization M ampere/meter A/m 

Magnetomotive force r m ampere A 

Permeability 11. 110 henry / meter H/ m 

Permit ti vi ty E, Eo farad/ meter F/m 
Phase <P radian rad 

Phase con tant {j radian/ meter rad/m 

Polarization vector p coulomb/ meter2 C/m 2 

Power p watt w 
Poynting vector 9 watt/ meter 2 W/m 2 

(power density) 

Propagation constant y meter - 1 m - 1 

Radiation intensity u watt/steradian W/sr 

Reactance x ohm n 
Relative permeability 11, (dimensionless) 

Relative permittivity E, (dimension less) 
(dielectric constant) 

Reluctance ?A henry - 1 H - 1 

Resistance R ohm n 
Susceptance B siemens s 
Torque T newton-meter N·m 

Velocity u ·meter/ second mis 

Voltage v volt v 
Wavelength ). meter m 

Wavenumber k radian/ meter rad/ m 

Work (energy) w joule J 
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A-3 MULTI PLES AND SUBM ULTI PLE S OF UN ITS 

Factor by Which Unit Is Multiplied Prefix Symbol 

I 000 000 000 000 000 000 = 10 I 8 exa E 

1 000 000 000 000 000 = lQ I S pet a p 

1000000000000 = 10 12 tera T 

J 000000000 = 109 giga G 

1000000 = 106 mega M 

I 000 = 103 kilo k 

100 = 102 hectot h 

10 = 10 1 dekat da 

0.1=10 I decit d 

0.01 = 10- 2 centit c 

0.001 = 10 - 3 mi Iii m 

0.000001 = 10 6 micro µ 

0.000000001 = 10- 9 nano n 

0.000000000001 = 10- 12 pico p 

0.000000000000001 = 10 15 fem to r 
0.000000000000000001 = 10 18 atto a 

1These prefixes are generally not used except for measurements or length, 
area, and volume. 
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SOME USEFUL MATERIAL 
CONSTANTS 

B-1 CONSTANTS OF FREE SPACE 

Constant Symbol Value 

Velocity of light c - 3 x 108 (m/s) 

I 
Permittivity Eo ~ - x l 0 9 (F /m) 

3for 

Permeability µo 4rr x 10 7 (H/ m) 

lnlrin ic impedance 1/o ~ 120rr or 377 (Q) 

B-2 PHYSICAL CONSTANTS OF ELECTRON AND PROTON 

Constant Symbol Value 

Re t mass of electron m, 9.107 x 10- 3 1 (kg) 

Charge of electron - e - 1.602 x 10- 19 (C) 

Charge-to-mass ratio of electron -elm. - l.759 x 10 11 (C/kg) 

Radius of electron R, 2.81 x 10- 15 (m) 

Rest mass of proton mP 1.673 x 10 2 7 (kg) 
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B-3 RELAT IVE PERMITTIVITIES (D I ELECTRIC CONSTANTS) t 

Material Relatil·e Permittivity, c; , 

Air 

Bakelite 

Glass 

Mica 

Oil 

Paper 

Paraffin wax 

Plexiglas 

Pol ethylene 

Polysty rene 

Porcelain 

Rubber 

Soil (dry) 

Tefl on 

Water (db till ed) 

Seawa ter 

8-4 CONDUCTIVITIES • 

1.0 

5.0 

4 10 

6.0 

2.3 

2 4 

2.2 

3.4 

2. 

2.6 

5.7 

:U - 4.0 

3- 4 

2.1 

0 

72 

Material Conductivity, t7(S; m ) 

Silver 6.17 x 107 

Copper 5. 0 x !O" 

Gold 4. IO x 10" 

Aluminum 3.54 x 10" 

Bra. s 1.57 x 10-

Bronze IO-

Iron lO~ 

Seawater 4 

Material 

Fresh wa ter 

Distilled waler 

Dry soil 

Tran forme r oil 

Glass 

Porcelain 

Rubber 

I- used quartz 

Conductil•ity, (J(Srm) 

10- 3 

2 x JO .. 
ro - 5 

10 - t I 

10 - 12 

2 x 10 13 

JO I 5 

10 - 1 " 

1 Note tha t the cons11t utive parameters of ome of the materials are frequency and temperature 
dependent , The listed constants are a~erage lo~-frequency value al room temperature. 
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B-5 R ELATIVE P ER M EABI LITI ES+ 

Material .Relative Permeability, µ, 

Ferromagnetic (nonlinear) 

ickel 250 

Cobalt 600 

Iron (pure) 4,000 

Mumetal 100,000 

Paramagnetic 

Aluminum 1.000021 

Magnesium 1.0000 12 

Palladium 1.00082 

Titanium 1.000 18 

Diamuynet ic 

Bismuth 0.99983 

Gold 0.99996 

Silver 0.99998 

Copper 0.99999 

' ote that the constitutive parameter of some of the material arc 
frequency and temperature dependent. The listed constants arc 
average low-frequency values al room temperature. 
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CHAPTER 2 

CHAPTFR 3 

Answers to 
Odd-Numbered----­
Problems 

P.2-3 a) (a,2 - a,.3 a=6) 7. b)l 7.I. c) - 1.71. 

c) - 3.43. f ) I 04.2 . g) - a_, 4 - a>3- a=l0. 

P.2-5 a) Right angle at P1• b) 15.3. 

P.2-7 a) (a ,5- a,.2+a=J ..._ 30. b) (a ,2+ a,.5) v29. 
P.2-11 a) ( - 3 2. -3..._ 31. -4). b) (5. 143.l. 240 ). 

P .2-15 a) an2: - 4 3. b) 112.4 . 

P.2- 17 a) - (a,, + a,y a, .::) R-'. h) - aR(l R1
). 

P.2- 19 a) a..,: - a, . 

P.2-21 a) J 2. b) r+::+x. 

P.2-23 a) 211R-' 3. b) I. 

P.2-27 a) l 2. b) a,(3r - 5) co~ ef>. c) I ' 

P 3- 111 (u0 /r) 1 

. I a) . 
t! \\' 

P.3-3 a) Q1 ·Q2 = 4 3 . 

P.3-5 :: = 8.66h. 

I ( 11111~ 0/r) b) 1 \\ ..... . . 
- (-'\\ l llld). 

d) - 24. 

h) - 118. 

P.3-7 Assuming the semicircular line charge around lhc origin to lie in the upper half 

of x_1·-plane, E = - a,.p1 211E0 h. 
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CHAPTER 4 

AN WERS TO ODD -NUM BE R ED PROBL EMS 

P.3-9 a) £, = 0, r <a; £, = ap .. 0 /E0r. a < r < b; E, = (ap.,, + bpsb)/E0r, r > b. 

b) b/a = - p,. / P.,h · 

P.3-11 a) -30(µJ). b) - 60(pJ). 

P.3-13 a) Pps= P0 L/2 on a ll six faces: pp,.= -3P0 . 

P .3-15 a) Pps = P0 r0 (3 +sin 2t/.>), r = r0 ; PP.•= - P0 r;(3 +sin 2¢), r = ri: Ppc = - 7 Po. 

P.3-17 a) 150 (kV). b) 1.000{kV). c) l30(kV). 

P.3-19 E,2 = 1.667. 

P.3-21 a) a, V0 /a !n(h/a). 

b) a= b/e = b/ 2.718. 

c) eV0 /b. 

d) 2ne (F /m). 

P.3-23 4n:E/(~ -~). 
R, R0 

P.3-25 a) 27 (nJ). b) 27 (nJ). 

P.3-27 a ..,(E -E0)ViJw/2d. 
P.3-29 V = c 1 In r +c2 - Ar/E; c1 = [A(h -a)/E- V0]/ln(b/a), 

c2 = [V0 In h+A(a In h - b In a)/E]/ln(b/a). 

In (tan~) 
P.3-31a) V(O)=V0 ( rx)' 

ln tan 
2 

Vo 
b) E(O) = - a9 -

R In [tan(rx/2)] sin 0 

P.3-35 a) di=0.46(mm). b) 2.96(nF/m). c) IEI = 11 1.9 (V /m). 

P.4-1 a) 3.54 x 107(S/m). 

b) 6 x JO ·'(V/m). 

c) l(W). 

d) 8.4 x 10- 6(m/s). 

P.4-3 a) aR 7.5 x 109 Re 9
·
42

' 
10

"
1(V / m), R < b: aR (9/R 2

) x l06(Y / m), R > b. 

b) aR 7.5 x 1010 Re- 9
·
42 

x 
10111 (A/m 2

). R < b; 0, R > b. 

P.4-5 PR ,= 3.33(mW). PR,= 8.00(mW), PR ,= 5.3l(mW), 

PR, = 8.87(mW), PR ,= 44.5(mW). Toca! resi tance =!(fl). 



CHAPTER 5 

CHAPTER 6 

ANSW E RS TO ODD- U MB E R ED PROBL EMS 

2rr.:: 1 L 2rru 1L 
P.4-9 a) C; = ln(c/a)' G, = ln(c/a)' 

P.4-11 

2nE:2 L 2nu1 L 
c. = ln (b/c)' G. = ln(b/ c) 

u u 2 V0 b) J . = J = ----,--'----,----,---
' 

0 r[cr 1 ln(b/c)+11 2 ln(r/a)] 

2 
R = - ln (h/a). 

nuh 

P.5-1 E = µ0(ayBz - a, By). 

P.S-5 8p
2 

= - az µof ln (1 + dw )· 
2rrw 2 
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P.S-7 Assuming the current I to flow in the counterclockwise direction in a triangle 

. . 9110 1 
lymg m the xy-plane, B = a= -- . 

P.S-9 a) A = a, µo f In (~)-
2
nw 

2n: r 

b) 2.34(µWb). 

P.S-11 a) azµ oHo/µ. 

b) a=(H 0 - M,). 

P.5-13 a) Jm•• = 0, J ms = ac1>Mo inO. 

b) (2/ 3)µ 0 M 0 . 

P.S-15 L = µ0 N1(r0 - r; - b2
), L ~ 1i0 N 1b2/2r0 . 

P.5-17 L1 2 = /10'12 In (w, + d)(wz + d_l_ 
2rr d(w 1 + w2 + d) 

P.S-19 f = ax- ta n I - . 
110 1

1 
( w) 

irw 2D 

P.5-21 T = - axO.J(N ·m). 

P.6-1 'I = - ~ ·dt . ~
~A 

r ct 

P.6-3 i 2(1 )= - WJLol ,h In ( 1 +~)sin (w1+ ta n - 1 !!.._)· 
2rr R 2 +w2 L1 d mL 

P.6-5 a) i = 0.251 si n JOOm (A). 

b) i = 0.206 si n( I OOrrt - 12.4 ' )(A). 

P.6-7 a) I (GHz). b) 7.2( MHz). 

P.6-9 a) H 2 = ax30 + ay45 + a= IO(A/ 111). 

b) 8 2 = 2µ0 H 2 . c) o: 1 = 68.Z- . d) -:x 2 = 79.5 . 

P.6-15 '.X = rr/6, H 0 = 1.73 x 10 - 4 (A/ m). 
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C HAP T ER 7 

A-..; · \\I R~ TO ODD· \1UfRED PROBLE\1S 

P.6-17 a) A = a RAR , aaA n-,- a"' A"' . where 

µOJ df (I! 1PR) 
AR = A: cos () = ~ - R cos 0, 

)I I di (I! JP R) 
A9 = - A= sin U= - 0

4
1! R in IJ. 

A<!! = 0. 

b) H = - a"' - p- ~in 0 + -- e-1P R_ I di , [ 1 1 I 
411 jfi R (jfiR) 2 

P.6-19 A = 2011 3 {rad m). 

I o -~ 

H (R_ ll: t) = a,, sin 0 co (2n LO~ t - 20nR 3) (A m). 
I 20n R 

P.6-21 /I = 13.2rr = 41.6 (rad ml. 

Et\ . : : r) = a4 496 cos( I nx) sin(6n 10<11 -41.6:) 

a: 565 in( l 5rrx) cos(6n109 r - 41.6::). 

, , i f c' 2 £ 
P.7-1 a) v-E - µa - )IE -:-;-= 0. 

11 1 ( ,-

b) \~ 2E- _jc :JJ llT E -r k2 E = 0. 

P.7-3 E!R) = - 11ak x H (R). 

P.7-5 a) I = l.59 x 10-(HzJ. 1. =:: 10. (m ). 

b) 

c) Lcrt-hand elliptically polariLed. 

~ 
d) II(:. I)= l~C;n [a ~ sin( IO 1-::, 31 a 1 '.!co~11oti 1 -: , 31] ( m). 

P.7-7 a) 0.279(m). 

b) 11, = 23 J. .. u . /. - 0.06Jfm). "r J. 97 1081m ~J . 

11,1 - I. 9 I 0 (m ~) . 

c) ll (\.t)= a: O.'.!l e 1 .1 8 ' ~in(6n I0''1-31.6rt \ 0.32 5rr) ( ml 

P .7-9 a) a 9.9 10.1(. m). b) 0.1 5(mm). 

P.7- 11 For E(:,1) = a .f0 cos(ro t - k:+<M~ a,. £ 0 sin(11Jt - k: r/1). 

:~ a = £~ 11. \\ hich i independent of 1 and :. 

P.7- 15 a) 1) 63tcm l. 11 = 39 .6 i 39.6(f!I. 

b) E( : .l) = a,I .6Xe- 1s H'= cos( I081 15. S:+ CL5n)[Vm), 

Ht::. f)= a, O .. k 1 '
1B=co(1 0 r - 15. 5 r )/ m). 

c) ~" = a ,0.17Xe 31 q_ ( \\ m:). 

P.7-17 a) E,( : ) = £ 0( - a , + j a ,Je''1' , a left -hand circularly pt)lari1ed wa ve tn 

dtrccuon. 

2£0 
b) J ,"' - (a , - 1a 1. ) . 

'I n 

c) E 11::. I) = 21:. 0 \tn /J: fa , ''" 1·Jt a, co 1•1/l. 



CHAPTER 8 

ANSW!-RS TO ODD- UMBERED PR OB! rMS 

P.7-19 a) E,(=J = a,2.08ei1"= 11 9
·
71 (V/m). 

H,(=l = - a .. 0.005Sei16
: + 159 7 1 (A/m), 

E,(=) = a .lt08e 1 "'=e Jlq . inx • 5 · 1 1 (V / 111). 

H ,(:) = a .,0.032e J.J 5 =e J<9 . i nx - 3 .4 1 (A/m). 

b) s = l.53. 

c) (9,,..) 1 = a=O. I27(W 1m
2

), (9,,, Ji= a=0. 127e - 1
·"

0 =( W/m2
). 

P.7-21 a) r = - 0.241. r=0.759. 

b) E,( \", =: 1) = a .. 15.2cos(2rr l08 t- 1.05'" -2.96:) (V; m), 

H1(\", :: 1) =0.06(- a .0.943 + a=0.333) cos(2rr 1081- 1.05'" - 2.96:) (A/ m). 

P.7-25 a) 0,=0.03' . b) r
1 
~0.0 151(1 + i)(O). c)8.69(m). 

P.7-27 a) E,( '°· ::) = a, £,0 e ~,= e- iP"•. 

£,() ( . if' . ) H ,(x, :) = a .. .t'.X 2 + a= - s 111 O; e 
l'/1 E2 

where (Ji, = (J 1t; si n 0,. x 2 = (J 1J(::) si n21J, - I, 

. d . _ 2/'f 2 cos0.;E;0 
an E,0 - ~· --:---==--

11 2 co& O;- jl'/ 1 j(~) si n10;- 1 

P.7-29 a) 6.38 . b) eJo.r.1i. c) l.89ei0 ·33 . d) 159 (dB). 

P.7-31 a) a. = Sin - I ( I ;l ~ - n ~). b) 80.4 . 
llo 

P.7-33 sin Or= tan 08 11 . 

P.8-1 a) d' = j 2d. b) w' = w/ 2. c) w' = 2w. 

d) u~ = 11P / 2 for case a and b; 11;, = uP for case c. 

P.8-3 a) 2.55 (cm). b) 3.92 (mm). 

P.8-5 R = 0.058 (0/m), L = 0.20(µ H/ m). C = 80(pF/m), G = 23(11S/m). 

P.8-7 b) V(=) = v; cosh y: - I ;Zo si nh /'Z . 

v, . 
/ (:)=I, cosh r'= - - srnh ;•:. 

Zu 

P.8-9 a) V(:.1) = 5.27e 0 01 = si n(8000rrt - 5.55: - 0.322) (V), 

/ (z.1) = 0. 105e n °1= sin(8000m - 5.55: - 0.322) (A). 

b) V(50, 1)= 3.20 sin(8000m - 0.432rr) (V), 

/ (50, I) = 0.064 sin(8000nt - 0.432rr) (A). 

c) 0.102 (W). 

P.8-11 Z; = 26-3- j9.87 (0). 

P.8-13 a) Rn= 74.5(0). E, = 4.05. 

b) X,,, = -290(0). X;., = 19.2(0). 

479 
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CHAPTER 9 

A SW!:.R TO 0DD-NLMBLRLD PKOBLE"1'> ------ - -

P.8-15 a) 2 0 = 50(!1). b) Min. S = 2. 

R, I . 2 -'- ,~ 2 . 2 2 .2 , _ R, . _ X, P.8-17 --.:= [(I r; x,) _ , (l+r, -x,) - 41 , l,r,-- , .\ ,- _ 
R0 2r, R11 R11 

;~ 1 1 r ., ., .. , ., ., 
I =.,- tan - 1;1 =7 1 -[ 1 - (ri~ \'.f)l .. "'(l+r;+\'./)-+4x/ i-

-1t - \'. 1 

P.8-19 a) 1~ =0. 527 ._1_.4 IV), I ,= 1.0- - ~4 lmA). 

II;_= 0.033 1 - 4~ ( V). / 1 = I .33 t - 45 (mA). 

b) s = 2. 

c) Q,022 (mW); oms (m \ ). if RL = 50(0). 

P.8-21 a) =1.7 . b) 1 = 0.2 e11 •
0 = 0.28e 12 ~~-

c) Z, = 50 J 29.S(m. d) )~ = 0.015 - j0.!)()9( ). 

e) No voltage minimum on hnc. hut Vi < I ~. 

P.8-23 a) ZL = 33.75- j'.!3.75 (0). 

c) t 25 (cm) from 1hc short-circuit. 

P.8-25 d, = 0 and / 1 =0.375/.: or t/2 = O.J24;_ and/~ =0 125) .. 

P.8-27 a) Zr. = 104.3-}7 .5(0). 

b) d = 0. I 73(m). I= 0.238 (m). 

P.9-l b) At f I.If:: Z 1, 1 = 157(0). Zn = 904(QJ. 

At r = 2.2r,: z, ,1 =336 tnJ. Zn: - 423(QJ. 

P.9-3 a) H~1(yl = Bn co ( ~-1 ). 
I 

b) U,l,,, = r::. . 
2h, Jl 

(
71)') 

<::)ll =(.\'.:::1)= 80 co~ h co~{w1 - fJ 1 ::). 

{J ,h . It\') 
ll).(y, ::; 1) =- - B. rn · ~ m(cot-/1 1 ::). 

7t h 

• <•lph . (nr) . 
t.,(_1'. :: /) = - - Bn 5\0 \ln(c ·H-/1. :). 

7t Ii 

{J, = (1), 1,, 1-(;)2. 
P.9-5 a) ,25 (GH.r). b) 450 j346 (.OJ. c) .89 (WJ. 

P.9-7 a) TE 10 . b) T 10• TE211• Tr01 • TE 11 • and TM 11 . 

P.9-9 a) A typical cJe ·ign: a = 6.5 (cm). b = 3.5 {cm). 

b) ur = 4.70 x !O~(m , ~). i." = 15.7 (cm), 

{1=40. I (rad ml. (Z 1 ~\i 0 = 90(f!). 



CH APT t R 10 

AN . WER TO ODD· lJ'v1BERl-D PROB! l-\.1.. 

P.9-13 a) TE02 mode. 

b) (fr)02 = 12 (G l-!1.). I= 18 (G H z~, Z 1 L - 506 (Q). i.q = 2.24(cm). 

c) P,. = 280(W). 

P.9-15 a) 10.2 (G HL). 10.2 ( Hz). 6. (G l-lz). 

b) 5.3 (W). 10.7 (W), 16.0 (W). 

P.9-17 a) TE 101 mode. f 101 = 4.802 (GHz). 

b) Q101 = 6. 69. ~1 ~ 11~ = 0.0773 (pJ). 

P.9- 19 a) 2.89 (cm). b) 7.34 (G l-1 1). c) 12.493. 

PIO-I E0 = 97._ (mV m), l/0 = 0.25 (m ml. 

P.10-3 a) 111 = -j(/ 11 c) in 2rr:. i. =I (m). 

{
-j210/ rrc for : > O. 

b) µ, = " ) 0 
+1-lo nc for:< . 

P.10-5 ~' = 99.2°.,. 

P.10-7 a) IE11 lm .. = 2.82 (mV 'm). 

b) P, = 1.J4 (kW). 

c) R, = 0.227 (Q). 

P.10-9 a) 90. b) 78 . 

1120/h 
P.10-11 a) EH= . R {Je 1J11 R d 2 wt•IF(l/). 

(
{Jd \ 

where F(ll) = in ll co~ 
2 

cos 0). 
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j J?O/ h 
P.10- 11 a) £ 0 = ~ fJ e - iP<R - d/2 en< 111 F({I). 

where F(O) = sin 0 cos C2d cos o). 
P.10-13 a) I :4 : 6 :4 : I. 

b) IA(</>ll = lcos G cos </> )14. 
c) 30.28 versu~ 20. 78 . 

cos G cos o) . (N 1 l/J •) . (/\ 2•/I,) • In 
2 

Sin 
2 

~in (J 
. ("''\ . ("'') Sin } j Sin } 

{Jd, . 
where if;. = l '>In (} cos </>. and 

fld2 . 
"'" = l Sin (}cos </J . 

P .10-17 a) IV.J = 0.942 (V). b) PL = l.52(mW). 

[
cos (n cos o)~ 

2 

P.10-19 a) A. (0)=0.13),1 
- ~ 

In 0 

b) 1.17 (m 2
). c) 0.29 (m 1

). 

P.10-21 b) Main-lobe beamwidth = 4/ Cn . 



Index 

Ampere, unit of current. 8 
Ampere's circuital law. 174, 195. 391 
Ampere· Jaw of force, 215 
Angle 

Brewster. 327, 328 
critical. J 15 
of incidence, 313 
polarizing, 328 
of reflection. 313 
of refraction. 313 

Anisotropic medium. 107 
Antenna arrays. 426, 442 

binomial. 446 
broadside, 444, 447 
endfire, 445, 448 
phased. 448 
two-element. 442 
uniform linea r. 446 

Antenna gain. See Gain of antenna 
Antenna pattern, 430. See al.in 

Radiation pa uern 
Antennas. 426 

elemental electric dipole. 428 
half-wave dipole. 439 
linear dipole, 436 
quarter-wave monopole, 441 
receiving, 45 l 

Arl'ken. G ., 65 
Array factor, 443 

of two-element array. 443 
of uniform linear array. 44 7 

Attenua tion con Lant. 289 
of good conductor. 291 
of low-loss dielectric, 290 
from power relations, 351 
in rectangular waveguide. 409 
of transmission line, 341 , 351 

Axiomatic approach. See Deductive 
approach 

Bae-cab rule. 68 {P .2- 9) 
Backscauer cross section, 454 

See also Radar cross section 
Band designations 

for microwave frequency range . 
267 

Base vectors, 22, 30 
for Cartesian coordinates, 22 
for cylindrical coordinates, 28 
for spherical coordinate . 33 

Beamwidth. 461(P. 10- 9) 
Binomial array, 446 
Biot-Savart law. I 0, 182 
Boundary conditions 

for current density. 161 
between a dielectric a nd a 

perfect conductor, 112. 
250 

for electromagnetic field s, 248 
250 

for electrostatic fields . I 00, 113 
between two lossless media, 249 
for magnetostatic fields . 199 

Bound charges, 102 
Bound-charge densities 

See Polarization charge densities 
Boundary-value problems. I 28 

in Cartesian coordinates. 130 
in cylindrical coordinates, 132 
in pherical coordinates. 134 

Brewster angle. 327. 328 
Broadside array. 444, 447 

Capacitance, 117 
from energy relations, 125 
of cylindrical capacitor. l 20 
of parallel-plate capacitor. 119 
unit of. 117, 466 

Capacitance per unit length 

of coaxial lransmission line. \ 20. 
344. 345 

of parallel-plate transmi sion 
line, 119, 342, 345 

of two-wire transmission line, 
141 , 343, 345 

Cartesian coordinates, 22. 30 
Cavity resonator , 387, 414- 421 

excitation of. 417- 418 
quality factor (Q), 419 
rectangular, 415 
TE modes, 416 
TM modes, 416 

Characteristic impedance. 348 
of distortionless line, 349 
of lossless line. 348 

Characteristic value. See Eigenvalue 
Charge density, 6 

line, 6, 82 
polarization, 104 
surface, 6, 82 
volume, 6, 82 

Charge, electric, 5 
bound, 102 
con ervation of, 5- 6, 157. 243, 

244 
of an electron, 5. 469 
unit of, 5 

Cheng, D. K ., v, 104, 136, 377, 451 
Circuit model , 4 
Circularly polarized wave, 285 
Circulation of a vector field, 53 
Coersive field intensity, 198 
Commutator, 220 
Conductance, 156 

unit of, 156, 466 
Conductance per unit length 

of coaxial transmission line, 344, 
345 

483 
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Conductance (Com.) 
of parallel-plate transmission 

line, 342, 345 
of two-wire transmission line, 

343, 345 
Conduction current, 150. 15 l 
Conduction current density. 154 
Conductivity, 98, 154 

of some materials. 470 
unit of, 154, 466 

Conductors, 97 
in static electric field. 98 
good, 98, 288 

Conservation of charge, 5. 157, 243, 
244 

Conservation of energy, 5. 238, 289. 
304 

Conservative field, 59, 62, 64 
Constants, universal, 8- 10, 469 
Continuity, equation of, 158, 243 
Constitmive relations, 8. 154. 195, 

212. 228 
Convection current, 150, 151 
Convection current density, 152 
Coordinate systems, orthogonal, 22, 

30, 41, 46, 58 
Cartesian. 22, 30 
cylindrical, 28, 30 
spherical, 30, 33 

Coulomb, unic of charge, 5. 466 
Coulomb condition, 179 
Coulomb gauge. See Coulomb 

condition 
Coulomb's law, 73, 76, 79 
Critical angle. 315 
Cross product. See Product of 

vectors 
Crowley, J. C., 72. 106 
Curie temperature. 198 
Curl , 43, 54. See also inside of back 

cover 
in Cartesian coordinates, 57 
in cylindrical coordinates, 58 
in general orthogonal curvilinear 

coordinates, 58 
in spherical coordinates, 59 

Current, 6 
conduction, r 53 
convection , 151 
unit of, 6, 465 

Current density, 152, 154. 160, 173, 
194 

conduction, 153 
convection, 152 
displacement, 244 
lineal, 193 
magnetization, 191 
surface, 191. 200 

volume, 152, 173, 191, 194 
Curl-free field, 62, 64 
Cuto!T frequency, 392 

of ionosphere, 320 
of parallel-plate waveguide, 398 
of rectangular waveguide, 402 

CutolT wavelength, 393, 402 
Cylindrical coordinates, 28. 30. See 

also inside of back cover 

Deductive approach, 4, 73 
Degenerative modes, 417 
Del operator, 40, 41 
Depth of penetration. See skin 

depth 
Dessauer, J. H., et al., 72 
Diamagnetism, 196. See also 

Magnetic material 
Dielectric breakdown 108 
Dielectric constant, 107, 470. See 

also Permittivity, relative 
Dielectric strength. 108 

Dielectrics, 97 
Dipole 

electric. 93 
magnetic, l 86 

Dipole antenna 
elemental electric, 42 
far-zone fields, 429 
half-wave, 439 
linear. 436 

Dipole moment 
electric, 94 

volume density of. 103 
magnetic. 186 

volume density of, 191 
Directive gain, 431 

of Hertzian dipole, 432 
Directivity, 431 

of half-wave dipole, 440 
of Hertzian dipole. 432 
of quarter-wave monopole. 441 

Dispersion. 296, 346. 350, 394 
anomalou , 297 
diagram. 396 
normal, 297 

Dispersive medium, 296 
Dispersive transmission system, 346, 

350. 394 
Displacement current. 246. 247 
Displacement current density. 244 
Distortionless line. 349 
Divergence, 46. See also inside of 

back cover 
definition of, 44 
in Cartesian coordinates, 46 
in cylindrical coordinates. 48 

in general orthogonal curvilinear 
coordinates. 46 

in spherical coordinates. 47 
Divergence theorem, 48 
Divergenceless field , 48, 64. 158 
Domain wall. 196 
Domains, magnetic, 196 
Dominant mode. 405 

for cavity resonator. 417 
for rectangular waveguide. 405 

Doppler. C., 279 

Dot product. See Scalar product 

Earth's magnetic field. 171 
Eddy current, 234 
Endfire array, 445, 448 
Effective aperture. See E!Tective area 

of receiving antenna 
Effective area of receiving antenna. 

452 
of Henzian dipole, 453 

E!Tective length of antenna. 462 
(P. 10- 16) 

Eigenmode, 398 
Eigenvalue, 392 

of parallel-plate waveguide, 398 
of rectangular waveguide. 402 

Electric charge, 5 
conservation of. 5 - 6, 157. 243, 

244 
Electric dipole, 93, 189, 428 

induced, 102 
Electric dipole moment, 103 
Electric displacement, 7, 106 

unit of, 7, 466 
Electric field intensity, 7, 74, 427 

unit of, 7. 74, 466 
Electric flux density. See Electric 

displacement 
Electric potential, scalar, 62. 90. 91. 

251 , 252 
Electric susceptibility. 107 
Electromagnetic field, 2, 244- 246, 

272 
time-harmonic. 255, 259 

Electromagnetic indurrion. See 
Faraday's law 

fundamental postulates for. 230 
Electromagnetic model. 4. 5, 246 

fundamental field quantities of, 
7-9 

universal constants of, 8- 9 
Electromagnetic power, 29 - 302 
Electromagnetic spectrum, 265- 266 
Electromagnetic theory 

foundation of, 244 



I NDEX 

Electromagnetic~. 2 
tune-ha rmonic. 259 

Electromagnet tatic field. 229 
Elt:ctromotl\e force (emf). 53 

Rux-culling. St>e mouonal 
induced . 21 O. 21 I. 231. 232. 234. 

239 242 
motional. 236. 139 
tran~former. 2J I. 239 

flec1ron . 5 
physical con<,tanu, of. 469 

Elect ron-volt. 121 
Dectro tallc eneqn, 120 126 

of con tinuou~ charge 
d1;tnbut1on. I 21 

of d1,crete charge d1;,tnhuuon, 
121 

in term' of field quanut1e~. 123 
stored in a capacnor, 125 

Etcctrostallc energ)' den\1t~. l 24 
Electrostatic fore~'>. 126 
Electro-,tat1c model , 170. 221! 

in free space. 74 
Electro~tat1c . fund<1mental 

postulate;, of. 74. 76. 2.28 
Element factor. 44l 
Elemental elcctnc: dipole, 428. See 

a/w Hertz.1an dipole 
far-zone field. 429 

Ell11mcal\)' po\anLed wave. 284 
Endfire array. 44~. 44 
En erg)' 

electric. 120. 123. 124 
magneuc. 210 212 
unit for. 1.21. 466 

Energy densit) 
electric. 124. 29 
magnetic. 212. 29K 

Equation of continu11y. 15 . 241. 
.244, 245 

Equ1poten 11 al line . 92 
qu1po1ent1al \Urface'>. 92. 9 

hane,cent mode. 394. 395 
Fvanc cent wave. 317. 394. 195 

Far-zone fields 
of Her tz.1an dipole. 429 

Faraday di J,. generator. 13 . .240 
1-araday. Michael. 230 
Faraday's law of electromagnetic 

ind ucuon. 230. :D 1. .239 
Femte, 19 , 235 
Ferromagnetic material'>. 

hard. 19 
soft. 198 

rerromagnet1 m. 196 
Fiber. optical. St'I' Opuca\ fiber~ 
Field, 2 

con,enatl\e. 59, 62. 64. 76 
url-free, 62. 64 

d1vergencele s. 4, • 64 
c!lectromagnetic, 2, .244 246. 272 
electrostatic, 74 
irrotational. 59. 62. 64, 75. 76 
magneto. 1a11c. 171 
solcno1dal, 411. 64 
time-harmonic. 255. 259. 262. 

264 
Flow 'ource. 'i2. 65. 173 
Flux hne . 43. 92 
rJu:1. linkage, 202, 231 
Force equation. Loren11· . 171. 239 
Force~ 

elect nc. I 7 I 
electromagne11c. 17 l, :!39 
electro. tatK. 74. 1.26 
magnetic, 171 . 214. 221 

I ree pace 
constant of. 9. J 0. 469 
in1nm1c impedance of. 276. 469 
permcab1lil) nf, 9. 10. 469 
perml ll!Vlt} or, 9, [(}. 469 
velocit)' of hght in. 469 

I rcsncr, equation .. '\2 '\. 326 
Frn-; 1ran,m1 sion formula, 4"i<; 

rund amental pnstulates 
for electromagnetic induc11on. 

230 
of electro tat1cs in free -.pace. 74. 

76 
of magnet1>-.ta11cs 1n 

nonmagnetic media. 174. 
175 

Gain of anti:nna. 432 
Gau~s. unit of magnellc flux 

densll), 171. 467 
,;11i-s1an '>urface. 76. 5 

Gallss' la'.' . 73. 75. 85. !06 
Gau,,· - theorem .. <'I' Dl\ergencc 

theorem 
Gradient. 39. Sl'e a/~,, 1n\lde of hack 

co1er 
in Cartesian coordi nates. 41 
de!iniuon of. 40 
in general orthogonal wn i11ncar 

coordinates. 41 
Group vcloc11y. 2%. 297. '97 

Helmholtz\ equation 
homogeneou . 264, 274. 2 9, 381! 
nonhomogeneous, 261 

Helmholtz\ theorem. 65 
Henr;. un11 of indu1:tance. 202. 466 
Hert11an dipole. 428 

effect ii e area of. 453 

£-plane pa11crn. 430 
electromagneuc field. 429 
far-zone field . or rad1at1on field . 

429 
II-plane pauern. 430 

H O.T (higher-order terms) 45, 'i6 
H ysteresl' 

loop. 19 
In. s, I 98 
magnetic. 197 

Images, method of. 136 
line charge and conducting 

c1linder. 13 
point charge and conducting 

plane. i '\6 

Impedance See al o Wave 
impedance 

characteristic, 34 
input, of open-circuited hne. 356 
input. of shon-1:1rcuitcd line. 'l56 
input. of a transm1s. 10n hne. 

'\'.'5. 3~6 
m1nns1c. 276, 291\. 292 
11-a1e. of 11avegu1d~. 391. 392. 

395 
Impedance matching 

h} 'ingle-\tub method. )77 

lmpcdan e tran former. quarter­
wave. 234. 374 

1nc1dcm:t: 
angle of, '\I J 
plane of. '\ 11 

lnde"\ of refrac110n. "\ 14 
Inductance. 2()3 

C\temal. 207 
111ternal, 205 
mutual. 202. 209 
elf-. 202 

of a toro1d.1l coil. 204 
l nduc:lance per unit kngth 

of coa,ial transm1 >ton line. 207. 
213. '\44, 345 

of parallel-plate tran>m1-;~1on 
line. 142. 345 

of two-wire 1ransnw.~1on l111e. 
20 . J4J. 345 

of a long solenoid . .205 
lnduc11on heating. 114 
Inductive apprnach. 4 
lnduc\or. 202 
lnl..-Jct printer. XO 
1 n ulawr. 9 

good. 288 
International s)stem of unit See SI 

unit 
Int rinsic 11npedance. 176 

of a medium. 276. 391 
of free >pace, 276 

485 



486 ["ID[ ---------------------- ----- - - - - --- -

l ntnn~1c (C11111.I 

of good conductor, 2lJ2 
of lo\\-IO" d1dec1nc. 290 

lnver'>e point. 140 
lono>phcre, 119. See u/.,o Pla;,mJ 
lrrorn11onal lield. 54. 62. tH. 75. 76 

JC\\Cll. c E .. 71 
Joule. unit of energ). 121. 4(\(\ 
Joule\ la". 160 

K 1rchhofT'> current l::i·,,•, 4, 158, 340 
K1rchholfs 1oltage la\\. 4. 75. 233. 

340 
Klinkenberg. A. e1 al .. 71 

Laplace\ e4u<1tion. l30 
Laplacian 

operall<m>. See inside of hack 
Cl11 er 

oper.Hor. 119. 179 
Lc.:111\ law, 131 
Lrghrnrng arre !er. 10, 
Line;.irl) poJJri1cd wa1c. 1 5. 286 
Lurent.l condition for polcn1iah. 

152 
torentL gauge. ~·ee Lon:nt1 

condition 
Lorent/, force e4uat1on. 171. 2)9 
Lo>' angle. 2 7 
Lo;,;. t<rngent. 287 

Magnc1. bar. 17J, 193. Set•til.a 
Pcmunent magnet 

\l agnct1c dipole. I 6. 189 
Magnetic d1pok moment, 18 

10\ume dcn\11) of. 190 
~I .1gne11c domain . 196 
Magneuc energy. 210, 212 

111 term> of field quan11111:~ . 111 
MagnetK· energ} denSllJ , 111 
l\1agnetic /kid rnlen ·i1y. 7. 194, 417 

UllJI of. 7. 4(\6 
1agnet1c nu~. 173. 1 () 

consenation of. 173 
leakage. 233 
unit of. I 0. 46 7 

\fogncllL flux den'iitv. (\, 171. 172 
circulall()n of. 174 
UOJl of. 171. 466 

\11agnc11c flux ltnl.age. 202 
\1 agnellc force. 171. 214. 215 

1n 11.:rm' of >torcd magnc11c 
cnerg}. 221 

~fagnctic tnduction. 171 
Magnetic material.. 196, 471 

diamagnellc. 196 

ferromagm:uc, 196 19K, 471 
param,1gnc11c. I% 

Magnc11c pott:ntial 
vector. 178, 251, 417 

Magncric ,u;cer11b1h1). 195. 196 
\fagnetic lorque. 2l4 .::'JX 

in term~ of \tl!red magnetic 
energy, 221 

\ 1 agnct iza1ton current dcn,itlc> 
urface current dc1Nt\ . 191 

'olumc current densH.}. 191 
:i.'1itgnet1Z<l!ion cun e, normal. 197 
Magneti7ation l'cctor. 190 
Magnc1omoti11c force tmml). 1.'\2 
MagnctmtatK mudel. 22 

in nonferromagnet1c media. 172 
Magncto..,tatic' 

fundamental pmwlate.., of. I 72. 
I 5. 22 

'\1ain beam. 447, 449 
M:1xwcll. James lerl... 144 
\1.i>.11ell\ equawms, ::i.n :!46 

differential form. 244 246 
integral form. 245. 246 
:.oun.:c-fn:c::. 263 
time-harnwmc. 259 

Medium 
aniso1rop1c. 107 
hPmogcncOU>. !07 
isotropic, 107 
hncar. 107 
~11nplc. I 07. 129. 195 

Methlld uf ~t:parat1on or ' 'anabk'. 
-10 I 

\term: coefficrcnh. 1~. ]l) 
\ ·l1cr<l>I nr lines St't' S1nrlinc> 
Microw;ive fn:qu<'nC) range~ 

band de,1gna11on' for. 265. 26 
?\11cro"•l\C 1l\en 267. 1,' 
rvtohtlit) . 153 
\'lolccule> 

nonpoh1r, I 02 
polar. 1()1 

\fonupnlc. 4-1 I 
\fonrc. A D .. 7~ 
~lolor. d c. :!J9 
Mutual tnductiini.:c. 101. ::!O<l 

'labia opcrarnr. 40 
epcr. 289 
' ull 1dcn1111cs. 6:!. 6.1 

Ohm\ law. 150. 154 
Optical libm. 318. 335 (P. 7 31). 

414 
ac.:ct:planc.:t: angle. 335 
mendmal ray,, .US 
numerical apcnure, 1J5 

Orthogonal .:oord1mlle '} tern . ~1 
lhret! ba\lc.:. 10 

Paramagne1hm, 196 Sec al"' 
~lagnctic ma1.-nab 

Pattern functmn . 430. 418 
of elemental electrn: dipole. 430 
uf hulf-11;1,e dipole. 439 
<1f linear dipole antenna,. 43!i 

Patccm 111ulriplicat1•rn. principle •>f. 
~ 

Permant>nl magnet. I 9li 
Permeah1h1y, 195 

ab nlute 195 
of free ~race. 9- 10. 17 3. 469 
rdat11e, 195. 471 

Permttll' ll) . 107 
ahsolut.:. 107 
comple\. 187 
of free ..,p<1cc, 9 10. 7\ 469 
<if plasma. UO 
rcla11ve. 107. 470 

Pha,e con>tan1, 2 9 
,,f gllod conJucr,1r. :!91 
of lo1v-lvss ll1electrn:. J90 
of 1ran-.m1s\lon hne. 341 

Pha'e mati.:h111g. 3:!1 
Pha,c:: 't:loc111. 17 5. 297 

111 golld t~nductor. :!92 
111 lo\\-lus• dtelectnL. :!90 
111 waH:guid.:. 391. 393 

Phasor,. 155. 157 
1ecrnr. 159 

Plan.: of inc1dencc 313 
Pl;1ne '"ave. 271 

nonumfllml. 317. 325 
pnla n1a 11on of. 2~3 
un1f11rm. 171 

Pl,"ma. 319. 321 
i.:uioff frcqu.:m:) of, 1JO. J::! I 
cffeclt1e permit111·1t\ of. 120 
frequent) . .120, 321. 
pmpag.1tion constant in 320 

Poi. son's cqua11on 
'talar. 129. 179 
'eclor. 1 ·9 

Polari/<ll ll>n. 2XJ 
circular. 2X'i 
dhplll:al. :! ·4 
ltnear. :!K3. 2 'i 
par•tllel. J2'i 
perpend1culJr, 31 I 
of a uniform pl:rm: wa1c:. J. J 
vector. 103 

Pol.m1auon c.:harge densill.:s 
,urface. I 04 
volume. 10-I 

Polar11111g .1 nglc . .12,. Ser c1/so 
Brei\ \tcr angle 



Polaroid sungla,,cs .. 127 
Potenual 

difference. 91 
retarded, 254. 261 . 427 

I Of\ 

~calar electnc. 90. 91. 2·1. 252 
\ector magneuc. 17 . 2 I. 427 

Pov. er dens11y. 160 
Jn\tantaneou.,. 102 
time-average, 302. 308 

Power gain. See Gain of antenna 
Poyntmg."s theorem. 299 
Pnynllng vector. 299 

Jn\tantaneou\. 302 
lime-average. 302 

Po.i:ar, D. M., 346 
Principle of superpositwn. 255 
Product of vector . 16 20 

products of three •ectors. 19- 20 
calar. or dot product. 16 

vector, or cro product. I 
Propaga1ion conslilnt, 289 

in good conduclor. '.!91 
in low-lo d1elcctnc. 290 
111 pla-.ma. 320 
lln transm1s~1on Im.:, .341 

d1stortionlcss. 349 
lo~~less. 348 

Q (qualny factor) 
of ca' 11y resonator. 419 

Quarter-wave monopole. 441 
Quarter-wave transformer, 157, 374 

Radar, I. 454 
band de'>ignation . 267 
D ppler. 2 I 
monostallc, 456. 463 IP 10 20) 

Radar cros' section. 454 
Radar equation, 456. 457 
Radiation eniciency, 433 
Radiation field , 29. See a/.w F-ar-

zone field 
Radiation inten 11y. 431 
Radiauon pattern, 430 

£-plane , 430 
II-plane, 430 

Radiation resl',tance. 433 
of half-w aw dipole. 439 
of Hert11an dipole. 434 
of quarter-wave monopoh:, 440 

Raymond, P D., Jr .. 451 
Receiving antennas. 451 

directional pattern of. 451 
effecme are.i of. 452 453 
internal impedance of. 451 

Rece1\mg cros ~cuon . See 
Effec11ve area 

Reciprocity relatl(lns, 45 I 

Rectangular coordinate. Set• 
artesian coon.Jmatcs 

Rectangular waveguides, 400 
allenuallon m. 409 
cutofT frequency of. 40:! 
CUWff \\U\Clc!ngth of. 402 
dominant mode in. 405 
TE mode> in. 404 409 
TM modes in . 400 403 

Red shift, :!XI 
Reed. G A I .. 346 
Reflecuon 

angle of. 113 
Snell" law of, J 13, 313 

Reflection col!fticient 
current. 361 
for normal incidence. 306, JO · 
for parallel polanzallon .. '26 
for perpendicular polama11on. 

1:!3 
of terminated transmis 1on hne. 

361 , 362 
voltage. 361 . 362 

Refraction 
angle of. 313 
index of. 314 
Snell's law of, 315. 313 

Refraction cocfftc1ent. See 
Transmission coefficient 

Relaxation lime. 159 
Reluctance. 231 

unit of, 233. 467 
Remanent flux density. 198 
Residual flux den ll) . See Remanent 

flu.\ density 
Resistance, 156 
Re;1stance calculat10n , 162 
Re 1 tance per unit length 

of coa.\ial tran,m1ssion line. 344. 
345 

of parallel-plate tran ·mis ion 
line. 141. 345 

of two-wire transm1; ion line. 
344. 345 

Resistivity, 154 
Resonator. 3 7. 414 421. See alrn 

Ca\lt)' resonator 
Retarded potential 

scalar. 254, 261 
vector, 254, 261. 427 

Sander. K. F.. 346 
S;itelhte 

communicauon. 3, 457. 463 
(P. 10- 21. P. 10 22) 

gem.ynchronous. 457 
Saturation of magnetic material. 

197 

calar. 12 
product, 16 
triple product. 19. 20 

cattenng cn1" section Sec' Radar 
cro section 

Sem1conductors. 97 
Separation constant, 401 

eparation of variahlcs, method of. 
401 

l unih. . 465 
S1dclobe .... 44 

1cmcns. unit of conductance, 156. 
466 

St..in depth. 28 . 192 
t..1n effect. 1 
m11h. P. H .. 366 

Srn11h i.:hart, 366. J7 I 
admittance on. 374 

487 

as an admittance chart. 377 - 380 
Snell\ la\\ 

of rdlcc11011. 3 J 3. 323 
of refraction. 315. 323 

Solenoidal field. 4 . 64. I 8 
Source 

flow. 52. 65. l 73 
vorlC\. 53. 55. 65 

Spectrum of cle tromagnct1c wa,es. 
:!6- - 266 

Sphcncal coordinates, 30. JJ. See 
a/~o mside t•f hact.. cover 

Standing wave. 307. 311. 160 
Standing-wave ratio ( WR), 307 

309. 361. 369 
tealth iurcraft. 4"4 

Stoke~\ t hcorem, 59. 60 
Striplines. 337. 346 
Stub tuner. 380 
Surface integral. 44 
Surface wa ~e. 317 

uscepll tu Illy 
electric. 107 
magnet 1..:, 195 

Tesla. unit of magnetic flu\ dcns1l) , 
7. X.171.467 

Time-ham10111c electromagncucs. 
259 

T1me-harmon1..: 
fields. '.!55 
Maxwell's .:quatiom. :!59 
tran mi>slOn-hne equatwn\, 

340 341 
wave equations. 264 

Time-retardation effect, 254 
Torque. 214 

magneuc, 214 21 . 221 
Total reOeCllnn. 11 



488 

Tran,formt:r emf. 231 
Tra n ,former~. 232 - 234 

ideal. 213 
impedance. 23-l 
quarter-wave. 374 
real. 234 

Tran,m1,,s1on coefficien t 

I r-. DI 

for normal 1nc1dence. 06. 308 
for parallel po lamatt0n, 3J.6 
fnr perpendicular r•1lariLation. 

JD 
Tran.,m1ss1on-hnc cm;un. 355. 36) 
Tran,m1. , 1on-h ne equalions 

genera l. 340 
cin1e-harnwn1c;. J.J I 

Tran'iml\,1on -ltnc parameter>. J4 l. 
345 

of co;i\1al tran'm"'wn line . 
44. 345 

of para llcl -phlle 1ran ~m1;.,10 n 
line,. 142. 345 

of l\\\1-\\ 1re lran,mi -.mn l111e,. 
143. 345 

l r;lll\11)h\1Ull llllc'. 1 n 
<H tenuatron C(tn\Wnt of. J.J I. 

351 352 
charaden,llL tmpedanLe of. 34 

357 
a~ c1rcull elemen1,, 3~6 
CtHl\1,1\. l"\7. 344 
d1,1ort1onle''· 349 
finite . 351 
half-\\<J\C ectr<lm of. J57 
impedance nwtching of. 177 380 
1ntinJtc. "1 47 
input 1rnped,tn<.:e of. 35:. 356 
lo~slc,~. 348 
matched co ndition for. 355. 360. 

361 
open-c1rcu1tcd. 156 
par:illel-rl<ile, J 17. J -1 2 
p1mcr Jo.,, on. 351 
prnpagat1nn ..:on\ lalll on. 341. 

J5 
4u.Htt!r-wavc '~clion of. 357. 374 
... horl •ClrLUllCU. "1~6 

l\\O·\\lfC.:. Jr. 343 
Trnn,,cr,e dec.:tromagnct1c.: ( rf" "1 1 

Wll\e, 2 f , JJ6. 339. \86. 
.190 

Tran•vt:rse clectnc (ff) wave. 3h6. 
394 397, 404 

rn rcccangu lar "aveguide . .Jll4 
Trnnsl'er e magne tic (T\11 wa•e. 

1 6. 19 ! 394. 400 
bet"ecn parallel-plate'. 197 
111 rectangular wavcgu1t.le. 400 

Trav~h ng wa~c. 275 
Triplate li ne. 347. 350 
Triple product of \CCl<>rs 

cal. r. 19 - 20 
\eclor. 6 ( P. 2 91 

Tuner, . tub. 1 0 

niquenes, theorem. 136. 401 
U1111 \CCt\\r. 14 
U 111b. Ii 

of demed quantll!e. 466-467 
fundamcnwl. 8. 465 
:vi K SA sy'1cm. 6. 465 
SI ')'tern. , 465 

l nl\er al con\lanh. ' 10. 469 

ector, l:! 
magn!lude of. 17 
Ullll . ( .j 

Vector add1t11'n and ~ub1ractmn. 14. 
15 

Vecwr 1den11t1e . See 111 rde or bm:k 
co~cr 

\ ector mul11rlication. 16 20 . .'>t>t 
a/.\11 product of vector., 

Vccw1 potenlldl 
magnetic. 17 . I 0. I 1 
retarded. 2 ~4. 26 1. 427 

Velm:1t} 
gmup. 296. 297. W 
of light in free 'pace. 9- 10. 469 
ph,i.c, 272, 27'. 297. Jl)7 
of 1<a•c propagation. 9 JO. 275 

Virtual di placemen1. principle of. 
126. 2J.O 

\ '1 1ble light. wa\clengih range. 265. 
266 

V1s1blc range of r<sd1a uo11 p<11tern. 
4-19 

Voltage. 154 
electro lilllC. 91 
1ndu..:ed. 216 

Orte~ 

\ll1k. 5.i 
\OUrl'C, q. '5 6' 

W<1 1<' 

l'Jrtularlv polarr/ed. 2 5 
clectromugne11c. 272 
dlipt1c:all} polar11ed. 2 -I 
e-.rnc l'C nt. 37 l. 194. 395 
hne:irl) polanzct.l, :! 3. 2i-:: 
111 ''"~le" media. 27.' 
111 lo' y media, 287 
nonuniform. J 17, 325 
plane, :!7J 
'landing. 307. 311 
,urf.lce. '17 
trnn,\.:r,e dcLtm: I I Fl. ' fl. 394 
tranwer,e electrnmagnc11~ 

1 rr 'l.1 J. 2 1 ''n. ~39 3~6. 
WO 

tram verse maeni::c1c <TM I. J86. 
WI ~ 

1ra<d111g. 275 
uniform. 271 

Wa'~ cqua11on 
hom0genel1u,. 253. 272 
nonhomogeneou~. 252 
'>olu11on of. 25.1 

w.ne 1mp1:dancc 
f<>r TE mode~. 195 
for T[\l mode'. J91 
f.,, l M mnde~. 19~. 394 

Wa vefront. 273 
Wavegu1t.les. J86 

circular. 414 
d ielectric. 414 
gencr•1l " <\\e hcha\lur, 111 . 3 7 

3% 
opt1c:al. 414 
parallel- plate, 397 
rectangular. 400-413 

Wavelength, 260. 275 
cutnlT. W3. 402 
111 g.oo<l Clint.luctor. 292 
1n 1Navegu1de, '91. WJ 

Wa;cnumher. 260. 274. 275. ' 
427 

vec tor. 2 1 
Weber. un!l of m<1gne11c OU\ . J I. 

I 0. 46 ~ 



Some Useful Vector Identities 

A·BXC=B · CXA =< C-AxB 

A x (8 x C) = B(A · C) - C(A · Bl 

'V(t/JV) = tfl\7V+ V\71/J 

\7 · (t/JA) = t/J'V · A + A · vt/J 

\7 x (t/JA) = 1.f;\/ x A + Y'ib x A 

\7 ·(A x BJ = B · (\7 x Al - A· (V x BJ 

v · vV = v2 v 
V x V x A = 'V(\' ·A) - V2A 

\7xV'V = O 

v · (\7 x Al = 0 

JV· Adv = £A· ds (Divergence theorem) 

f \.' x A · ds = J A · d(' (Stokes's theorem) 
1 Tc 

Gradient, Divergence, Curl, and Laplacian Operations 

Cartesian Coordinates (x , _v • .:: ) 

av av av 
\7V = a -+ a .-+ a.-

' iJx ' riy · ii;:, 

n aA, aA , (IA . " ·A ;;=-+-+-· 
ax [Jy riz 

a , a" a, 

v A 
a a a = a , ( aA, _ a~") + a, (r}~, _ rJA .) + a, c~' _ aA,) x = - - -

rlr ay ii::. d)' d;:. (J- ax iJX r)_\' 

A , A" A, 



Cylindrical Coordinates (r , ¢, z) 

av av av 
VV = a,-+ a"'-+ a. -

ar rii<b - iJz 

I a aA"' ak V·A = --(rA,) +-+-· 
rar ro</> a::. 

a, a.,r a, 

I a a a ( aA. aA.,) ( aA, aA.) 1 [a aA,] VXA =- = a - · -- + a ---- + a - -(rA) - -
r ar FJ<f> uz I f" aq, (Jz d> OZ iir r ilr Q aq, 

A, rA,p A, 

, 1 a ( av) 1 a~v iv V·V = -- r- + -,-, + -, 
r iJr or r aq,- a::.-

Spherical Coordinates (R, (), ¢) 

av av 1 av 
VV = aR aR + 3 0 R a8+ 3 <1> R in8acp 

I a , I a . I aAd> v. A = -:;-R (R·AR) + -.--(ABsm 8) + -.--wa R smB ao R 1n8 ii</> 

aR a9R 3<1>R sin 8 

VXA=-1- _i_ a a 
R~ sin 8 aR aB aq, 
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