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This book is designed for use as an undergraduate text on engineering
electromagnetics. Electromagnetics is one of the most fundamental subjects
in an electrical engineering curriculum. Knowledge of the laws governing
electric and magnetic fields is essential to the understanding of the principle
of operation of electric and magnetic instruments and machines, and mastery
of the basic theory of electromagnetic waves is indispensible to explaining
action-at-a-distance electromagnetic phenomena and systems.

Because most electromagnetic variables are functions of three-
dimensional space coordinates as well as of time, the subject matter is
inherently more involved than electric circuit theory, and an adequate
coverage normally requires a sequence of two semester-courses, or three
courses in a quarter system. However, some electrical engineering curricula
do not schedule that much time for electromagnetics. The purpose of this
book is to meet the demand for a textbook that not only presents the
fundamentals of electromagnetism in a concise and logical manner, but also
includes important engineering application topics such as electric motors,
transmission lines, waveguides. antennas, antenna arrays, and radar systems.

I feel that one of the basic difficulties that students have in learning
electromagnetics is their failure to grasp the concept of an electromagnetic
model. The traditional inductive approach of starting with experimental laws
and gradually synthesizing them into Maxwell’s equations tends to be
fragmented and incohesive; and the introduction of gradient, divergence, and
curl operations appears to be ad hoc and arbitrary. On the other hand, the
extreme of starting with the entire set of Maxwell’s equations, which are of
considerable complexity, as fundamental postulates is likely to cause con-
sternation and resistance in students at the outset. The question of the
necessity and sufficiency of these general equations is not addressed, and the
concept of the electromagnetic model is left vague.

This book builds the electromagnetic model using an axiomatic



approach in steps'— first for static electric fields, then for static magnetic
fields, and finally for time-varying fields leading to Maxwell’s equations. The
mathematical basis for each step is Helmholtz's theorem, which states that a
vector field is determined to within an additive constant if both its divergence
and its curl are specified everywhere. A physical justification of this theorem
may be based on the fact that the divergence of a vector field is a measure of
the strength of its flow source and the curl of the field is a measure of the
strength of its vortex source. When the strengths of both the flow source and
the vortex source are specified, the vector field is determined.

For the development of the electrostatic model in free space, it is only
necessary to define a single vector (namely, the electric field intensity E) by
specifying its divergence and its curl as postulates. All other relations in
electrostatics for free space. including Coulomb’s law and Gauss’s law. can be
derived from the two rather simple postulates. Relations in material media
can be developed through the concept of equivalent charge distributions of
polarized dielectrics.

Similarly, for the magnetostatic model in free space it is necessary to
define only a single magnetic flux density vector B by specifying its divergence
and its curl as postulates; all other formulas can be derived from these two
postulates. Relations in material media can be developed through the concept
of equivalent current densities. Of course, the validity of the postulates lies in
their ability to yield results that conform with experimental evidence.

For time-varying fields, the electric and magnetic field intensities are
coupled. The curl E postulate for the electrostatic model must be modified to
conform with Faraday's law. In addition, the curl B postulate for the
magnetostatic model must also be modified in order to be consistent with the
equation of continuity. We have, then, the four Maxwell’s equations that
constitute the electromagnetic model. I believe that this gradual development
of the electromagnetic model based on Helmholtz's theorem is novel,
systematic, pedagogically sound. and more casily accepted by students.

A short Chapter | of the book provides some motivation for the study
of electromagnetism. It also introduces the source functions. the fundamental
field quantities, and the three universal constants for free space in the
electromagnetic model. Chapter 2 reviews the basics of vector algebra, vector
calculus, and the relations of Cartesian, cylindrical, and spherical coordinate
systems. Chapter 3 develops the governing laws and methods of solution of
electrostatic problems. Chapter 4 is on steady electric current fields and
resistance calculations. Chapter 5 deals with static magnetic fields. Chapter 6,
on time-varying electromagnetic fields, starts with Faraday's law of

'D. K. Cheng, “An alternative approach for developing introductory electromagnetics.” IEEE
Antennas and Propagation Society Newsletter, pp. 11-13, Feb. 1983,



electromagnetic induction, and leads to Maxwell’s equations and wave
equations. The characteristics of plane electromagnetic waves are treated in
Chapter 7. The theory and applications of transmission lines are studied in
Chapter 8. Further engineering applications of electromagnetic fields and
waves are discussed in Chapter 9 (waveguides and cavity resonators) and
Chapter 10 (antennas, antenna arrays, and radar systems). Much of the
material has been adapted and reduced from my larger book, Field and Wave
Electromagnetics’, but in this book I have incorporated a number of
innovative pedagogical features.

Each chapter of this book starts with an overview section that provides
qualitative guidance to the topics to be discussed in the chapter. Throughout
the book worked-out examples follow important formulas and quantitative
relations to illustrate methods for solving typical problems. Where appro-
priate, simple exercises with answers are included to test students’ ability to
handle related situations. At irregular intervals, a group of review questions
are inserted after several related sections. These questions serve to provide an
immediate feedback of the topics just discussed and to reinforce students’
qualitative understanding of the material. Also, a number of pertinent
remarks usually follow the review questions. These remarks contain some
points of special importance that the students may have overlooked. When
new definitions, concepts, or relations are introduced, short notes are added
in the margins to emphasize their significance. At the end of each chapter
there is a summary with bulleted items summarizing the main topics covered
in the chapter. I hope that these pedagogical aids will prove to be useful in
helping students learn electromagnetics and its applications.

Many dedicated people. besides the author, are involved in the
publication of a book such as this one. [ wish to acknowledge the interest and
support of Senior Editor Eileen Bernadette Moran and Executive Editor
Don Fowley since the inception of this project. I also wish to express my
appreciation to Production Supervisor Helen Wythe for her friendly as-
sistance in kKeeping the production on schedule, as well as to Roberta Lewis,
Amy Willcutt, Laura Michaels, and Alena Konecny for their contributions.
Jim and Rosa Sullivan of Tech-Graphics were responsible for the il-
lustrations. To them I offer my appreciation for their fine work. Above all, 1
wish to thank my wife, Enid, for her patience, understanding and encourage-
ment through all phases of my challenging task of completing this book.

D.K.C.

'D. K. Cheng, Field and Wave Electromagnetics, 2nd ed., Addison-Wesley, Reading, Mass., 1989.
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An Introductory Note
to the Student o

This book is your guide as you embark on the journey of learning engineering
electromagnetics. Two questions may immediately come to mind: What is
electromagnetics and why is it important? A short answer to the first question
is that electromagnetics is the study of the effects of electric charges at rest or
in motion. It is important because electromagnetic theory is essential in
explaining electromagnetic pheriomena and in understanding the principle of
operation and the characteristics of electric, magnetic, and electromagnetic
engineering devices. Contemporary society relies heavily on electromagnetic
devices and systems. Think. for example. of microwave ovens, cathode-ray
oscilloscopes, radio, television, radar, satellite communication, automatic
instrument-landing systems, and electromagnetic energy conversion (motors
and generators).

The basic principles of electromagnetism have been known for over one
hundred fifty years. To study a mature scientific subject in an organized and
logical way it is necessary to establish a valid theoretical model, which usually
consists of a few basic quantities and some fundamental postulates (hypoth-
eses, or axioms). Other relations and consequences are then developed from
these postulates. For instance, the study of classical mechanics is based on a
theoretical model that defines the quantities mass, velocity, acceleration,
force. momentum, and energy. The fundamental postulates of the model are
Newton's laws of motion. conservation of momentum, and conservation of
energy. These postulates cannot be derived from other theorems; but all other
relations and formulas in non-relativistic mechanics (situations where the
velocity of motion is negligible compared to the velocity of light) can be
developed from these postulates.

Similarly, in our study of electromagnetics we need first to establish an
electromagnetic model. Chapter 1 of this book defines the basic quantities of
our electromagnetic model. The fundamental postulates are introduced in
gradual steps as they are needed when we deal with static electric fields, static



magnetic fields, and time-varying fields in separate chapters. Various
theorems and other results are then derived from these postulates. Engineer-
ing applications of the principles and methods developed throughout the text
are explored further in the last several chapters.

In order to express our postulates and derive useful results in succinct
forms, we must have the proper mathematical tools. In electromagnetics we
most often encounter vectors, quantities that have both a magnitude and a
direction. Hence, we must be proficient in vector algebra and vector calculus.
These are covered in Chapter 2 on Vector Analysis. We must not only acquire
a facility in manipulating vectors, but also understand the physical meaning
of the various operations involving vectors. A deficiency in vector analysis in
the study of electromagnetism is similar to a deficiency in algebra and
calculus in the study of physics. Proficiency in the use of mathematical tools is
essential for obtaining fruitful results.

Most likely, you have already studied circuit theory, Circuit theory
deals with lumped-parameter systems consisting of components character-
ized by lumped parameters as resistances, inductances, and capacitances.
Voltages and currents are the main system variables. For d-c¢ circuits the
system variables are constants, and the governing equations are algebraic
equations. The system variables in a-c circuits are time-dependent; they are
scalar quantities and are independent of space coordinates. The governing
equations are ordinary differential equations. On the other hand, most
electromagnetic variables are functions of time as well as of space coor-
dinates. Many are vectors. Even in static cases the governing equations are, in
general, partial differential equations. But partial differential equations can be
broken up into ordinary differential equations, which you have encountered
in courses on physics and linear system analysis. In simple situations where
symmetries exist, partial differential equations reduce to ordinary differential
equations. The separation of time and space dependence is achieved by the
use of phasors.

Because of the need for defining more quantities and using more
mathematical manipulations in electromagnetics, you may initially get the
impression that electromagnetic theory is abstract. In fact, electromagnetic
theory is no more abstract than circuit theory in the sense that the validity of
both can be verified by experimentally measured results. We simply have to
do more work in order to develop a logical and complete theory that can
explain a wider variety of phenomena. The challenge of electromagnetic
theory is not in the abstractness of the subject matter but rather in the process
of mastering the electromagnetic model and the associated rules of operation.

You will find that each chapter of this book starts with an OVERVIEW
section that introduces the topics to be discussed in the chapter. As new
definitions, concepts, or relations are introduced, short notes appear in the
margins to draw your attention to them. At the end of some related sections,

vii
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at irregular intervals, are REVIEW QUESTIONS, which serve to provide an
immediate feedback of the topics just discussed and to reinforce your
qualitative understanding of the material. You should be able to answer these
questions with confidence. If not, you should go back to these sections and
clear up your doubts. A REMARKS box usually follows the review
questions. It contains some points of special importance that you may have
overlooked, but that you should understand and remember. At the conclu-
sion of each chapter there is a SUMMARY section that itemizes the more
important results obtained in the chapter. Its function is to emphasize the
significance of these results without repeating the mathematical formulas.

Throughout the book new terms and important statements are printed
in boldface italic, and the more important formulas are boxed. Worked-out
examples are provided to illustrate methods for solving typical problems.
Where appropriate, simple exercises with answers are included. You should
do these exercises as they occur, so that you can see if you have mastered the
basic quantitative skills just presented. The problems at the end of a chapter
are used to extend what you have learned from the chapter and to test your
ability in tackling new situations. Answers to odd-numbered problems,
included at the end of the book, give you a self-check and reassurance on your
progress.

The learning of electromagnetics is an intellectual journey; this book is
your guide, but you must bring along your dedication and perseverance. As
you explore the territory of engineering electromagnetics, we hope you will
have a stimulating and rewarding experience.

The author.



Learning is not attained by chance;
it must be sought for with ardor and attended to with diligence.

—Abigail Adams
(in letter to John Quincy Adams, 1780)
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cHAaPTER 1

Definition of
electromagnetics

Two kinds of
charges: positive
and negative

Field: a spatial
distribution of a
quantity

Fields and waves
help explain
action at a
distance.

2

1-1 OVERVIEW  Electromagnetics is the study of the electric and
magnetic phenomena caused by electric charges at rest or in motion. The
existence of electric charges was discovered more than two and a half milleniums
ago by a Greek astronomer and philosopher Thales of Miletus. He noted that an
amber rod, after being rubbed with silk or wool, attracted straw and small bits of
paper. He attributed this mysterious property to the amber rod. The Greek word
for amber is elekeron, from which was derived the words electron, electronics,
electricity, and so on.

From elementary physics we know that there are two kinds of charges:
positive and negative. Both positive and negative charges are sources of an
electric field. Moving charges produce a current, which gives rise to a magnetic
field. Here we tentatively speak of electric field and magnetic field in a general
way; more definitive meanings will be attached to these terms later. A field is a
spatial distribution of a quantity, which may or may not be a function of time. A
time-varying electric field is accompanied by a magnetic field, and vice versa. In
other words, time-varying electric and magnetic fields are coupled, resulting in an
electromagnetic field. Under certain conditions, time-dependent electromagnetic
fields produce waves that radiate from the source.

The concept of fields and waves is essential in the explanation of action at a
distance. For instance, we learned from elementary mechanics that masses attract
each other. This is why objects fall toward the Earth’s surface. But since there are
no elastic strings connecting a free-falling object and the Earth, how do we



The Electromagnetic Modei - *

Circuit theory
cannot explain
mobile phone

communication.

Constructing a
model

explain this pheomenon? We explain this action-at-a-distance phenomenon by
postulating the existence of a gravitational field. Similarly, the possibilities of
satellite communication and of receiving signals from space probes millions of
miles away can be explained only by postulating the existence of electric and
magnetic fields and electromagnetic waves. In this book, Fundamentals of
Engineering Electromagnetics, we study the fundamental laws of electromag-
netism and some of their engineering applications.

A simple situation will illustrate the need for electromagnetic-field concepts.
Figure 1-1 depicts a mobile telephone with an attached antenna. On transmit, a
source at the base feeds the antenna with a message-carrying current at an
appropriate carrier frequency. From a circuit-theory point of view, the source
feeds into an open circuit because the upper tip of the antenna is not connected to
anything physically: hence no current would flow, and nothing would happen.
This viewpoint, of course, cannot explain why communication can be established
between moving telephone units. Electromagnetic concepts must be used. We
shall see in Chapter 10 that when the length of the antenna is an appreciable part
of the carrier wavelength, a nonuniform current will flow along the open-ended
antenna. This current radiates a time-varying electromagnetic field in space,
which propagates as an electromagnetic wave and induces currents in other
antennas at a distance. The message is then detected in the receiving unit.

In this first chapter we begin the task of constructing an clectromagnetic
model, from which we shall develop the subject of engineering electromagnetics.
3



CHAPTER 1 THE ELECTROMAGNETIC MODEL

_~ Antenna

Transmit/receive unit
-

FIGURE 1-1 A mobile telephone.

1<2 THE ELECTROMAGNETIC.MODEL ————————————————— —

Inductive and
deductive
approaches

Steps for developing
a theory from an
idealized model

The circuit model

There are two approaches in the development of a scientific subject: the
inductive approach and the deductive approach. Using the inductive
approach, one follows the historical development of the subject, starting with
the observations of some simple experiments and inferring from them laws
and theorems. It is a process of reasoning from particular phenomena to
general principles. The deductive approach, on the other hand, postulates a
few fundamental relations for an idealized model. The postulated relations
are axioms, from which particular laws and theorems can be derived. The
validity of the model and the axioms is verified by their ability to predict
consequences that check with experimental observations. In this book we
prefer to use the deductive or axiomatic approach because it is more concise
and enables the development of the subject of electromagnetics in an orderly
way.

Three essential steps are involved in building a theory based on an
idealized model.

STEP 1 Define some basic quantities germane to the subject of study.
STEP 2 Specify the rules of operation (the mathematics) of these quantities.
STEP 3 Postulate some fundamental relations. (These postulates or laws are

usually based on numerous experimental observations acquired under
controlled conditions and synthesized by brilliant minds.)

A familiar example is the circuit theory built on a circuit model of ideal
sources and pure resistances, inductances, and capacitances. In this case the
basic quantities are voltages (V). currents (/), resistances (R), inductances (L),
and capacitances (C); the rules of operations are those of algebra, ordinary
differential equations, and Laplace transformation; and the fundamental
postulates are Kirchhoff's voltage and current laws. Many relations and
formulas can be derived from this basically rather simple model, and the
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responses of very elaborate networks can be determined. The validity and
value of the model have been amply demonstrated.

In a like manner, an electromagnetic theory can be built on a suitably
chosen electromagnetic model. In this section we shall take the first step of
defining the basic quantities of electromagnetics. The second step, the rules of
operation, encompasses vector algebra, vector calculus, and partial dif-
ferential equations. The fundamentals of vector algebra and vector calculus
will be discussed in Chapter 2 (Vector Analysis), and the techniques for
solving partial differential equations will be introduced when these equations
arise later in the book. The third step. the fundamental postulates, will be
presented in three substeps as we deal with static electric fields, static
magnetic fields, and electromagnetic fields, respectively.

The quantities in our electromagnetic model can be divided roughly
into two categories: source quantities and field quantities. The source of an
electromagnetic field is invariably electric charges at rest or in motion.
However, an electromagnetic field may cause a redistribution of charges.
which will, in turn, change the field: hence the separation between the cause
and the effect is not always so distinct.

We use the symbol g (sometimes Q) to denote electric charge. Electric
charge is a fundamental property of matter and exists only in positive or
negative integral multiples of the charge on an electron, —e.

e= 1,60 % 10~1° (C), (I-1)

where C is the abbreviation of the unit of charge, coulomb.” It is named after
the French physicist Charles A. de Coulomb, who formulated Coulomb’s law
in 1785, (Coulomb’s law will be discussed in Chapter 3.) A coulomb is a very
large unit for electric charge: it takes 1/(1.60 x 10 '?) or 6.25 million trillion
electrons to make up — 1(C). In fact, two 1-(C) charges 1(m) apart will exert a
force of approximately 1 million tons on each other. Some other physical
constants for the electron are listed in Appendix B-2.

The principle of conservation of electric charge, like the principle of
conservation of energy, is a fundamental postulate or law of physics. It states
that electric charge is conserved; that is, it can neither be created nor be
destroyed. This is a law of nature and cannot be derived from other principles
or relations.

Electric charges can move from one place to another and can be
redistributed under the influence of an electromagnetic field; but the algebraic
sum of the positive and negative charges in a closed (isolated) system remains

*The system of units will be discussed in Section 1-3.
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Conservation of
electric charge is a
fundamental
postulate of physics.
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line charge
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macroscopic sense

Charge densities are
point functions.

unchanged. The principle of conservation of electric charge must be satisfied at
all times and under any circumstances. Any formulation or solution of an
electromagnetic problem that violates the principle of conservation of electric
charge must be incorrect.

Although, in a microscopic sense, electric charge either does or does not
exist at a point in a discrete manner, these abrupt variations on an atomic
scale are unimportant when we consider the electromagnetic effects of large
aggregates of charges. In constructing a macroscopic or large-scale theory of
electromagnetism we find that the use of smoothed-out average density
functions yields very good results. (The same approach is used in mechanics
where a smoothed-out mass density function is defined. in spite of the fact
that mass is associated only with elementary particles in a discrete manner on
an atomic scale.) We define a volume charge density. p . as a source quantity
as follows:

A.
g, = lim - (C/m?), (1-2)

Av—0 AU
where Ag is the amount of charge in a very small volume Ar. How small
should Av be? It should be small enough to represent an accurate variation of
p. but large enough to contain a very large number of discrete charges. For
example, an elemental cube with sides as small as | micron (10 ®m or 1 um)
has a volume of 10 '®(m?). which will still contain about 10'" (100 billion)
atoms. A smoothed-out function of space coordinates. p,. defined with such a
small Av is expected to yield accurate macroscopic results for nearly all
practical purposes.

In some physical situations an amount of charge Ag may be identified
with an element of surface As. or an element of line AZ. In such cases it will be
more appropriate to define a surface charge density, p., or a line charge
density, p,:

. Ag
/u=llm—q (C/m?), (1-3)

As—0 AS

pr = lim — (C/m). (1-4)
ar -0 A )
Except for certain special situations, charge densities vary from point to
point: hence p,., p,. and p, are, in general, point functions of space coordinates.
Current is the rate of change of charge with respect to time: that is,
dg 4
I = “ (C/s or A), (1-3)
dt
where [ itself may be time-dependent. The unit of current is coulomb per
second (C/s), which is the same as ampere (A). A current must flow through a
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finite area (a conducting wire of a finite cross section, for instance); hence it is
not a point function. In electromagnetics we define a vector point function
current density, J, which measures the amount of current flowing through a
unit area normal to the direction of current flow. The boldfaced J is a vector
whose magnitude is the current per unit area (A/m?) and those direction is the
direction of current flow.

There are four fundamental vector field quantities in electromagnetics:
electric field intensity E, electric flux density (or electric displacement) D,
magnetic flux density B, and magnetic field intensity H. The definition and
physical significance of these quantities will be explained fully when they are
introduced later in the book. At this time we want only to establish the
following. Electric field intensity E is the only vector needed in discussing
electrostatics (effects of stationary electric charges) in free space; it is defined
as the electric force on a unit test charge. Electric displacement vector D is
useful in the study of electric field in material media, as we shall see in
Chapter 3. Similarly, magnetic flux density B is the only vector needed in
discussing magnetostatics (effects of steady electric currents) in free space and
is related to the magnetic force acting on a charge moving with a given
velocity. The magnetic field intensity vector H is useful in the study of
magnetic field in material media. The definition and significance of B and H
will be discussed in Chapter 5.

The four fundamental electromagnetic field quantities, together with
their units, are tabulated in Table 1-1. In Table 1-1, V/m is volt per meter, and
T stands for tesla or volt-second per square meter. When there is no time
variation (as in static, steady, or stationary cases), the electric field quantities
E and D and the magnetic ficld quantities B and H form two separate vector
pairs. In time-dependent cases, however, electric and magnetic field quantities

TABLE 1-1 FUNDAMENTAL ELECTROMAGNETIC FIELD QUANTITIES

Symbols and Units |

for Field Quantities | Field Quantity Symbol Unit
Electric field intensity E V/m
Electric flux density D C/m?

|
Electric ’ - ——
' (Electric displacement)
|
r

Magnetic flux density B i
Magnetic . . _—
| Magnetic field intensity H A/m
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are coupled; that is, time-varying E and D will give rise to B and H. and vice
versa. All four quantities are point functions. Material (or medium) properties
determine the relations between E and D and between B and H. These
relations are called the censtitutive relations of a medium and will be
examined [ater.

The principal objective of studying electromagnetism is to understand
the interaction between charges and currents at a distance based on the
electromagnetic model. Fields and waves (time- and space-dependent fields)
are basic conceptual quantities of this model. Fundamental postulates, to be
enunciated in later chapters, will relate E, D, B, H and the source quantities;
and derived relations will lead to the explanation and prediction of
electromagnetic phenomena.

1-3 S| UNITS AND UNIVERSAL CONSTANTS — e

The S|, or MKSA,
units

A measurement of any physical quantity must be expressed as a number
followed by a unit. Thus we may talk about a length of three meters, a mass of
two kilograms, and a time period of ten seconds. To be useful, a unit system
should be based on some fundamental units of convenient (practical) sizes. In
mechanics, all quantities can be expressed in terms of three basic units (for
length. mass, and time). In electromagnetics a fourth basic unit (for current) is
needed. The SI (International System of Units) is an MKSA system built from
the four fundamental units listed in Table 1-2. All other units used in
electromagnetics, including those appearing in Table 1-1, are derived units
expressible in terms of meters, kilograms, seconds, and amperes. For example,
the unit for charge, coulomb (C), is ampere-second (A - s); the unit for electric
field intensity (V/m) is kg-m/A-s*; and the unit for magnetic flux density,
tesla (T). is kg/A +s*. More complete tables of the units for various quantities
are given in Appendix A.

In our electromagnetic model there are three universal constants, in
addition to the field quantities listed in Table 1-1. They relate to the

TABLE 1-2 FUNDAMENTAL SI UNITS

Quantity [ Unit Abbreviation
Length ] meter m
Mass kilogram kg
Time second s
Current ampere A
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Three universal
constants in
electromagnetic
model

properties of the free space (vacuum). They are as follows: velocity of
electromagnetic wave (including light) in free space, ¢: permittivity of free
space, €,; and permeability of free space, u,. Many experiments have been
performed for precise measurement of the velocity of light, to many decimal
places. For our purpose it is sufficient to remember that

c=3 x 108 (m/s). (in free space) (1-6)

The other two constants. €, and p,, pertain to electric and magnetic
phenomena, respectively: €, is the proportionality constant between the
electric flux density D and the electric field intensity E in {ree space, such that

D = ¢;E; (in free space) (1-7)

I, 1s the proportionality constant between the magnetic flux density B and
the magnetic field intensity H in free space, such that

1 .
H=—B. (in free space) (1-8)
Ho

The values of €, and y are determined by the choice of the unit system,
and they are not independent. In the SI system. which is almost universally
adopted for electromagnetics work, the permeability of free space is chosen to
be

o =4m x 1077 (H/m), (in free space) (1-9)

where H/m stands for henry per meter. With the values of ¢ and y, fixed in
Egs. (1-6) and (1-9) the value of the permittivity of free space is then derived
from the following relationships:

1 .

== = (m/s), (in free space) (1-10)

\ €okto
or
1 1
=a—=——x10"°
* g 36m % '
: (in free space) (1-11)
~ 8.854 x 10 12 (F/m),
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TABLE 1-3  UNIVERSAL CONSTANTS IN S| UNITS
Universal Constants l Symbol Value Unit
Velocity of light in free space | e 3 % 10° m/s
Permeability of free space Lo 4 x 10 7 H/m
Permittivity of free space € —— 3 102 F/m

36

where F/m is the abbreviation for farad per meter. The three universal
constants and their values are summarized in Table 1-3.

Now that we have defined the basic quantities and the universal
constants of the electromagnetic model, we can develop the various subjects
in electromagnetics. But, before we do that, we must be equipped with the
appropriate mathematical tools. In the following chapter we discuss the basic
rules of operation for vector algebra and vector calculus.

SUMMARY —— - . = f

This chapter laid the foundation for our study of engineering electromagnet-
ism. We adopt a deductive or axiomatic approach and construct an
electromagnetic model. Basic source quantities (charge, charge densities,
current density) and field quantities (E. D, B, H) are defined, the unit system
(SI) is specified, and the three universal constants for free space (u, ¢, &) are
given. With this framework we can develop the various topics by introducing
the fundamental postulates in subsequent chapters. We shall do this gradu-
ally, in steps. But first we need to be familiar with the mathematics that will be
used to relate the different quantities. A secure knowledge of vector analysis is
essential. Chapter 2 presents the required material on vector algebra and
vector calculus.

REVIEW QUESTIONS

Q.1-1 What is electromagnetics?

Q.1-2 Describe two phenomena or situations, other than the mobile telephone
depicted in Fig. 1-1, that cannot be adequately explained by circuit theory.

Q.1-3 What are the three essential steps in building an idealized model for the study
of a scientific subject?

Q.1-4 What are the source quantities in the electromagnetic model?
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.1-5 What is meant by a point function? Is charge density a point function? Is current
a point function?
Q.1-6 What are the four fundamental SI units in electromagnetics?

Q.1-7 What are the four fundamental field quantities in the electromagnetic model?
What are their units?

().1-8 What are the three universal constants in the electromagnetic model, and what
are their relations?
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2-1 OVERVIEW Inourelectromagnetic model some of the quant-
ities (such as charge, current, and energy) are scalars; and some others (such as
electric and magnetic field intensities) are vectors. Both scalars and vectors can be
functions of time and position. At a given time and position, a scalar is completely
specified by its magnitude (positive or negative, together with its unit). Thus we
can specify, for instance, a charge of — 1(xC) at a certain location at t =0. The
specification of a vector at a given location and time, on the other hand, requires
both a magnitude and a direction. How do we specify the direction of a vector? In
a three-dimensional space, three numbers are needed, and these numbers depend
on the choice of a coordinate system.

[t 1s important to note that physical laws and theorems relating various
scalar and vector quantitics must hold irrespective of a coordinate system. The
general expressions of the laws of electromagnetism do not require the specification
of a coordinate system. A particular coordinate system is chosen only when a
problem of a given geometry is to be analyzed. For example, if we are to
determine the magnetic field at the center of a current-carrying wire loop, it is
more convenient to use rectangular coordinates if the loop is rectangular, whereas
polar coordinates will be more appropriate if the loop is circular in shape. The
basic electromagnetic relation governing the solution of such a problem is the
same for both geometries.



Vector Analysis *

Because many electromagnetic quantities are vectors, we must be able to
handle (add. subtract, and multiply) them with case. In order to express specific
results in a three-dimensional space, we must choose a suitable coordinate system.
In this chapter we will discuss the three most common orthogonal coordinate
systems: Cartesian, cylindrical, and spherical coordinates. We will see how to
resolve a given vector into components in these coordinates and how to transform
from one coordinate system to another.

The use of certain differential operators enables us to express the funda-
mental postulates and other formulas in electromagnetics in a succinct and
general manner. We will discuss the significance of gradient, divergence, and curl
operations and prove divergence and Stokes’s theorems.

This chapter on vector analysis deals with three main topics:

Vector algebra—addition, subtraction, and multiplication of vectors.
2. Orthogonal coordinate systems—Cartesian, cylindrical, and spherical
coordinates.
3. Vector calculus—differentiation and integration of vectors; gradient,
divergence, and curl operations.
We also prove two important null identities involving repeated applications
of differential operators.

13
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2-2 VECTOR ADDITION AND SUBTRACTION

Finding the unit
vector from a vector

Distinguishing marks
for vectors

We know that a vector has a magnitude and a direction. A vector A'can be
written as

A=a, A, 2-1)
where A is the magnitude (and has the unit and dimension) of A:
A =|A| (2-2)

which is a scalar. a , is a dimensionless unit vector having a unity magnitude;
it specifies the direction of A. We can find a4 from the vector A by dividing it
by its magnitude.

A= i = é (2-3)

Al 4
The vector A can be represented graphically by a directed straight-line
segment of a length |A| = A with its arrowhead pointing in the direction of
a4, as shown in Fig. 2-1.

Two vectors are equal if they have the same magnitude and the same
direction, even though they may be displaced in space. Since it is difficult to
write boldfaced letters by hand, it is a common practice, in writing, to use an
arrow or a bar over a letter (A or A) or a wiggly line under a letter (A) to
distinguish a vector from a scalar. This distinguishing mark, once chosen,
should never be omitted whenever and wherever vectors are written.

Two vectors A and B, which are not in the same direction nor in
opposite directions, such as given in Fig. 2-2(a), determine a plane. Their sum
is another vector C in the same plane. C = A + B can be obtained graphically
in two ways:

1. By the parallelogram rule: The resultant C is the diagonal vector of the

FIGURE 2-1 Graphical representation of vector A.

|A] =A//VV\

= a,A

v
=3

|aA] =1
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A
B C
B
B C
M’ A
(a) Two vectors, A and B.  (b) Parallelogram rule.  (c¢) Head-to-tail rule, (d) Head-to-tail rule,
A + B. B+ A.

FIGURE 2-2 Vector addition, C=A + B=B + A.

B EXERCISE 2.1

parallelogram formed by A and B drawn from the same point, as shown
in Fig. 2-2(b).

2. By the head-to-tail rule: The head of A connects to the tail of B. Their
sum C is the vector drawn from the tail of A to the head of B; and
vectors A, B, and C form a triangle, as shown in Fig. 2-2(c).
C=A+B=B + A as illustrated graphically in Fig. 2-2(d).

Vector subtraction can be defined in terms of vector addition in the
following way:

A-B=A+(-B) (2-4)
where — B is the negative of vector B. This is illustrated in Fig. 2-3.

NoTe: It is meaningless to add or subtract a scalar from a vector, or to add or
subtract a vector from a scalar.

Three vectors A, B, and C, drawn in a head-to-tail fashion, form three sides of a
triangle. What is A + B + C? Whatis A + B — C?

ANs. 0, —2C.

FIGURE 2-3 Vector subtraction, D = A — B =A + (—B).

—

(b) Parallelogram rule. (c) Head-to-tail rule.
(a) Two vectors,
A and B.
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2-3 VECTOR MULTIPLICATION

Multiplication of a vector A by a positive scalar k changes the magnitude of
A by k times without changing its direction tk can be either greater or less
than 1).

kA = a,(kA). (2-3)

[t is not sufficient to say “the multiplication of one vector by another™
or “the product of two vectors” because there are two distinct and very
different types of products of two vectors. They are (1) the scalar or dot
product, and (2) the vector or cross product. These will be defined in the
following subsections.

2-31 SCALAR OR DOT PRODUCT

Definition of scalar
or dot product of
two vectors

The scalar or dot product of two vectors A and B is denoted by A*B
(A dot B”). The result of the dot product of two vectors is a scalar. It is equal
to the product of the magnitudes of A and B and the cosine of the angle
between them. Thus,

A*B £ ABcos0,. (2-6)

In Eq. (2-6) the symbol £ signifies “equal by definition,” and 0,5 is the
smaller angle between A and B and is less than 7 radians (1807), as indicated
in Fig. 2-4.

From the definition in Eq. (2-6) we see that the dot product of two
vectors (1) is less than or equal to the product of their magnitudes: (2) can be
either a positive or a negative quantity, depending on whether the angle
between them is smaller or larger than /2 radians (90°); (3) is equal to the
product of the magnitude of one vector and the projection of the other vector

FIGURE 2-4 Illustrating the dot product of A and B.

B

m—

g
B [

[

j=

=

{

B cos By,



2-3 VECTOR MULTIPLICATION 17

Dot product is
commutative.

Finding the
magnitude of a
vector

EXAMPLE 2-1

upon the first one; and (4) is zero when the vectors are perpendicular to each
other.

From Eq. (2-6) we can see that

A‘B=B-A. (2-7)

Thus the order of the vectors in a dot product is not important. (The dot
product is commutative.) Also,

AA=A° (2-8)

or

A= A" /A A. (2-9)

Equation (2-9) enables us to find the magnitude of a vector when the
expression of the vector is given in any coordinate system. We simply form
the dot product of the vector with itself, (A * A), and take the positive square
root of the scalar result.

Use vectors to prove the law of cosines for a triangle.

SOLUTION

The law of cosines is a scalar relationship that expresses the length of a side of
a triangle in terms of the lengths of the two other sides and the angle between
them. For Fig. 2-5 the law of cosines states that

C=.,/A*+ B> — 24ABcosa. (2-10)
We prove this by considering the sides as vectors; that is,

C=A+B

FIGURE 2-5 [Illustrating Example 2-1.

7]
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In order to find the magnitude of C we take the dot product of C with itself, as
in Eq. (2-8).

C?=C-C=(A+B):(A +B)
=A*A+B‘B+2A-B
= A% + B® + 24Bcos 0 4.

Since 0,5 is, by definition, the smaller angle between A and B and is equal to
(180” — «) we know that cos ) ;5 = cos(180" — %) = —cosa. Therefore,

C?> = A% + B> — 2ABcosu. (2-11)

The square root of both sides of Eq. (2-11) gives the law of cosines in Eg.
(2-10). Note that no coordinate system needs to be specified in this problem.

2-3.2 VECTOR OR CROSS PRODUCT

Definition of vector
or cross product of
two vectors

A second kind of vector multiplication is the vector or cross product. Given
two vectors A and B, the cross product. denoted by A x B (“A cross B”), is
another vector defined by

A x B£a,ABsin0 ., (2-12)

where 8 45 is the smaller angle between the vectors A and B (<n), and a, is a
unit vector normal (perpendicular) to the plane containing A and B. The
direction of a, follows that of the thumb of a right hand when the fingers
rotate from A to B through the angle 0,5 (the right-hand rule). This is
illustrated in Fig. 2-6. From the figure we can see that Bsin f ;5 is the height of
the parallelogram formed by the vectors A and B. We also recognize that the

AB sin 0,

FIGURE 2-6 Cross product of A and B, A x B.

A 4
AXB AXB

.
a7 o

A A
(a)AX B=a, ABsin 0, (b) The right-hand rule.
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Vector product is not
commutative.

quantity ABsin 6,5, which is nonnegative (positive or 0), is numerically equal
to the area of the parallelogram. Thus the cross product A x B results in
another vector, whose direction a, is obtained by the right-hand rule in
rotating from A to B, and whose magnitude is equal to the area of the
parallelogram found by A and B.

Using the definition in Eq. (2-12) and following the right-hand rule, we
find that

BxA=—AxB, (2-13)

Hence the cross product is not commutative; and reversing the order of two
vectors in a cross product changes the sign of the product.

2-3.3 PRODUCTS OF THREE VECTORS

There are two kinds of products of three vectors: (1) scalar triple product, and
(2) vector triple product.

1.  Scalar triple product. This is the dot product of one vector with the
result of the cross product of two other vectors. A typical form of this is

A-(B x C),

where A, B, and C are three arbitrary vectors, as illustrated in Fig.
2-7(a).

According to Eq. (2-12), the cross product B x C has a magnitude
BC sin o, which is equal to the area of the shaded parallelogram formed
by sides B and C. The direction of B x C is a,, a unit normal vector
perpendicular to the plane containing B and C. as shown. The given
triple product is then

A(B x C)=(A-a,)BCsinax. (2-14)

FIGURE 2-7 [llustrating scalar triple products.

///7— ———————— =7 Arca=‘CxA|7 PP stk
. // / F 7 = o
/ F / -7
~
S - / / o ¢/
: 7 7 /. AR T T T 7 /
/ // /£ / /
A L LY s S £ ¥
s s R e e B
/ el =
/// T i //.
ek i ;///\ Height = Bea’,
B B

Area = IBX C|

a'

(a) A« (Bx C). (b)y Be(CXA).
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EXAMPLE 2-2

In Eq. (2-14), (A -a,) is a scalar whose magnitude is the projection of A
in the direction of the unit normal vector a,. Thus (A - a,) is numerically
equal to the height of the parallelepiped formed by the vectors A, B,
and C, and the given scalar triple product is equal to the volume of
the parallelepiped.

2. Vector triple product. This is the cross product of one vector with the
result of the cross product of two other vectors. A typical form of this is

A x (B x C).

This case is more complicated, and we will not attempt a general
derivation here. However, it can be expanded quite simply when a
coordinate system is given. (See Problem P.2-9.) We will discuss its use
when the occasion arises in the future.

Given three vectors A, B, and C, prove the following relation for scalar triple
products:

A-BxC)=B+(C x A)=C-(A x B). (2-15)

SOLUTION

We have found that the first scalar triple product A - (B x C) as expressed in
Eq. (2-14) is equal to the volume of the parallelepiped formed by the three
vectors A, B, and C. Let us now examine the second scalar triple product
B:(C x A). We have, from Fig. 2-7(b) and Eq. (2-12),

B-(C x A) = (B-a,)CAsinf, (2-16)

where a, and CAsinf represent, respectively, the direction and the mag-
nitude of the cross product C x A. Now visualize the parallelepiped formed
by the three vectors A, B, and C as standing on the shaded base with an area
equal to |[C x A| = CAsin fi. The height of the parallelepiped is (B - a;). Hence
the scalar triple product in Eq. (2-16) has a magnitude equal to the volume of
the parallelepiped, which is the same as that given by Eq. (2-14). Thus,

B-(Cx A)=A-(B x C). (2-17)
Similar arguments apply to the third scalar triple product in Eq. (2-15).
C+(A x B), since all three forms yield the volume of the parallelepiped.

Caunon: The equalities in Eq. (2-15) require that the order of the vectors in
the scalar triple product be kept in cyclic permutation. This means that the
sequence {A, B, C}. {B.C,A!, or {C, A, B} must be maintained when taking
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the dot product of the first vector with the result of the cross product of the
second and third vectors. B+(A x C), which does not follow the cyclical
sequence, is not the same as (but is the negative of) B-(C x A) in Eq. (2-16).

REVIEW QUESTIONS
Q.2-1 Under what conditions can the dot product of two vectors be negative?
0.2-2 Write down the results of A*B and A x Bif (a) A| B, and (b) A LB.
Q.2-3 Is (A-B)C equal to A(B-C)? Explain.

Q.2-4 Given two vectors A and B, how do you find (a) the component of A in the
direction of B, and (b) the component of B in the direction of A?

Q.2-5 Does A*B = A+ C imply B = C? Explain.
Q.2-6 Does A x B= A x C imply B = C? Explain.

REMARKS ———— ———————————————————

1. In writing a vector, never leave out the mark that distinguishes it from
a scalar.

2. Do not add or subtract a vector from a scalar, or vice versa.

3. Division by a vector is not defined. Do not attempt to divide a
quantity by a vector.

4. Two vectors are perpendicular to each other if their dot product is
zero, and vice versa. (0 = n/2, cos @ = 0—Eq. 2-6.)

5. Two vectors are parallel to each other if their cross product is zero,
and vice versa. (0 = 0, sin 0 = 0—Egq. 2-10.)

B EXERCISE 2.2 Compare the values of the following scalar triple products of vectors:
(a) (A x C)*B. (b) A+(C x B). (c) (A x B):C, and (d) B+(a, x A).

B EXERCISE 2.3 Which of the following expressions do not make sense?
(a) A x B/|B|, (b) C-D/(A x B). (c) AB/CD, (d) A x B/(C-D),

(e) ABC. () AxBxC.

2-4 ORTHOGONAL COORDINATE SYSTEMS

We have indicated before that although the laws of electromagnetism are
invariant with coordinate system, solution of practical problems requires that
the relations derived from these laws be expressed in a coordinate system
appropriate to the geometry of the given problems. For example, to
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Orthogonal
coordinate systems

determine the electric field at a certain point in space, we at least need to
describe the position of the source and the location of this point with respect
to a coordinate system. In a three-dimensional space a point can be located as
the intersection of three surfaces. Assume that the three families of surfaces
are described by u, = constant, u, = constant, and u; = constant, where the
u’s need not all be lengths, and some may be angles. (In the familiar Cartesian
or rectangular coordinate system, u,, u,, and u; correspond to x, y, and z.
respectively.) When these three surfaces are mutually perpendicular to one
another, we have an orthogonal coordinate system.

Many orthogonal coordinate systems exist; but we shall be concerned
only with the three that are most common and most useful:

Cartesian (or rectangular) coordinates.’

Cylindrical coordinates.

ol o il =

. Spherical coordinates.

These will be discussed separately in the following subsections.

2-41 CARTESIAN COORDINATES

A point P(x,. y,. z;) in Cartesian coordinates is the intersection of three
planes specified by x = x,, y = y,, and z = z,, as shown in Fig. 2-8. We have
(g, Uy, U3) = (x, Y, 2).

The three mutually perpendicular unit vectors, a,. a,, and a_, in the
three coordinate directions are called the base vectors. For a right-handed
system we have the following cyclic properties:

a, xa, =a, (2-18a)
a, xa =a, (2-18b)
a xa,=a,. (2-18¢)

The following relations follow directly.

‘a,=ag*a.=a.'a.=0 (2-19)
and

‘a,=a,"a, =a.a =1L (2-20)

The position vector to the point P(x,, y,,z,) is the vector drawn from

"The term “Cartesian coordinates™ is preferred becanse the term “rectangular coordinates” is
customarily associated with two-dimensional geometry. The adjective “Cartesian™ is used in
honor of French philosopher and mathematician Renatus Cartesius (Latinized form for René
Descartes 1596-1650), who initiated analytic geometry.
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v =y, plane

(b)

FIGURE 2-8 Cartesian coordinates. (a) Three mutually perpendicular planes. (b)
Intersection of the three planes in (a) specifies the location of a point P.

the origin O to P; its components in the a,, a

,» & directions are, respectively,
Xgy Vo d0id 2,7,

OP = a,x; +a,y +a.z,. (2-21)

"In writing vectors in this book we stick to the convention of always writing the direction (of a
unit vector) first, followed by the magnitude.
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Vector A in Cartesian
coordinates

Vector differential
length in Cartesian
coordinates

A differential volume
in Cartesian
coordinates

Scalar product of A
and B in Cartesian
coordinates

Vector product of A
and B in Cartesian
coordinates

A vector A in Cartesian coordinates with components A, 4,, and A. can be
written as

A=a A . +aA +a.A4.. (2-22)
The expression for a vector differential length is
d¢ = a,dx +a,dy + a.dz. (2-23)

A differential volume is the product of the differential length changes in the
three coordinate directions:

dv = dxdyd:z. (2-24)
The dot product of A in Eqg. (2-22) and another vector
B=aB,+aB, +aB.is
A‘B=(a,A, +a,A,+2aA) (a,B,+aB,+a.B,),
or
A*B=A,B,+ A,B,+ A.B,, (2-25)

in view of Egs. (2-19) and (2-20).
The cross product of A and B is

AxB=(a,A, +a,A, +a.A)x(aB,+aB, +a.B,)
=a,(A,B. — A.B) + a(A.B, — A.B.) + a,(A,B, — A,B,),
(2-26)

in view of Egs. (2-18a, b, and c). Equation (2-26) can be conveniently written
in a determinant form for easy memory:

Al (2-27)
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EXAMPLE 2-3

EXAMPLE 2-4

Given a vector A = —a, +a,2 — a.2 in Cartesian coordinates, find
a)  its magnitude A = |A[,
b)  the expression of the unit vector a, in the direction of A, and
¢) the angle that A makes with the z-axis.
SOLUTION
a)  Wefind 4 by using Eqgs. (2-8) and (2-9) and noting Egs. (2-19) and (2-20).
A‘A=(-a,+a2—a2)(—a,+a2—a2)
=(=1)—-1+@2)2) + (—2)—2)
=14+4+4=09.
Thus,
A=+ /AA=+/9=3

b)  The unit vector a, is obtained by using Eq. (2-3). We have

A 1
a,=—=—(—a,+a2—al2)
A A 3( 2 V z
B ]+a2 2
= Tahgtay oAy

¢) To find the angle 0. that A makes with the +z axis, we take the dot
product of A with the unit vector a.. From Eq. (2-6) we have

Ara; = Acosl;,
(—a, +a,2 —a.2)a.= —2=3cosl,,

from which we obtain

g
1, = cos l(T-): 180° —48.2° = 131.8°.

Question: Why is this answer not —48.2° or 22827 (180" + 48.27)?

Given A=a5—a2+a.and B= —a3 + a.4. find
a) A-B.
b) A x B,and

c) 0 45,
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SOLUTION

a) From Eq. (2-25) we find
AB=(05)N—=3)+(—=2)0)+ (1)4) = —11.
b) From Egq. (2-27) we have

a, a, a_
AxB=| 5 -2 1 |=-—a8~2a,23—a.6.
-3 0 4

¢) Wecan find 0,5, the angle between vectors A and B, from the definition
of A-B in Eq. (2-6). The magnitudes 4 of A and B of B are:

A=|Al=+/F + (=27 + * = + /30
and
B=[B = +./(-32+4=5
From Eq. (2-6),
AB 11

coslp=—"r=——== —0402.
P AB 5 /30

Hence,

6,5 = cos (—0.402) = 180" — 66.3° = 113.7".

EXAMPIE2S —MmM8M ——— — - — —

a)  Write the expression of the vector going from point P (1, 3, 2) to point
P,(3, —2,4) in Cartesian coordinates.

b)  Determine the length of the line P, P,.
¢)  Find the perpendicular distance from the origin to this line.

SOLUTION

a) lsrom Fig. 2-9 we see that
—_— — —
PP, =0P, — OP,
=(a,3—a2+a4) —(a,+a3+az2)

= 4,2 —ayd 4 a2
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B EXERCISE 2.4

FIGURE 2-9 Tllustrating Example 2-5.

b)  The length of the line P, P, is

T3

ta)|

¢)  The perpendicular (shortest) distance from the origin O to the line is

—p o _— —
|ON|, which equals |OP,|sinx = |OP, x ap p,|. Thus,
’ 4_) a
—— |OP, x P,P,|
|ON| = —————
|Py Py

(a3 — a,2 + a.4) x (a,2 —a,5 +a_2)

]

(5%}

V3

_ e /381
Ia,‘16+a;‘w a-H[:V 8 — 3.40.
A/ 33 /33

Note: Units have been omitted in this example for simplicity.

Given a vector B=a 2 —a 6 + a_.3, find

a) the magnitude of B,

b) the expression for ay,

¢) the angles that B makes with the x, y, and = axes.

ANS. (a) 7, (b) ay = a,0.296 — 2,0.857 + 2.0.429, (c) 734", 149.0

L 646 .
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Given two points P,(1. 2, 0) and P,(—3. 4, 0) in Cartesian coordinates with origin O,
find

o — —>
a) the length of the projection of OP, on OP,, and
b) the area of the triangle OP,P,.

ANS. (a) 2.236, (b) 5.

2-4.2 CYLINDRICAL COORDINATES

Metric coefficient

Vector differential
length in cylindrical
coordinates

In cylindrical coordinates a point P(ry, ¢, z,) is the intersection of a circular
cylindrical surface r = r,, a half-plane with the z-axis as an edge and making
an angle ¢ = ¢, with the xy-plane, and a plane parallel to the xy-plane at
z = z;. We have

(uy, uy, uz) = (r, o, z).

As indicated in Fig. 2-10, r is the radial distance measured from the z-axis,
and angle ¢ is measured from the positive x-axis. The base vector a, is
tangential to the cylindrical surface. The directions of both a, and a, change
with the location of the point P. The following right-hand relations hold for
a,,a, and a_:

a X a,=a,, (2-28a)
a, xa =a, (2-28b)
a_xa, =a,. (2-28¢c)

Two of the three coordinates, r and z (u, and u;), are themselves lengths.
But, ¢(u,) is an angle, requiring a multiplying coefficient (a metric coefficient )
r to convert a differential angle change d¢ to a differential length change. This
is illustrated in Fig. 2-11.

The metric coefficients for dr and dz are unity. Denoting the three
metric coefficients in the three coordinate directions a,, a,, and a_ by h,, h,,
and h,, respectively, we have for cylindrical coordinates h; =1, h, =r,
hy = 1. These are listed in Table 2-1. The metric coefficients in Cartesian
coordinates in all three coordinate directions are unity (h, = h, = hy = 1),
because all three coordinates (x, y, z) are lengths themselves.

The general expression for a vector differential length in cylindrical
coordinates is the vector sum of the differential length changes in the three
coordinate directions.

df = a,dr + a,rd¢ + a.d:. (2-29)
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o
'
NN

» I
r = r, cylinder —]

r=r, cylinder

A‘b}

X & = o, half-plane

(b)
FIGURE 2-10  Cylindrical coordinates. (a) A circular cylindrical surface; a half-
plane with the z-axis as an edge, and a plane perpendicular to the z-axis. (b)
Intersection of the cylindrical surface and the two planes in (a) specifies the
location of a point P.

A differential volume is the product of the differential length changes in the
three coordinate directions. In cylindrical coordinates it is

Differential volume dv = rdrd¢ dz. (2-30)
in cylindrical
coordinates
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_» do

FIGURE 2-11 A differential volume element in cylindrical coordinates.

Cylindrical coordinates are important for problems with long line charges or
currents, and in places where cylindrical or circular boundaries exist.
A vector in cylindrical coordinates is written as

Vector A in A=aAd +a,A;, +a.A,. (2-31)
cylindrical
coordinates

TABLE 2-1 THREE BASIC ORTHOGONAL COORDINATE SYSTEMS

Cartesian Cylindrical Spherical
Coordinates Coordinates Coordinates
(x, ¥, 2) (r, ¢, 2) (R, 0, ¢)
a, a, a, a
Base Vectors a,, a, a, a,
a,, L a, a,
hy 1 1 1
Metric Coefficients /1, 1 r R
hy 1 1 Rsinf)
Differential Volume dv dxdyd:z rdrdddz R*sin0dR dfd¢p
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Vectors given in cylindrical coordinates can be transformed and expressed in
Cartesian coordinates, and vice versa. Suppose we want to express
A =aA, +a,A, +a_A in Cartesian coordinates; that is, we want to write
Aasa A, +a A, +a.A. and determine 4,, A, and A.. First of all, we note
that A., the z-component of A, is not changed by the transformation from
cylindrical to Cartesian coordinates. To find A4,, we equate the dot products
of both expressions of A with a,. Thus

A, =A-a, (2-32)

= A,a,a, + Aza, a,.

The term containing A_ disappears here because a,-a, = 0. Referring to Fig.
2-12, which shows the relative positions of the base vectors a,, a,, a,, and a,
in the xy-plane, we see that

a,ca, =cos¢ (2-33)

and
n :
a,"a, = Cos (; + (,b) = —sin ¢. (2-34)

Substituting Egs. (2-33) and (2-34) into Eq. (2-32), we obtain
A, = A, cos¢p — A,sin . (2-35)
Similarly, to find A4, we take the dot products of both expressions of A
with a:
A, =A-a
=A,a,a, + Aza,a,.

From Fig. 2-12 we find that

a,a, = Cos (g - ¢> = sin ¢ (2-36)

FIGURE 2-12 Relations among a,, a,, a,, and a,.

0 >y
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and

a,'a, = Cos ¢. (2-37)
It follows that

A, = A,sing + A,cos . (2-38)

It is convenient to write the relations between the components of a vector in
Cartesian and cylindrical coordinates in a matrix form:

Transformation of A, cos¢ —sing 0]]A,

vector components ~

in cylindrical A, |=| sin ¢ cos ¢ OfA,l- (2-39)
coordinates to

Cartesian A z 0 0 L[4 =

coordinates
From Fig. 2-12 we see that the coordinates of a point in cylindrical
coordinates (r, ¢, z) can be transformed into those in Cartesian coordinates
(x, v, z) as follows:

Transformation of X = rcos d), (2-40a)
the location of a )

point in cylindrical y=rsing, (2-40b)
coordinates to

Cartesian Z =Z. (2-40c¢)
coordinates

Exxvwg26 —mMmMmMmMm — M —m—m—
Assuming a vector field expressed in cylindrical coordinates to be
A =a(3cosp) —a,2r + a.z,
a)  what is the field at the point P(4. 60°, 5)?
b)  Express the field A, at P in Cartesian coordinates.
¢)  Express the location of the point P in Cartesian coordinates.

SOLUTION
a) At point P(r =4, ¢ = 60", z = 5) the field is

Ap=a,3cos60) —ay2x4) +a.d

=a,(3/2) —a,8 +a.s.

b)  Using Eq. (2-39), we have
A, cos 60"  —sin60° 0}]3/2
A,|=|sin60 cos 60 0] —8

4.1 |o 0 Ll s
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B EXERCISE 2.6

B EXERCISE 2.7

12 =32 0][32 7.68
e Y. / s T (e
=1 /32 1.2 0 8 2.70].
0 0 1 5 5

Thus,
Ap=2a,768 —a 270 +a_5.

¢)  Using Egs. (2-40a, b, and c), we obtain the Cartesian coordinates of the
point P as (4cos 60", 4sin 607, 5), or (2, 2./3, 5).

-
Express the position vector OQ from the origin O to the point Q(3,4, 5) in cylindrical
coordinates.

ANS. a,5 + a_5.

The cylindrical coordinates of two points P, and P, are: P(4,60,1) and
P,(3. 180", —1). Determine the distance between these two points.

ANS. /41,

2-4.3 SPHERICAL COORDINATES

ay and a, are very
different.

A point P(R,, fl,. ¢,) in spherical coordinates is specified as the intersection of
the following three surfaces: a spherical surface centered at the origin with a
radius R = R,: a right circular cone with its apex at the origin, its axis
coinciding with the + z-axis and having a half-angle 0 = 0,; and a half-plane
with the z-axis as an edge and making an angle ¢ = ¢, with the xz-plane. We
have

(ty, u,, uz) = (R, 6, ¢).

The three intersecting surfaces are shown in Fig. 2-13. Note that the base
vector ag at P isradial from the origin and is quite different from a, in cylindrical
coordinates, the latter being perpendicular to the z-axis. The base vector a, lies
in the ¢ = ¢, plane and is tangential to the spherical surface, whereas the
base vector a, is the same as that in cylindrical coordinates. These are
illustrated in Fig. 2-11. For a right-handed system we have

ag X ag = a,, (2-41a)
ag X a¢ = aR’ (2'41‘3)
a, X ag = a,. (2-41¢)

Spherical coordinates are important for problems involving point sources
and regions with spherical boundaries. When an observer is very far from a
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6 = 6, cone

¢ = ¢, half-plane
R = R, sphere l

(@)

(b)

FIGURE 2-13 (a) A spherical surface, a right circular cone, and a half-plane
containing the z-axis. (b) Intersection of the sphere, the cone. and the half-plane in
(a) specifies the point P.
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FIGURE 2-14 A differential volume element in spherical coordinates.

Vector A in spherical
coordinates

Vector differential
length in spherical
coordinates

source region of a finite extent. the source could be considered approximately
as a point. It could be chosen as the origin of a spherical coordinate system so
that suitable simplifying approximations could be made. This is the reason
that spherical coordinates are used in solving antenna problems in the far

field.
A vector in spherical coordinates is written as

A = aRAR + ang 4 a(,,A‘,,.

(2-42)

In spherical coordinates, only R is a length. The other two coordinates,
0 and ¢ are angles. Referring to Fig. 2-14, in which a typical differential
volume element is shown, we see that metric coefficients h, = R and
hs = Rsin 0 are required to convert df) and de¢, respectively, into differential
lengths (R)d and (R sin 6)d¢. The general expression for a vector differential

length is

d¢ = agdR + a,Rdf) + a,Rsin 0 do.

(2-43)
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A differential volume
in spherical
coordinates

Transformation of
the location of a
point in spherical
coordinates to
Cartesian
coordinates

B EXERCISE 2.8

A differential volume is the product of differential length changes in the three
coordinate directions:

dv = R*sin0dR d0 d¢. (2-44)

The base vectors, metric coefficients, and expressions for differential
volume for the three basic orthogonal coordinate systems are shown in
Table 2-1.

Figure 2-15 shows the interrelationship of the space variables (x, y, z),
(r, ¢, z). and (R, 0, ¢) that specify the location of a point P. The following
equations transform the coordinate variables in spherical coordinates to
those in Cartesian coordinates.

x = Rsinfcos ¢, (2-45a)
y = Rsin0sin ¢, (2-45b)
z = Rcos/. (2-45¢)

Transform Cartesian coordinates (4, —6, 12) into spherical coordinates.

ANS. (14, 317, 303.7").

FIGURE 2-15 Showing interrelationship of space variables (x, y, z), (r, ¢, z), and
(R, 0, ¢).

<A

r=Rsin @

c=Rcos 0

A=rCos ¢
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EXAMPLE 2-7 — —
o Express the unit vector a, in spherical coordinates.
SOLUTION
First of all, we must not be tempted by Eq. (2-45¢) to write a. as agz R cos ) or
ap cos ) because both the direction (a. # ag) and the magnitude (1 # Rcos#@
or cos ) for all #) would be incorrect. Since the base vectors for spherical
coordinates are ag, ay and a,, let us proceed by finding the components of a_
in these directions. From Figs. 2-13 and 2-14 we have
a.-ap = coso, (2-46a)
a_-a, = —sin0, (2-46b)
a.ra; = 0. (2-46¢)
Thus,
a, = agcosf — agsin 0. (2-47)

EXAMPLE 2-8 — — ——— — — — —

Assuming that a cloud of electrons confined in a region between two spheres
of radii 2 and 5(cm) has a charge density of
—3 5 10™* 2
— g a8 ¢ (C/m?),

find the total charge contained in the region.

SOLUTION

We have
I 107%
Py = — %—cos~ o,

Q= ‘[p,, dv.

The given conditions of the problem obviously point to the use of spherical
coordinates. Using the expression for dv in Eq. (2-44), we perform a triple
integration:

2n ((n [0.05
0 =j ‘[ f p,R?sin@dR dOd¢.
0 0 J0.02
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Two things are of importance here. First, since p, is given in units of
coulombs per cubic meter, the limits of integration for R must be converted to
meters. Second. the full range of integration for 0 is from 0 to = radians, not
from 0 to 2z radians. A little reflection will convince us that a half-circle (not a
full-circle) rotated about the z-axis through 2=z radians (¢ from 0 to 2n)
generates a sphere. We have

2 (m [0.05 1
Q=-3x IOSJ j j —cos? ¢psinfdRdOd¢
0 0 Jo.oz2 R*
=—3% 107% ‘.h g (LR + . sin 0 dfl cos® ¢ dep
R Jo Jo\ 70057 0.02 -
=—09 x 10"J " (—cos ) cos® pdop
(8] 0
an 2 2n
—18x10 ¢ (220N s (4O
277 a )

Derive the formula for the surface of a sphere with a radius R, by integrating the
differential surface area in spherical coordinates.

ANS. 47Rj.

REVIEW QUESTIONS

Q.2-7 What makes a coordinate system (a) orthogonal? and (b) right-handed?
(Q.2-8 What are metric coefficients?

Q.2-9 Write d¢ and dv (a) in Cartesian coordinates, (b) in cylindrical coordinates, and
(c) in spherical coordinates.

Q.2-10 Given two points P (1, 2, 3) and P,(—1, 0, 2) in Cartesian coordinates, write
the expressions of the vectors 13,[’; and FIT,’

Q.2-11 What are the expressions for A*B and A x B in Cartesian coordinates?

REMARKS — —

1. Proper metric coefficients must be used in converting angle-changes to
length-changes.

2. Do not confuse cylindrical distance, », measured from the z-axis with
spherical distance, R, measured from the origin.

3. Cross products of base vectors in each coordinate system follow the
right-hand rule in cyclic order.
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2-5 GRADIENT OF A SCALAR FIELD ——

In electromagnetics we often deal with quantities that depend on both time
and position. Since three coordinate variables are involved in a three-
dimensional space. we expect to encounter scalar and vector fields that are
functions of four variables: (1, uy. u,, ux). In general, the ficlds may change as
any one of the four variables changes. We now address the method for
describing the space rate of change of a scalar field at a given time. Partial
derivatives with respect to the three space-coordinate variables are involved,
and, since the rate of change may be different in different directions, a vector
is needed to define the space rate of change of a scalar field at a given point
and at a given time.

Let us consider a scalar function of space coordinates V(u,,u,.us).
which may represent, say, the temperature distribution in a building, the
altitude of a mountainous terrain, or the electric potential in a region. The
magnitude of V¥, in general, depends on the position of the point in space, but
it may be constant along certain lines or surfaces. Figure 2-16 shows two
surfaces on which the magnitude of V is constant and has the values V| and
Vi + dV.respectively, where dV indicates a small change in V. We should note
that constant-V surfaces need not coincide with any of the surfaces that define
a particular coordinate system. Point P, is on surface Vy; P, is the
corresponding point on surface V; + dV along the normal vector dn; and P,
is a point close to P, along another vector d¢ # dn. For the same change dV
in V, the space rate of change, dV/d/, is obviously greatest along dn because

FIGURE 2-16 Concerning gradient of a scalar.
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The gradient of a
scalar field: physical
definition

The gradient of a
scalar field:
mathematical
definition

Space rate of
increase of V in
terms of VV

dn is the shortest distance between the two surfaces.” Since the magnitude of
dV/d¢ depends on the direction of d/, dV/d/ is a directional derivative. We
define the vector that represents both the magnitude and the direction of the
maximum space rate of increase of a scalar as the gradient of that scalar. We

write

gradV £ a,,fi—‘i. (2-48)
dn

For brevity it is customary to employ the operator del, represented by the
symbol V.* and write VV in place of grad V. Thus,

vraa Y (2-49)

Ag —.
"dn

We have assumed that dV is positive (an increase in V); if dV is negative (a
decrease in V from P, to P,), VV will be negative in the a, direction.
The directional derivative along d/ is

dv —dVdn dV

A/ " dndl  dn 7
dVv (2-50)
=—a,‘a,=(VV)-a,.
dn

Equation (2-50) states that the space rate of increase of V in the a, direction is
equal to the projection (the component) of the gradient of V' in that direction.
We can also write Eq. (2-50) as

dv = (VV)-d¢, (2-51)

where d¢ = a,d/. Now, dV in Eq. (2-51) is the total differential of V" as a result
of a change in position (from P, to Py in Fig. 2-16); it can be expressed as:

1% oV oV
aY = e e (2-52)
oty ot 0y

where d/,, d/,, and d/, are the components of the vector differential
displacement d¢ in a chosen coordinate system. In Cartesian coordinates,

"In a more formal treatment, changes AV and A/ would be used, and the ratio AV/A/ would
become the derivative dV/d/ as A/ approaches zero. We avoid this formality in favor of
simplicity.

'V is sometimes also called the nabla operator.
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VV in Cartesian
coordinates

EXAMPLE 2-9

(Uy. Uy, uy) = (X, v, 2}, and d7, d/,. and d/ y are respectively, dx. dy. and dz (see
Eq. 2-23). We can write dV in Eq. (2-52) as the dot product of two vectors, as

follows:

- . Ay
dv = (8 e el e s afT)"axdx +a,dy +a.dz)
X z )

*é T dy 2z
oV eV oV (2-53)
= (a_\.(_— + a‘.(T— - a:;—)-dl.
ox T ey cZ

Comparing Eq. (2-53) with Eq. (2-51), we obtain

‘.lr’ - l.’ = l,’
NV =a, (. + a\,(—_— - a:(, . (2-54)
) » Ty 8z
or
0 ¢ c
VYV = (ax;— i Byt Ay ‘T) V. (2'55)
ax >y 0z

In view of Eq. (2-55), it is convenient to consider V in Cartesian coordinates as
a vector differential operator.

5 A )
(

(4] C /
V=a,—+a,—+a, —. (2-56)
X oy &2

In general orthogonal coordinates (u,. u,. wu;) with metric coefficients
(hy, hs, hy) we can define V as

¢ ¢ ¢
AT P . 2.57
(a"’h,c’u, +a“’h2 uy ¥ a""ly,@u,) kel

The expressions for VI in cylindrical and spherical coordinates are given on
the inside of the back cover of the book.

The electrostatic field intensity E is derivable as the negative gradient of a
scalar electric potential V: thatis, E = —VV. Determine E at the point (1, 1, 0)
if

. 7y
a) V=V},e‘"sm7},

b) V= EyRcos0.
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H EXERCISE 2.10

SOLUTION

a) We use Eq. (2-54) to evaluate E = —VV in Cartesian coordinates.

g § +a 9 Voe ™™ sin L
=—|a,—+a,— gim=Il\¥g T
‘\(1_\' ¥ V) ("7 4

n\ W
Thus, E(1, 1,0) = (a_t — a.<—)70‘) = azE,

where

)
ap=—r—=o——| 8, — 8, |
1+ (216) "4

b)  Here Vis given as a function of the spherical coordinate 6. For spherical
coordinates, we have (u;,uy u3)=(R,0,¢) and (h hy hy)=
(1. R, Rsin f))—see Table 2-1. We have, from Eq. (2-57),

~ ~ -~

( (4} (44
Y R LA e S
[a“nR THRa0 T M Rsin0og

= —(agcos ) — agsin O)E,.

] EoRcos 0

In view of Eqs. (2-47), the results above converts very simply to
E = —a_E, in Cartesian coordinates. This makes sense, since a careful
examination of the given V reveals that E R cos 0 is, in fact, equal to
Eyz. In Cartesian coordinates,

~

E=—VV=—a,—(Ez = —a,E,.

0z

Assuming V' = xy — 2yz, find, at point P(2, 3, 6),

a) the direction and the magnitude of the maximum increase of V, and
b)  the space rate of decrease of V in the direction toward the origin.

ANS. (a)a,3—a,10—a_6, (b) —60/7.
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2-6 DIVERGENCE OF A VECTOR FIELD ——

(a)

In the preceding section we considered the spatial derivatives of a scalar field,
which led to the definition of the gradient. We now turn our attention to the
spatial derivatives of a vector field. This will lead to the definitions of the
divergence and the curl of a vector. We discuss the meaning of divergence in
this section and that of curl in Section 2-8. Both are very important in the
study of electromagnetism.

In the study of vector fields it is convenient to represent field variations
graphically by directed field lines, which are called flux lines. They are
directed lines or curves that indicate at each point the direction of the vector
field, as illustrated in Fig. 2-17. The magnitude of the field at a point is
depicted either by the density or by the length of the directed lines in the
vicinity of the point. Figure 2-17(a) shows that the field in region A is stronger
than that in region B because there is a higher density of equal-length
directed lines in region A. In Fig. 2-17(b), the decreasing arrow lengths away
from the point g indicate a radial field that is strongest in the region closest to
g. Figure 2-17(c) depicts a uniform field.

The vector field strength in Fig. 2-17(a) is measurcd by the number of
flux lines passing through a unit surface normal to the vector. The flux of a
vector field is analogous to the flow of an incompressible fluid such as water.
For a volume with an enclosed surface there will be an excess of outward or
inward flow through the surface only when the volume contains a source or a
sink, respectively. That is, a net positive divergence indicates the presence of a
source of fluid inside the volume, and a net negative divergence indicates the

FIGURE 2-17 Flux lines of vector fields.

* T o
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The divergence of a
vector field A:
physical definition

The divergence of A:

mathematical
definition

presence of a sink. The net outward flow of the fluid per unit volume is
therefore a measure of the strength of the enclosed source. In the uniform field
shown in Fig. 2-17(c) there is an equal amount of inward and outward flux
going through any closed volume containing no sources or sinks, resulting in
a zero divergence.

We define the divergence of a vector field A at a point, abbreviated div A,
as the net outward flux of A per unit volume as the volume about the point tends
to zero:

§ A-ds
divA £ lim <& . . (2-58)

Av—0 Av

The numerator in Eq. (2-58) is a surface integral. It is actually a double
integral over two dimensions, but it is written with a single integral sign for
simplicity. The small circle on the integral sign indicates that the integral is to
be carried out over the entire surface S enclosing a volume. In the integrand,
the vector differential surface element ds = a,ds has a magnitude ds and a
direction denoted by the unit normal vector a, pointing outward from the
enclosed volume. The enclosed surface integral represents the net outward
flux of the vector field A. Equation (2-58) is the general definition of div A,
which is a scalar quantity whose magnitude may vary from point to point as
A itself varies. This definition holds for any coordinate system; the expression
for divA, like that for A, will, of course, depend on the choice of the
coordinate system. We shall now derive the expression for div A in Cartesian
coordinates.

Consider a differential volume of sides Ax, Ay, and Az centered about a
point P(x, Vo, Zo) in the field of a vector A, as shown in Fig. 2-18. In Cartesian
coordinates, A =a A, +a,A +a A We wish to find divA at the point
(X0 Vo- Z0)- Since the differential volume has six faces, the surface integral in
the numerator of Eq. (2-58) can be decomposed into six parts:

#A ds = |:J‘l'mnl T back + right + left + top + bolmmJ A-ds. (2-59)

S face face face face face face
On the front face,

front ~ a,\.(A_v Az)
face face face

J\rr“nl A- ds = Afronl : Asfrom = A

face

e

Ax
== ‘4.\' (-\‘0 + 3 Vo :0) A_\"A'_'. (2-60)
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:4r

X

FIGURE 2-18 A differential volume in Cartesian coordinates.

The quantity A4, (x,+(Ax/2). vy, Zo) can be expanded as a Taylor series
about its value at (x;, ¥, 2o), as follows:

Ax Ax ¢A,
Al xo + — 2 Yor Zo | = A (xg, Yo, 20) + T i

CX |(x0,y0.z0)

(2-61)
+higher-order terms,

where the higher-order terms (H.O.T.) contain the factors (Ax/2)% (Ax/2)3,
cte. Similarly, on the back face,

Jka Avds= Ay, 0 Bs, = A, ' (—a,AyA7)

face face face face
Ax
== e AN (Yo = 7 N )"n, :0) Ay AZ. (2'62)
. . Ax 4
The Taylor-series expansion of 4, ( x, — 5 Yo 2o | 18
Ax Ax 0A,
A, (.\'(, —5 Yo» :(,> = A (X0 Yo, 20) — ——=— + H.O.T.
2 ox (x0, y0, Z0)
(2-63)

Substituting Eq. (2-61) in Eq. (2-60) and Eq. (2-63) in Eq. (2-62) and adding
the contributions, we have

CA,
[ front * back]A tds = ( O = HOT>

face face

Ax Ay Az. (2-64)

(x0. Y0, Z0)

Here a Ax has been factored out from the H.O.T. in Egs. (2-61) and (2-63), but
all terms of the H.O.T. in Eq. (2-64) still contain powers of Ax.
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VA in Cartesian
coordinates

V-A in general
orthogonal
coordinate system

Following the same procedure for the right and left faces, where the
coordinate changes are +Ay/2 and —Ay/2, respectively, and As = Ax Az, we

find
2A,
qu + |1 [Ad8={ 5> +HOT.
face face )

Here the higher-order terms contain the factors Ay, (Ay)?, etc. For the top and
bottom faces we have

CA.
ton + tt.:»'m‘mm Acds = 3z + H.O.T.

where the higher-order terms contain the factors Az, (Az)?, etc. Now the
results from Egs. (2-64), (2-65), and (2-66) are combined in Eq. (2-59) to obtain

0A, CA, QA
§Ads—( +(1“+(-')
ox cy ¢z

+ higher-order terms in Ax, Ay, Az. (2-67)

AxAyA:z. (2-65)

(x0. Y0, Z0)

AxAyAz, (2-66)

(x0.y0.z0)

Ax Ay Az

(X0, Yo.z0)

Since Av = Ax Ay Az, substitution of Eq. (2-67) in Eq. (2-58) yields the
expression of div A in Cartesian coordinates:

) 6A; ©0A, CA,
de=L~ 2 +‘%+<4. (2-68)
X cy 0z

The higher-order terms vanish as the differential volume AxAyA:
approaches zero. The value of div A, in general, depends on the position of the
point at which it is evaluated. We have dropped the notation (x,, v, zo) in Eq.
(2-68) because it applies to any point at which A and its partial derivatives are
defined.

With the vector differential operator del, V, defined in Eq. (2-56) we can
write Eq. (2-68) alternatively as V+ A (read “deldot A”); that is,

V:-A =divA. (2-69)

In general orthogonal curvilinear coordinates (u,, u,. u;). Eq. (2-58) will lead
to

..

| -
A= — (hyh3A|) + —(hyh3A,) + (h‘h, 3) |
h 112113 Cu, Cu,

(2-70)
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EXAMPLE 2-10

The expressions for V- A in cylindrical and spherical coordinates are given on
the inside of the back cover of the book.

V+A in spherical
coordinates

B EXERCISE 2.11

EXAMPLE 2-11

Find the divergence of the position vector to an arbitrary point.

SOLUTION
We will find the solution in Cartesian as well as in spherical coordinates.
a)  Cartesian coordinates. The expression for the position vector to an
arbitrary point (x, y,z) Is
—
OP=A=ax+a,y+a,z (2-71)
Using Eq. (2-68), we have

éx @8y 0z

>
V:(OP) = Vol =— =1 —=3.
8x @y 0z

b)  Spherical coordinates. Here the position vector is simply
—
OP = A = agzR. (2-72)

Its divergence in spherical coordinates (R, 6, ¢) can be obtained from
Eq. (2-70) by using Table 2-1 as follows:

via=L CReag+ -t O (aysing) 4 08
- ( W+ peing a0\’ Rsin0 0¢

g 2-73
R? ( )

“)I

Substituting Eq. (2-72) in Eq. (2-73), we also obtain V-(a’)) = 3, a8
expected.

Solve Example 2-10 in cylindrical coordinates.

The magnetic flux density B outside a very long current-carrying wire is
circumferential and is inversely proportional to the distance to the axis of the
wire. Find V- B.
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V- A in cylindrical
coordinates

Solenoidal fisld

SOLUTION

Let the long wire be coincident with the z-axis in a cylindrical coordinate
system. The problem states that

B=a,—,
"'r

where k is a constant. The divergence of a vector field in cylindrical
coordinates (r, ¢, z) can be found from Eq. (2-70) by using Table 2-1.

10 1éB, ¢B.
VB =B+~ o
r or

=X 2-74
r o 0z ( )

Now B, = k/r, and B, = B. = 0. Equation (2-74) gives
VB =0

We have here a vector that is not a constant, but whose divergence is
zero. A divergenceless field is called a solenoidal field. We will see in Chapter 5
that magnetic field is solenoidal.

2-7 DIVERGENCE THEOREM - e

Divergence theorem

In the preceding section we defined the divergence of a vector field as the net
outward flux per unit volume. We may expect intuitively that the volume
integral of the divergence of a vector field equals the total outward flux of the
vector through the surface that bounds the volume: that is,

j V'Adr=§ A ds. (2-75)
4 s

This identity, which will be proved in the following paragraph, is called the
divergence theorem." It applies to any volume V that is bounded by surface S.
The direction of ds is always that of the outward normal, perpendicular to the
surface ds and directed away from the volume.

For a very small differential volume element Av; bounded by a surface
5;. the definition of V- A in Eq. (2-58) gives directly

(V- A);Av, =§; A-ds. (2-76)

Sy

"It is also known as Gauss's theorem.
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FIGURE 2-19 Subdivided volume for proof of divergence theorem.

In case of an arbitrary volume V. we can subdivide it into many, say, N, small
differential volumes, of which Av; is typical. This is depicted in Fig. 2-19. Let
us now combine the contributions of all these differential volumes to both
sides of Eq. (2-76). We have

.'\'

lim (i (V+A);Ar; | = lim |:Z § A'ds]. (2-77)
J=1 o 55

Avj=0 | Avy=0 | j=1

The left side of Eq. (2-77) is, by definition, the volume integral of V- A:

> (V- A), A, =L(V°A)dv. (2-78)

1

M=

lim
Avij—=0| j

I

The surface integrals on the right side of Eq. (2-77) are summed over all the
faces of all the differential volume elements. The contributions from the
internal surfaces of adjacent elements will, however, cancel each other,
because at a common internal surface the outward normals of the adjacent
elements point in opposite directions. Hence the net contribution of the right
side of Eq. (2-77) is due only to that of the external surface S bounding the
volume V; that is,

N
it [z fﬁ A-ds]=§ aord, (2-79)
Av;—0 i=1 Jsy S

The substitution of Egs. (2-78) and (2-79) in Eq. (2-77) yields the divergence
theorem in Eq. (2-75).

The divergence theorem is an important identity in vector analysis. It
converts a volume integral of the divergence of a vector to a closed surface
integral of the vector, and vice versa. We use it frequently in establishing other
theorems and relations in electromagnetics. We emphasize that, although a
single integral sign is used on both sides of Eq. (2-75) for simplicity, the volume
and surface integrals represent triple and double integrations, respectively.
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EXAMPLE 2-12

Given A = a,x* + a,xy + a,yz, verify the divergence theorem over a cube
one unit on each side. The cube is situated in the first octant of the Cartesian
coordinate system with one corner at the origin.

SOLUTION
Refer to Fig. 2-20. We first evaluate the surface integral over the six faces.

1. Front face: x = 1, ds = a dydz:

1 1
ﬁ,omA-ds . j f Gy
face 0 ,Jo

2. Back face: x =0, ds = —a dydz;
A-ds =0.

back
Jlace

3. Left face: y =0, ds = —a,dxdz;

ety Atds = 0.
Jlace

4. Right face: y = 1, ds = a,dx dz:

[t i
righlA'ds = xdxdz =
Jface 0 .Jo

5. Top face:z=1,ds = a.dxdy;

" i 1P :
on ds = ydxdy =35
Jface 0 JO

6. Bottom face: z =0, ds = —a.dxdy;

-[boltom A~ dS = 0

face

)

FIGURE 2-20 A unit cube (Example 2-12).
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Adding the above six values, we have

#A-ds=l+0+0+%+%+0=2. (2-80)

S

Now the divergence of A is

5 D 8
V-A= (—(xz) + ,(—(xy) + = (y2) =3x + y.
0x Cy 0z

Hence,

1 1 1
j V'Adl'=J f J. (3x + y)dxdydz = 2, (2-81)
v o Jo Jo

which is the same as the result of the closed surface integral in (2-80). The
divergence theorem is therefore verified.

Given F = agkR, determine whether the divergence theorem holds for the
shell region enclosed by spherical surfaces at R = R, and R = R4(R, > R,)
centered at the origin, as shown in Fig. 2-21.

SOLUTION

Here the specified region has two surfaces, at R = R, and R = R,.
At the outer surface: R = R,, ds = azR3sinfldf d¢;

2r (=
f F-ds = J f (kR,)R2sin 0d0 d¢ = AnkR3,
0 0

surface

FIGURE 2-21 A spherical shell region (Example 2-13).
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B EXERCISE 2.12

At the inner surface: R = R, ds = —agR7sin0dd d¢:

47

J Fds = —J J (kR,)R}sin0d0 dp = —4nkR;.

surface 0 0

Actually. since the integrand is independent of # or ¢ in both cases, the
integral of a constant over a spherical surface is simply the constant
multiplied by the area of the surface (4nR3 for the outer surface and 47R7 for
the inner surface), and no integration is necessary. Adding the two results, we
have

{# F-ds = 4nk(R3 — R}). (2-82)
5

To find the volume integral, we first determine V- F for an F that has
only an Fg component. From Eq. (2-73). we have

('1

1 .
V'F = o5 o (RFa) =

’.

- kR3) = 3k.
R~ (7R( )

Since V-F is a constant. its volume integral equals the product of the
constant and the volume. The volume of the shell region between the two
spherical surfaces with radii R, and R, is 4n(R3 — R7)/3. Therefore,

J V-Fdv = (V-F)V = 4nk(R3 — R}), (2-83)
y

which is the same as the result in Eq. (2-82).

This example shows that the divergence theorem holds even when the
volume has holes inside — that is, even when the volume is enclosed by a
multiply connected surface.

Given a vector field A = a,r + a_z,

a) find the total outward flux over a circular cylinder around the z-axis
with a radius 2 and a height 4 centered at origin.

b) Repeat (a) for the same cylinder with its base coinciding with the xy-plane.

) Find V- A and verify the divergence theorem.

ANS. (a) 487, (¢) 3.

2-8 CURL OF A VECTOR FIELD - —

V-A is a measure of
the strength of the
flow surface of A.

In Section 2-6 we stated that a net outward flux of a vector A through a
surface bounding a volume indicates the presence of a source. This source
may be called a flow source, and div A is a measure of the strength of the flow
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EXAMPLE 2-14

source. There is another kind of source, called vortex source, which causes a
circulation of a vector field around it. The net circulation (or simply
circulation) of a vector field around a closed path is defined as the scalar line
integral of the vector over the path. We have

Circulation of A around contour C éfﬁ A-dl. (2-84)
c

Equation (2-87) is a mathematical definition. The physical meaning of
circulation depends on what kind of field the vector A represents. If A is a
force acting on an object. its circulation will be the work done by the force in
moving the object once around the contour; if A represents an electric field
intensity, then the circulation will be an electromotive force around the closed
path. The familiar phenomenon of water whirling down a sink drain is an
example of a vortex sink causing a circulation of fluid velocity. A circulation
of A may exist even when divA = 0 (when there is no flow source).

Given a vector field F = a_xy — a,2x, find its circulation around the path
OABO shown in Fig. 2-22.

SOLUTION

Let us split the circulation integral into three parts.

A B 0
§ F’d(=j F'd(+f F'dl+j F-d¢.
04BO 0 A B

Along path 04: y=0, F= —a?2x, df/=a.dx, F-d/=0.
A
J F-df =0.

0

FIGURE 2-22 Path for line integral (Examples 2-14 and 2-16).
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B EXERCISE 2.13

Mathematical
definition of a vector
field A

0
Along path BO: x =0, F = 0. J F-d¢ =0.
B

Along path AB: df = a.dx + a,dy (see Eq. 2-23).
F-d{ = xydx — 2xdy.
The equation of the quarter-circle is x* + y> =9 (0 < x, y < 3). Therefore,

B Jr  Jp—
f F-df = j x/9— x*dx -2 f V9 —ydy

A 3 0

- [}\/9 — 9% +9sin? {I

0 3

1
e e 5(9 = '\.2)34‘2

n
Hence,

3€ Fedf = —9(1 +5).
0OABO 2

0

3

Find the clockwise circulation of the vector field F given in Example 2-14 around a
square path in the xy-plane centered at the origin and having four units on each side
(—2<x<2and -2<y<2).

ANS. 32.

Since circulation as defined in Eq. (2-84) is a line integral of a dot
product, its value obviously depends on the orientation of the contour C
relative to the vector A. In order to define a point function, which is a
measure of the strength of a vortex source, we must make C very small and
orient it in such a way that the circulation is a maximum. We define’

curlA=V x A

1
4 lim _[a,,3€ A-d{] . (2-85)
Ac—0 As ¢ max

'In books published in Europe. the curl of A is often called the rotation of A and written as rot A.
V x A is read as “del cross A.”



2-8 CURL OF A VECTOR FIELD 55

Physical definition of
V x A, a measure of
the strength of the
vortex source of A

d€

As

FIGURE 2-23 Relation between a, and dZ in defining curl.

In words, Eq. (2-85) states that the curl of a vector field A, denoted by curl A or
V x A, is a vector whose magnitude is the maximum net circulation of A per
unit area as the area tends to zero and whose direction is the normal direction of
the area when the area is oriented to make the net circulation maximum.
Because the normal to an area can point in two opposite directions, we
adhere to the right-hand rule that when the fingers of the right hand follow
the direction of dZ, the thumb points to the a, direction. This is illustrated in
Fig. 2-23. Curl A is a vector point function. Its component in any other
direction a, is a,*(V x A), which can be determined from the circulation per
unit area normal to a, as the area approaches zero.

As—0 Sl‘

(VxA),=a,(VxA)= lim 1—(§ A'd{), (2-86)
Cu

where the direction of the line integration around the contour C, bounding
arca As, and the direction a, follow the right-hand rule.

We now use Eq. (2-86) to find the three components of V x A in
Cartesian coordinates. Refer to Fig. 2-24, in which a differential rectangular
arca parallel to the yz-plane and having sides Ay and Az is drawn about a
typical point P(x,, Vo, Zo)- We have a, = a,and As, = Ay Az, and the contour
C, consists of the four sides 1, 2, 3, and 4. Thus,

|
(VxA),= lim ——(q.,... A-dl| 2-87
) ayAz—~0 Ay Az (ﬁ'.dzeﬁ.‘t ) ( \

In Cartesian coordinates, A = a, 4, + a,A, + a_.A.. The contributions of the
four sides to the line integral are as follows.
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FIGURE 2-24 Determining (V x A),.

A
Side 1: df =a,Az, A+d{ = A, (xo, Yo + —2}—), zo) Az

Ay ;
where A4, (xo, Yo + 7), zo> can be expanded as a Taylor series:

Ay
'4:<x0! Yo * 3 Zo)
Ay cA.

= A:(x{h Yo :0) e

- + H.O.T,, (2-88)
2 ay

(x0. Y0, 20)

where H.O.T. (higher-order terms) contain the factors (Ay)?, (Ay), etc.

Thus,
Ay CA.
J Adl = {A:(.\‘()‘ Yos Zp) +—— (1 = T+ HOT} Az,
side 1 2 (-,V (x0. yo. zo)
(2-89)
] Ay
Side 3: df = —a_Az, A-df =A.| Xo, Yo — 7’,:0 Az,
where
Ay Ay @A,
A:(xo. Yo —),zo) = A, (X, Vo Z0) — ot +HOT;
2 2 8V |ixoyo,20)

(2-90)
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Ay 6A,
f A-dt = {A:(_\»O, Vos Zo) — ?"(, - s H.O.T}(—A:).
side 3 =~ )y (X0, yo. z0)
{2-91)
Combining Eqgs. (2-89) and (2-91), we have
CA.
ﬁid“ A-dt = (~— + H.O.T.) AyA-. (2:92)
land 3 cy (Xg,¥y0,20)

The H.O.T. in Eq. (2-92) still contain powers of Ay. Similarly, it may be shown

that
2A,
J;m Ardl = (— oy H.O.T.)

2and 4 cz

Ay Az. (2-93)

(x0.y0. 20)

Substituting Egs. (2-92) and (2-93) in Eq. (2-87) and noting that the higher-
order terms tend to zero as Ax and Ay — 0, we obtain the x-component of
V x A:

~ .

A, A,
(V x A)y = == — Lo (2-94)
cy 0z

A close examination of Eq. (2-94) will reveal a cyclic order in x, y, and z
and enable us to write down the y- and z-components of V x A. The entire
expression for the curl of A in Cartesian coordinates is

Expression of V x A A, (A, GA, @4, A, OA,
in Cartesian V' A=a =5 ) F8l—" + a, —(?*—5‘—'

A |- Yor e
coordinates cy 0z (24 GX

(2-95)

a scalar. Equation (2-95) can be remembered rather easily by arranging it in a
determinantal form in the manner of the cross product exhibited in Eq. (2-27).

Another form of a, a, a;

V x A in Cartesian N - -

coordinates VxA= _f__ _:_ f_ (2~96)
¢x ¢y @z
A, A, A,

The derivation of V x A in other coordinate systems follows the same
procedure but is more involved. The expression for V x A in general
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Expression of V x A
in general orthogonal
coordinate system

EXAMPLE 2-15

Expression of V x A
in cylindrical
coordinates

orthogonal curvilinear coordinates (u,, u,, u;) 1s given below:

a,h, a,h, a,h,
‘ o o) -

T R ok o agrtE ) (2-97)

=h,hzh3 Cuy  cuy  Quy
hiAy, hyA, hyA,

The expressions of V x A in cylindrical and spherical coordinates can be
easily obtained from Eq. (2-97) by using the appropriate u,, u,, and u; and
their metric coefficients h,, h,, and h, listed in Table 2-1. These expressions
are given on the inside of the back cover.

Show that V x A =0 if
a) A =a,(k/r) in cylindrical coordinates, where k is a constant, or

b) A = agf(R) in spherical coordinates, where f(R) is any function of the
radial distance R.

SOLUTION

a) In cylindrical coordinates the following apply: (u,, us. us) = (r, ¢. 2);
hy =1, h, = r, and hy = 1. We have, from Eq. (2-97),

% ayr s
1| ¢ c &
Vit s ol o rooion T o
ridr ¢ ozl (2-98)
A pdyAs

a, ar a,
] A A

P Wi LR R S
ricr ¢¢p Oz
0 k 0

b)  In spherical coordinates the following apply: (u,. u,, u;) = (R, 0. ¢);
hy =1, hy = R, and h, = Rsin 0. Hence,
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ap agR ayRsin0
Expression of V x A N

in spherical 1 ( & il
coordinates VxA= m (TIE m i ’ (2-99)
Ax RA, (Rsinf)4,

and, for the given A,

ag  a,R a,Rsinf

| c 0 é

W I S SRR S S
VXA=Ssn6|3R W 2 Be
f(R) 0 0

A curl-free vector field is called an irrotational or a conservative field.

2:’;;’;::;’:3:’2:: Hence the two types of field given in this example are both conservative. We
conservative field will see in the next chapter that an electrostatic field is conservative.

2-9 STOKES'S THEOREM

For a very small differential area As; bounded by a contour c¢;, the definition
of V x A in Eq. (2-86) leads to

(V x A);*(As)) =§ A-de. (2-100)
In obtaining Eq. (2-100), we have taken the dot product of both sides of Eq.
(2-85) with a, As; or As;. For an arbitrary surface S, we can subdivide it into
many, say N, small differential arcas. Figure 2-25 shows such a scheme with
As; as a typical differential element. The left side of Eq. (2-100) is the flux of

FIGURE 2-25 Subdivided area for proof of Stokes’s theorem.
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the vector V x A through the area As;. Adding the contributions of all the
differential areas to the Aux, we have

N
[im Z (V x A);"(As)) =f (V x A)-ds. (2-101)
As;—0 j=1 s

Now we sum up the line integrals around the contours of all the differential
clements represented by the right side of Eq. (2-100). Since the common part
of the contours of two adjacent elements is traversed in opposite directions by
two contours, the net contribution of all the common parts in the interior to
the total line integral is zero, and only the contribution from the external
contour C bounding the entire area S remains after the summation:

N
lim Y (9@ A-d{) =S§ A-de. (2-102)
As; =0 j= 1t -3 ¢

Combining Egs. (2-101) and (2-102), we obtain Stokes’s theorem:

J(VxA)'ds=§A'dl. (2-103)
A 7 o

which states that the surface integral of the curl of a vector field over an open
surface is equal to the closed line integral of the vector along the contour
bounding the surface.

Stokes’s theorem converts a surface integral of the curl of a vector to a
line integral of the vector, and vice versa. Like the divergence theorem,
Stokes’s theorem is an important identity in vector analysis, and we will use it
frequently in establishing other theorems and relations in electromagnetics.

If the surface integral of V x A is carried over a closed surface, there will
be no surface-bounding external contour, and Eq. (2-103) tells us that

Stokes’s theorem

%(V x A) ds =0 (2-104)

S
for any closed surface S. The arbitrary geometry in Fig. 2-25 is chosen
deliberately to emphasize the fact that a nontrivial application of Stokes’s
theorem always implies an open surface with a rim. The simplest open surface
would be a two-dimensional plane or disk with its circumference as the
contour. We remind ourselves here that the relative directions of d¢ and ds
(its direction denoted by a,) follow the right-hand rule; that is, if the fingers of
the right hand follow the direction of d¢. the thumb points in the direction

R of a,.

EXAMPTE 216 =—= e e

Given F = a,xy — a 2x, verify Stokes’s theorem over a quarter-circular disk
with a radius 3 in the first quadrant, as was shown in Fig. 2-22.
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SOLUTION

We use Eq. (2-96) to find V x F in Cartesian coordinates.

= - = —a.(2 + x).
ox dy @z
xy —2x 0

For the given geometry and the designated direction of d¢,
ds = a,ds = a.dxdy. We have

0 0

3 8 9 _l‘:
= ( [J — 2+ x)dx]d_v
Jo 0

3 e 5
- _J [2/9 = y* + H9 — y*)]dy
0

"3 T
J(VxF)'ds=J f‘g ' (V x F)-(a_dxdy)
hY (

3
N B ¥ 9 ¥
= [}\/9 ¥ + 9sin 3+2_x 6

:_9<1+g).

It is important to use the proper limits for the two variables of integration. We
can interchange the order of integration as

3 i
J (VxF)ds= J [j‘ el 2+ x)d_v] dx
A 0 0

and get the same result. But it would be quite wrong if the 0 to 3 range were
used as the range of integration for both x and y. (Do you know why?)
The line integral of F around the quarter-circular disk along the path
OABO, [F-d¢,is the circulation found in Example 2-14, which is equal to the
surface integral of V x F obtained above. Thus Stokes’s theorem is verified.

Given F = a,sin¢ + a,3cos ¢ and the quarter-circular region shown in Fig. 2-22,

a)  determine @,M,,(,F'd{. and
b) find V x F, and verily Stokes’s theorem.

’ !
ANS. (a) 6, (b) a. <~ Ccos ¢>.
=
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2-167 Two NuLL IDENTH’IES — - ’ — I

2-10.1 |IDENTITY |

An important null
identity

CHAPTER 2 VECTOR ANALYSIS

Two identities involving repeated del operations are of considerable im-
portance in the study of electromagnetism, especially when we introduce
potential functions. We shall discuss them separately below.

VX (VV)=0 (2-105)

In words, the curl of the gradient of any scalar field is identically zero. (The
existence of V and its first derivatives everywhere is implied here.)

Equation (2-105) can be proved readily in Cartesian coordinates by
using Eq. (2-56) for V and performing the indicated operations. In general, if
we take the surface integral of V x (VV)over any surface, the result is equal to
the line integral of VI around the closed path bounding the surface, as
asserted by Stokes’s theorem:

j [V x (VV)]-ds =§ (VV)-d¢. (2-106)
S C
However, from Eq. (2-51),

§ (Vv)-d¢ =§ dv =0. (2-107)
; o

The combination of Egs. (2-106) and (2-107) states that the surface integral of
V x (VV) over any surface is zero. The integrand itself must therefore vanish,
which leads to the identity in Eq. (2-105). Since a coordinate system is not
specified in the derivation, the identity is a general one and is invariant with
the choices of coordinate systems.

A converse statement of Identity I can be made as follows: If a vector
field is curl-free, then it can be expressed as the gradient of a scalar field. Let a
vector field be E. Then, if V x E = 0, we can define a scalar field V such that

E=—VV (2-108)

The negative sign here is unimportant as far as Identity I is concerned. (It is
included in Eq. (2-108) because this relation conforms with a basic relation
between electric field intensity E and electric scalar potential V in electrosta-
tics, which we will take up in the next chapter. At this stage it is immaterial
what E and V represent.) We know from Section 2-8 that a curl-free vector
field is a conservative field; hence an irrotational (a conservative) vector field
can always be expressed as the gradient of a scalar field.
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B EXERCISE 2.15

2-10.2 IDENTITY Il

Another important
null identity

Prove the identity in Eq. (2-105) in Cartesian coordinates.

V:(VxA=0 (2-109)

In words. the divergence of the curl of any vector field is identically zero.

We can prove this identity without regard to a coordinate system by
taking the volume integral of V+(V x A) on the left side. Applying the
divergence theorem. we have

J‘ V(Vx A)dv = § (V x A)-ds. (2-110)
v s

Let us choose, for example. the arbitrary volume V enclosed by a surface S in
Fig. 2-26. The closed surface S can be split into two open surfaces. S, and S,,
connected by a common boundary that has been drawn twice as C, and C,.
We then apply Stokes's theorem to surface S, bounded by €, and surface S,
bounded by C,, and we write the right side of Eq. (2-110) as

ﬁ(v x A)-ds =J' (V x A)-a,, ds +J (V x A)-a,,ds
Sy S

=§ A-dz+§§ A-de. (2-111)
(& C2

The normals a,, and a,, to surfaces S, and S, are outward normals, and their
relations with the path directions of C, and C, follow the right-hand rule.
Since the contours C, and C, are, in fact, one and the same common
boundary between S, and S,. the two line integrals on the right side of Eq.

FIGURE 2-26 An arbitrary volume V enclosed by surface S.
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(2-111) traverse the same path in opposite directions. Their sum is therefore
zero, and the volume integral of V+(V x A) on the left side of Eq. (2-110)
vanishes. Because this is true for any arbitrary volume, the integrand itself
must be zero, as indicated by the identity in Eq. (2-109).

A converse statement of Identity II is as follows: If a vector field is
divergenceless, then it is solenoidal and can be expressed as the curl of another
vector field. Let a vector field be B. This converse statement asserts that if
V:B = 0, we can define a vector field A such that

B=V x A (2-112)

Prove the identity in Eq. (2-109) in Cartesian coordinates.

2-11 FIELD CLASSIFICATION AND HELMHOLTZ'S THEOREM

Divergenceless
field«+Solenoidal
field

Curl-free
field«sIrrotational
(conservative) field

In previous sections we mentioned that a divergenceless field is solenoidal and
a curl-free field is irrotational (conservative). We may classify vector fields in
accordance with their being solenoidal and/or irrotational. A vector field F is

1.  Solenoidal and irrotational if

V-F=0 and ¥ % E =0

EXAMPLE: A static electric field in a charge-free region.
2.  Solenoidal but not irrotational if

VEF=0 and VxF#0.

EXAMPLE: A steady magnetic field in a current-carrying conductor.
3.  Irrotational but not solenoidal if

VxF=0 and V-F #0.

EXAMPLE: A static electric field in a charged region.
4. Neither solenoidal nor irrotational if

Vil 410 and VxF#0

EXAMPLE: An electric field in a charged medium with a time-varying
magnetic field.

The most general vector field then has both a nonzero divergence and a
nonzero curl, and can be considered as the sum of a solenoidal field and an
irrotational field.
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Helmholtz’s theorem

Axiomatic
development of
electromagnetism in
steps

B EXERCISE 2.17

Helmbholtz’s Theorem: A vector field is determined if both its divergence
and its curl are specified everywhere.'

Helmholtz's theorem can be proved as a mathematical theorem in a
general way.* For our purposes, we remind ourselves (see Section 2-8) that
the divergence of a vector is a measure of the strength of the flow source and
that the curl of a vector is a measure of the strength of the vortex source.
When the strengths of both the flow source and the vortex source are
specified, we expect that the vector field will be determined.

In following chapters we will rely on Helmholtz’s theorem as a basic
element in the axiomatic development of electromagnetism. For each topic of
study (static electric fields, static magnetic fields, and time-varying
electromagnetic fields) we will state the fundamental postulates (specify the
divergence and the curl) of the basic field vector(s) needed in the
electromagnetic model. Other theorems and relations will then be developed
from the fundamental postulates.

Determine whether the following vector fields are irrotational, solenoidal, both, or
neither:

a) A=axy—ay’+a.nxz,

b) B = r(a,sin¢ + a,2cos ¢),

c) C=a,x—a2y+a.z,

d) D = agk/R.

ANS. (a) neither, (b) solenoidal, (¢) both, (d) irrotational.

REVIEW QUESTIONS

Q.2-12 What is the difference between a scalar quantity and a scalar field? Between a
vector quantity and a vector field?

.2-13 What is the physical definition of the gradient of a scalar field?

(Q.2-14 Express the space rate of change of a scalar in a given direction in terms of its
gradient,

.2-15 What is the expression for the del operator, V, in Cartesian coordinates?
Q.2-16 What is the physical definition of the divergence of a vector field?

Q.2-17 State the divergence theorem in words.

" More precisely, we need to require that in an unbounded region both the divergence and the
curl of the vector field vanish at infinity. If the vector field is confined within a region bounded by
a surface, then it is determined if its divergence and curl throughout the region, as well as the
normal component of the vector over the bounding surface, are given.

tSee. for instance, G. Arfken, Mathematical Methods for Physicists. Section 1.15, Academic Press,
New York. 1966.
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Q.2-18 What is the physical definition of the curl of a vector field?
Q.2-19 State Stokes’s theorem in words.
.2-20 What is the difference between an irrotational field and a solenoidal field?

(Q.2-21 State Helmholtz’s theorem in words.

REMARKS 1

1. The basic rules of vector algebra (vector addition, subtraction, dot and
cross products) are independent of coordinate system.

2. The gradient of a scalar field is a vector point function.

3. The divergence of a vector field is a scalar point function.

4. The curl of a vector field is a vector point function.

5. Do not forget to draw a small circle on the integration sign (§) in

writing a closed line integral or a surface integral over the entire
surface enclosing a region.

6. The two null identities listed in Egs. (2-105) and (2-109) and their
implications are the bases for defining potential functions in later
chapters. Learn these identities thoroughly.

SUMMARY

Vector analysis is an essential mathematical tool in electromagnetics. It
provides a concise means for representing and expressing the relations of
various quantities in the electromagnetic model. In this chapter we

e reviewed the basic rules of vector addition and subtraction, and of products
of vectors,

o explained the properties of Cartesian, cylindrical, and spherical coordinate
systems,

e introduced the differential del (V) operator, and defined the gradient of a
scalar field, and the divergence and the curl of a vector field,

e presented the divergence theorem that transforms the volume integral of
the divergence of a vector field to a closed surface integral of the vector
field, and vice versa,

e presented the Stokes’s theorem that transforms the surface integral of the
curl of a vector field to a closed line integral of the vector field, and vice
versa,

introduced two important null identities in vector field, and
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PROBLEMS

e discussed the classification of vectors, and introduced Helmholtz's
theorem, which will be used as a basic element in the axiomatic develop-
ment of the various topics in electromagnetics.

P.2-1 A rhombus is an equilateral parallelogram. Denote two neighboring
sides of a rhombus by vectors A and B.

a) Verify that the two diagonals are A + B and A — B.
b) Prove that the diagonals are perpendicular to each other.
P.2-2 If the three sides of an arbitrary triangle are denoted by vectors A, B,

and C in a clockwise or counterclockwise direction, then the equation
A + B + C = 0 holds. Prove the law of sines.

HINT: Cross multiply the equation separately by A and by B, and examine
the magnitude relations of the products.
P.2-3 Given three vectors A, B, and C as follows:

A=ab+a2—ajl,

B=ad4—-a6+a.l2

C=a5—a.2
find
a) ag,
b) IB—A|,
¢) the component of A in the direction of B,
d) B- A,
e) the component of B in the direction of A,
f) 8.5,
g) A x C, and

h) A-(B x C) and (A x B)-C.

P.2-4 Let unit vectors a, and a, denote the directions of vectors A and B in
the xy-plane that make angles « and f. respectively, with the x-axis.

a) Obtain a formula for the expansion of the cosine of the difference of two

angles, cos(x — [§), by taking the scalar product a,-ag.

b) Obtain a formula for sin(x— f§) by taking the vector product az x a,.
P.2-5 The three corners of a right triangle are at P (1,0, 2), P,(—3,1,5), and
P;(3, —4,6).

a) Determine which corner is a right angle.

b) Find the area of the triangle.
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P.2-6 Given two points P(—2, 0, 3) and P,(0, 4, —1), find

a) the length of the line joining P, and P,, and

b) the perpendicular distance from the point P4(3. 1, 3) to the line.
P.2-7 Given vector A =a 5 — a2 + a_, find the expression of

a) a unit vector ay such that agz || A, and

b) a unit vector a. in the xy-plane such that a. L A.
P.2-8 Decompose vector A = a,2 — a5 + a_3 into two components, A, and
A,, that are, respectively, perpendicular and parallel to another vector
B=—a, +a4
P.2-9 Equation (2-15) in Example 2-2 describes the scalar triple products of
three vectors A, B, and C. There is another important type of product of three

vectors. It is a vector triple product, A x (B x C). Prove the following relation
by expansion in Cartesian coordinates:

A x (B xC)=BA-C)— C(A*B). (2-113)

Equation (2-113) is known as the “BAC-CAB” rule.
P.2-10 Find the component of the vector A =a,z—a.x at the point
P,(—1,0, —2) that is directed toward the point Pl(\x"g. 1507, 1).
P.2-11 The position of a point in cylindrical coordinates is given by
(3.4m/3, —4). Specify the location of the point
a) in Cartesian coordinates, and
b) in spherical coordinates.
P.2-12 Find the results of the following products of unit vectors:
a)a,-a,
b) ag-a
c) a.-ag,
d)a, xa,,
e) a, X ag,
f)a, x a..
P.2-13 Express the r-component, A,, of a vector A
a) in terms of A, and A, in Cartesian coordinates, and
b) in terms of Ax and A, in spherical coordinates.
P.2-14 Express the 0-component, E,, of a vector E
a) in terms of E,. E,, and E. in Cartesian coordinates, and
b) in terms of E, and E. in cylindrical coordinates.

P.2-15 Given a vector field in spherical coordinates F = a,z(12/R?),
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a) find F and F, at the point P(—2, —4, 4), and

b) find the angle that F makes with the vector A =a,2 —a 3 —a_6at P.
P.2-16 Given a vector field F = a,y + a,x, evaluate the integral f F-d{ from
Py(2,1, —1) to P,(8,2, —1)

a) along the straight line joining the two points, and

b) along the parabola x = 2y7.
Is this F a conservative field? Explain.
P.2-17 Denote the position vector to a point P(x, y, z) by R. Determine V(1/R)

a) in Cartesian coordinates, and

b) in spherical coordinates.

P.2-18 Given a scalar field V = 2xy — yz + xz,

a) find the vector representing the direction and the magnitude of the
maximum rate of increase of V at point P(2, —1,0), and

b) find the rate of increase of V at point P in the direction toward the point
(0, 2, 6).

P.2-19 In a curvilinear coordinate system the differentiation of a base vector
may lead to a new vector in a different direction.

a) Determine da,/d¢ and da,/d¢ in cylindrical coordinates.

b) Use the results in (a) to find the formula for V+A in cylindrical
coordinates by using Eqs. (2-57) and (2-31).

P.2-20 Find the divergence of the following radial fields:

a) fiR) =azR",

b) f>(R) = axk/R?, where k is a constant.

P.2-21 Given a vector field F = a,xy + a,yz + a_zx,

a) compute the total outward flux from the surface of a unit cube in the
first octant with one corner at the origin, and

b) find V- F and verify the divergence theorem.

P.2-22 For a vector function A = a,r” + a_2z, verify the divergence theorem
for the circular cylindrical region enclosed by r = 5,z =0, and z =
P.2-23 For a vector function A = a_z,

a) find $A -ds over the surface of a hemispherical region that is the top
half of a sphere of radius 3 centered at the origin with its flat base
coinciding with the xy-plane,

b) V- A, and

¢) verify the divergence theorem.

P.2-24 A vector field D = ag(cos® ¢)/R? exists in the region between two
spherical shells defined by R = 2 and R = 3. Evaluate

a) $D-ds, and

b) (V:Dadr.
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P.2-25 For a scalar function f and a vector function A, prove

V(fA)=fV-A+A-Vf (2-114)

in Cartesian coordinates.

P.2-26 Assume a vector field A = a (2x* + y?) + a,(xy — y?).
a) Find $A - d¢ around the triangular contour shown in Fig. 2-27.
b) Find §(V x A)-ds over the triangular area.
¢) Can A be expressed as the gradient of a scalar? Explain.

Ya

|8

» X

h 4

0 2

FIGURE 2-27 Graph for Problem P.2-26.

P.2-27 Assume a vector function F = a,5rsin ¢ + a,r cos ¢.
a) Evaluate §F-d( around the contour ABCDA in the direction as
indicated in Fig. 2-28.
b) Find V x F.
¢) Evaluate f(V x F)-ds over the shaded area and compare the result
with that obtained in Part (a).

Va

2
L
0

FIGURE 2-28 Graph for Problem P.2-27.
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P.2-28 Given a vector function A = a, 3 sin(¢/2), verify Stokes’s theorem over
the surface of a hemispherical bowl of radius 4 and its circular rim.

P.2-29 For a scalar function f and a vector function G, prove

Vx(fG)=f(VxG)+ (V) x G (2-115)

in Cartesian coordinates.
P.2-30 Given a vector function
F=a/(x+3y—c¢2)+ac,x + 52) + a.(2x — ¢3y + ¢42),
a) determine ¢,, ¢,, and ¢5 if F is irrotational, and
b) determine ¢, if F is also solenoidal.
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Examples of
static electricity
generation

3-1 OVERVIEW Static electric fields are caused by stationary
electric charges. When we walk over a carpet in a dry room and touch a metal
doorknob, we often draw a spark. This is because the static charges produced on
our body as a result of rubbing shoe soles against the carpet tend to congregate on
sharp points like fingertips and jump across the air to the doorknob. The
potential difference generated may be several thousand volts, but no serious harm
results, except for a minor shock, as the amount of charge involved is usually very
small. Another example of static electricity is the phenomenon of a thin outer
garment clinging to inner clothing of a different material due to opposite charges
produced by relative motion and friction.

Electrostatics is the study of the effects of electric charges at rest, and the
electric fields do not change with time. Although it is the simplest situation in
electromagnetics, its mastery is fundamental to the understanding of more
complicated electromagnetic models. The explanation of many natural phe-
nomena (such as lightning and corona) and the principles of some important
industrial applications (such as oscilloscopes, ink-jet printers, xerography,
capacitance keyboards and liquid crystal displays are based on electrostatics. A
number of books on special applications of electrostatics have been published."
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*A. Klinkenberg and J. L. van der Minne, Electrostatics in the Petroleum Industry, Elsevier,
Amsterdam, 1958. J. H. Dessauer and H. E. Clark, Xerography and Related Processes, Focal
Press, London, 1965. A. D. Moore (Ed.), Electrostatics and Its Applications, John Wiley, New
York, 1973. C. E. Jewett, Electrostatics in the Electronics Environment, John Wiley, New York,
1976. J. C. Crowley, Fundamentals of Applied Electrostatics, John Wiley, New York, 1986.



Static Electric Fields —

A deductive
approach

Historically. quantitative relations in electrostatics began with the experi-
ments of Charles Augustin de Coulomb, who formulated in 1785 what is now
known as Coulomb’s law. Later, Karl F. Gauss developed Gauss’s law, and other
scientists and engineers contributed various additional important results con-
cerning stationary electric charges. The theory of static electric fields was
gradually built up. This method of starting with experimental laws and synthesiz-
ing them in the form of Maxwell’s equations is an inductive approach. It is an
approach usually followed in an introductory physics course.

Because the various results were obtained by uncoordinated individuals at
different times. the inductive approach tends to appear fragmented and in-
cohesive. In this book we prefer to use a deductive approach, which, as we have
indicated in Section 1-2, is more concise and logical; it enables us to develop
electromagnetics in an orderly way.

For the study of static electric fields in free space we define an electric field
intensity vector by specifying its divergence and its curl. These constitute the
fundamental postulates, from which we derive Coulomb’s law and Gauss’s law
that together can be used to determine the electric field due to various charge
distributions. The effects of conductors and dielectrics in electrostatic fields are
then examined. Electrostatic potential is introduced, and the relations between
electrostatic energy and forces explored. In situations where the exact charge
distributions are not known everywhere but certain conditions at the boundaries
must be satisfied, additional solution techniques are needed. We will discuss the

73
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procedure for solving simple Poisson’s and Laplace’s equations and explain
the method of imaggs.

3-2 FUNDAMENTAL POSTULATES OF ELECTROSTATICS IN FREE SPACE ——

Electric field
intensity

Sl unit for Eis
(V/m).

Divergence of
electrostatic E in
free space

Curl of electrostatic
E vanishes.

For electrostatics in free space we need to consider only one of the four
fundamental vector field quantities of the electromagnetic model discussed in
Section 1-2, namely, the electric field intensity E. Furthermore, only the
permittivity of free space, €,, of the three universal constants mentioned in
Section 1-3 enters into our formulation.

Electric field intensity is defined as the force per unit charge that a very
small stationary test charge experiences when it is placed in a region where an
electric field exists. That is,

F
E = lim — (V/m). (3-1)

q—0 q

The electric field intensity E is, then, proportional to and in the direction of
the force F. If F is measured in newtons (N) and charge ¢ in coulombs (C),
then E is in newtons per coulomb (N/C), which is the same as volts per meter
(V/m). The test charge g, of course, cannot be zero in practice; as a matter of
fact, it cannot be less than the charge on an electron. However, the finiteness
of the test charge would not make the measured E differ appreciably from its
calculated value if the test charge is small enough not to disturb the charge
distribution of the source. An inverse relation of Eq. (3-1) gives the force F on
a stationary charge ¢ in an electric field E:

F =4E (N). (3-2)

The two fundamental postulates of electrostatics in free space specify the
divergence and the curl of E. They are

_p
€p

V-E (in free space) (3-3)

and

VxE=0. (3-4)

In Eq. (3-3), p, is the volume charge density of free charges (C/m?), and ¢, is
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Kirchhoff’'s voltage
law

the permittivity of free space, given in Eq. (1-11). Equation (3-4) asserts that
static electric fields are irrotational, whereas Eq. (3-3) implies that a static
electric field is not solenoidal unless p, = 0. These two postulates are concise,
simple, and independent of any coordinate system; and they can be used to
derive all other relations, laws, and theorems in electrostatics.

Equations (3-3) and (3-4) are point relations; that is, they hold at every
point in space. They are referred to as the differential form of the postulates of
electrostatics, since both divergence and curl operations involve spatial
derivatives. In practical applications we are usually interested in the total
field of an aggregate or a distribution of charges. This is more conveniently
obtained by an integral form of Eq. (3-3). Taking the volume integral of both
sides of Eq. (3-3) over an arbitrary volume V. we have

J V:Edv = B ‘{ p,duv. (3-5)
v €y Jv

In view of the divergence theorem in Eq. (2-75), Eq. (3-5) becomes

3& E'ds:g. (3-6)
s €p

where Q is the total charge contained in volume V bounded by surface S.
Equation (3-6) is a form of Gauss’s law——one of the most important relations
in electrostatics. We will discuss it further in Section 3-4, along with
illustrative examples.

An integral form can also be obtained for the curl relation in Eq. (3-4)
by integrating V x E over an open surface and invoking Stokes’s theorem as
expressed in Eq. (2-103). We have

§ E-d¢ =0. (in free space) (3-7)
5

The line integral is performed over an arbitrary closed contour C. Equation
(3-7) asserts that the scalar line integral of the static electric field intensity
around any closed path vanishes. The scalar product E - d¢ integrated over any
path is the voltage along that path. Thus Eq. (3-7) is an expression of
Kirchhoff’s voltage law in circuit theory that the algebraic sum of voltage drops
around any closed circuit is zero.

Equation (3-7) also implies that the scalar line integral of the irrota-
tional E field from one point (say P,) to any other point (say P,) along any
path is cancelled by that from P, to P, along any other path; that is, the line
integral of a static electric field depends only on the end points. As we shall see
in Section 3-5, the line integral of E from point P, to P, represents the work
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Two fundamental
postulates of
electrostatics in free
space

done by E in moving a unit charge from P, to P,. Hence Eq. (3-7) says that
the work done in moving a unit charge around a closed path in an
electrostatic field is zero. It is a statement of conservation of work or energy
in an electrostatic field. This is the reason allowing us to say that an
irrotational field is a conservative field."

The two fundamental postulates of electrostatics in free space are
repeated below because they form the foundation upon which we build the
structure of electrostatics.

Postulates of Electrostatics in Free Spac

Differential Form Integral Form

voE =P %E.dszg
€o s €9

§ E-d¢ =0
c

We consider these postulates, like the principle of conservation of charge, to
be representations of laws of nature. In the following section we shall derive
Coulomb’s law.

VxE=0

3-3 CouLOMB'S LAW ——— P 5

A Gaussian surface is
a hypothetical
surface over which
Gauss's law is
applied.

We consider the simplest possible electrostatic problem of a single point
charge, g, at rest in a boundless free space. In order to find the electric field
intensity due to g, we draw a spherical surface of an arbitrary radius R
centered at g—a hypothetical enclosed surface (a Gaussian surface) around
the source, upon which Gauss’s law is applied to determine the field. Since a
point charge has no preferred directions, its electric field must be everywhere
radial and has the same intensity at all points on the spherical surface.
Applying Eq. (3-6) to Fig. 3-1(a), we have

é Eidszé) (aRER)'aRd-‘:"q‘.
s s €y

or

)

S

"We recall from mechanics that the gravitational field is a conservative field.
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(a) Point charge at the origin. (b) Point charge not at the origin.

Electric field
intensity of an
isolated point charge
at the origin

B EXERCISE 3.1

FIGURE 3-1 Electric field intensity due to a point charge.
Therefore,
q
E (V/m). (3-8)

=agky = ag y—
0

Equation (3-8) tells us that the electric field intensity of a positive point charge
is in the outward radial direction and has a magnitude proportional to the
charge and inversely proportional to the square of the distance from the charge.
This is a very important basic formula in electrostatics. A flux-line graph for
the electric field intensity of a positive point charge ¢ will look like Fig.
2-17(b).

Verify that the E field in Eq. (3-8) satisfies Eq. (3-4) and hence is conservative.

If the charge g is not located at the origin of a chosen coordinate system,
suitable changes should be made to the unit vector a, and the distance R to
reflect the locations of the charge and of the point at which E is to be
determined. Let the position vector of ¢ be R” and that of a field point P be R,
as shown in Fig. 3-1(b). Then, from Eq. (3-8),

4q
Ep=ap ———0>, 39

P P e R—R b
where a,p is the unit vector drawn from ¢ to P. Since

R—R’

i (3-10)
[R—R]

a,p
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Electric field
intensity of an
isolated point charge
at an arbitrary
location

EXAMPLE 3-1

we have

~ q(R—R’)

o B HE /m). 11
4ne,/R—R')? (V/mj i

Ep

Determine the electric field intensity at P(—0.2,0. —2.3) due to a point
charge of +5 (nC) at 0(0.2, 0.1, —2.5) in air. All dimensions are in meters.
SOLUTION
The position vector for the field point P
—>
R=0P= —a,02—a.23.
The position vector for the point charge Q is
—
R' =00 =a,02+a,01—a.25.
The difference is
R-R' = —-a04-a,0.1+a.02
which has a magnitude
[R—R'| = [(—0.4)* + (—=0.1)* +(0.2)*]"% = 0.458 (m).

Substituting in Eq. (3-11), we obtain

g (-1 J2R—-R)
P~ \4ne,/ IR—R'|?
5% 1077

0.458°3
= 214.5(—a,0.873—a,0.218 + a.0437) (V/m).

= (9% 107 (—a,04—a,0.1 +a.02)

The quantity within the parentheses is the unit vector ay, = (R —R’)/
IR —R’'|, and E, has a magnitude of 214.5(V/m).

Note: The permittivity of air is essentially the same as that of the free space.
The factor 1/(4re,) appears very frequently in electrostatics. From Eq. (1-11)

we know that €, = 1/(c? o). But o =4n x 10~ 7 (H/m) in SI units; so
1 Yipt™ 5.8 ‘
——="——=10""¢" m/F 3-12)

47e, 4 . (m/E) ( ‘

exactly. If we use the approximate value ¢ =3 x10%(m/s), then 1/(4ne,)
=9 x 10° (m/F).
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Coulomb’s law

B EXERCISE 3.2

When a point charge ¢, is placed in the field of another point charge g,.
a force F,, is experienced by q, due to electric field intensity E,, of g, at gq,.
Combining Egs. (3-2) and (3-9), we have

4,4
F:z=‘12[':12=a12—4n6l Rzz
of\12

(N). (3-13)

Equation (3-13) is a mathematical form of Coulomb’s law. It states that the

force between two point charges is proportional to the product of the charges

and inversely proportional to the square of the distance of separation. We note
from Eq. (3-13) that F, is a force of repulsion when g, and ¢, are both
positive or both negative (the direction of a,, is from ¢, to ¢,, and the
product ¢,q, is positive), and a force of attraction when ¢, and ¢, are of
opposite signs (the product ¢,q, is negative).

Given two point charges: g, = 10(uC) at (2,0, —4) and ¢, = — 60 (uC) at (0, —1, —2),
determine

a) the electric field intensity at ¢, due to ¢,, and
b) the magnitude of the force experienced by gq,.

All dimensions are in meters.

ANs. (a) —20(a,2+a,—a_2)(kV/m), (b) 0.6 (N), attraction.

EXAMPLE 3-2

Electrostatic
deflection system of
a CRO

The electrostatic deflection system of a cathode-ray oscilloscope is depicted in
Fig. 3-2. Electrons from a heated cathode are given an initial velocity
u, =a.u, by a positively charged anode (not shown). The electrons enter at
z=0 into a region of deflection plates where a uniform electric field
E,= —a E,is maintained over a width w. Ignoring gravitational effects, find
the vertical deflection of the electrons on the fluorescent screen at z = L.

FIGURE 3-2 Electrostatic deflection system of a cathode-ray oscilloscope
(Example 3-2).

" Screen
Deflection
plates a__|
/ dy
—] u(l E : lll o 4
K 2 A N &
Cathode : E,
}k w—s|
[ L
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SOLUTION

Since there is no force in the z-direction in the z > 0 region, the horizontal
velocity u, is maintained. The field E; exerts a force on the electrons each
carrying a charge —e, causing a deflection in the y-direction:

F = (—())Ed - a).eEd.
From Newton’s second law of motion in the vertical direction we have

du,

— =¢E,,
Mt ¥

where m is the mass of an electron. Integrating both sides, we obtain

dy e
u,=—=—E,,
Yodt om

where the constant of integration is set to zero because u, =0 at 1 =0.
Integrating again, we have

e E 5
y=—E;t2
J 2m d

The constant of integration is again zero because y = 0 at t = 0. Note that the
electrons have a parabolic trajectory between the deflection plates. At the exit
from the deflection plates, t = w/u,

1 _eEd w 2
= om U

w eE; (w
Uug=ulatt=—|=—[—)».
Ug m Ug

When the electrons reach the screen, they have traveled a further horizontal
distance of (L —w), which takes them (L— w)/u, seconds. During that time
there is an additional vertical deflection

(L—w) eE; w(L—w)
dy =ty =Sar

2
U m ug

and

Hence the deflection at the screen is

E v
d():d] +d2 Z%‘% “’(L-%).

0

Ink-jet printers used in computer output, like cathode-ray oscillo-
scopes, are devices based on the principle of electrostatic deflection of a
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stream of charged particles. Minute droplets of ink are forced through a

P"""‘:’.'e °ff. el vibrating nozzle controlled by a piezo-electric transducer. Variable amounts
operation of ink-)e o 5 =
printers of charges are imparted to the ink droplets, as determined by computer

output. The charged ink droplets then pass through a pair of deflection plates
where a uniform static electric field exists. The amount of droplet deflection
depends on the charge it carries. As the print head moves in a horizontal
direction, the ink droplets strike the print surface at various locations from
the nozzle and thus form a printed image.

3-31 ELECTRIC FIELD DUE TO A SYSTEM OF DISCRETE CHARGES

Suppose an electrostatic field is created by a group of n discrete point charges
located at different positions. Since electric field intensity is a linear function
of (proportional to) agg/R?. the principle of superposition applies, and the
total E field at a point is the vector sum of the fields caused by all the
individual charges. Let the positions of the charges ¢y, 45, ....q, (source
points) be denoted by position vectors R}, R}, ..., R, and the position of the
field point at which the electric intensity is to be calculated be denoted by R."
We can write, from Eq. (3-11)

! | 4:R—Ry) . @:B—R3) . o HR-RJ
R—Rj[*  [R—=Ry* IR—R;* |’

- 4re,
or
Electric field 1 " q.(R—Ry)
intensity of a system E = y— _|R_—T'|T (V/m). (3-14)
of discrete point 0 k=1 k
charges

Although Eq. (3-14) is a succinct expression, it is somewhat inconvenient to
use because we often need to add vectors of different magnitudes and
directions. A simpler approach would be to find E from the electric potential.
This will be discussed in Section 3-5.

3-3.2 ELECTRIC FIELD DUE TO A CONTINUQUS DISTRIBUTION OF CHARGE

The electric field caused by a continuous distribution of charge can be
obtained by integrating (superposing) the contribution of an element of
charge over the charge distribution. Refer to Fig. 3-3, where a volume charge

"When there is a need to distinguish the notation for the location of a source point from that of a
field point, we follow the accepted convention of using primed coordinates for the former and
unprimed coordinates for the latter.
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FIGURE 3-3 Electric field due to a continuous charge distribution.

Electric field
intensity of a volume
distribution of
charge

distribution is shown. The volume charge density p,(C/m?) is, in general. a
function of the coordinates. Since a differential element of charge behaves like
a point charge, the contribution of the charge p,dv’ in a differential volume
element dv’ to the electric field intensity at the field point P is

- ppdv’ 1
dE“‘MTORZ' (3-15)
We have
: Pe d (V/m) (3-16)
— —dv . 3-
47[60 v Ar R2

If the charge is distributed on a surface with a surface charge density
ps(C/m?), we write

Electric field
intensity of a surface
distribution of
charge

Electric field
intensity of a line
charge

! P
= —-ds’' V/m). 3-17
E ey J; ag oz ds (V/m) (3-17)
For a line charge we have
| Pe 4,
= 4n€0 J‘L' ap Ei‘d/ (V/m), (3‘]8)

where p,(C/m) is the line charge density, and L’ the line (not necessarily

straight) along which the charge is distributed.
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EXAMPLE 3-3 — — —

Determine the electric field intensity of an infinitely long, straight, line charge
of a uniform density p,(C/m) in air.

SOLUTION

Let us assume that the line charge lies along the z'-axis as shown in Fig, 3-4.
We are perfectly free to make this assumption because the field does not
depend on how we designate the line. Note the convention of using primed
coordinates for source points and unprimed coordinates for field points.

The problem asks us to find the electric field intensity at a point P,
which is at a distance r from the line. Since the problem has a cylindrical
symmetry (that is, the electric field is independent of the azimuth angle ¢), it
would be most convenient to work with cylindrical coordinates. We rewrite
Eq. (3-18) as

1

R
= —dl’ V/m). -
Bl L pr g de’ (V/m) (3-18a)

For the problem at hand, p, is constant, and a line element d¢’ = dz’ is chosen
to be at an arbitrary distance z’ from the origin. It is most important to

FIGURE 3-4 An infinitely long, straight, line charge.

|
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Electric field
intensity due to an
infinite straight line
charge of uniform
density

B EXERCISE 3.3

remember that R is the distance vector directed from the source to the field
point, not the other way around. We have

R=a,r—a,z. (3-19)

The electric field dE due to the differential line charge element p,d/’ =
pydz'is

E_Pe dz ar—a.
dre, (r* +z%)%? (3-20)
=a,dE,+a_dE.,

d

where
perdz
= 3-21
" 4mey(r? +2'%)32 ( )
and
B, =  —Pe¥ 42 (3-22)

* 7 Aneg(r + 2237

In Eq. (3-22) we have decomposed dE into its components in the a, and a.
directions. For every p,dz’ at +z there is a charge element p, dz" at —z’ that
will produce a dE with components dE, and —dE.. Hence the a. components
will cancel in the integration process, and we only need to integrate the dE, in
Eqg. (3-21):

per | dz'

12)352 =

E=aE =a——
L dney |- (rP+2

or

Db
r
2meqr

(V/m). (3-23)

Equation (3-23) is an important result for an infinite line charge. Of course, no
physical line charge is infinitely long; nevertheless, Eq. (3-23) gives the
approximate E field of a long straight line charge at a point close to the line
charge.

Assuming that an infinitely long line charge of 50 (pC/m) parallel to the y-axis at
x =2(m) and z = 1(m), determine the electric intensity at the point (—1,5, —3).

ANs. —0.18(a,0.6 + a.0.8) (V/m).
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3-4 GAUSS'S LAW AND APPLICATIONS ——— =i e

Gauss's law follows directly from the divergence postulate of electrostatics,
Eq. (3-3), by the application of the divergence theorem. It was derived as Eq.
(3-6) and is repeated here because of its importance:

Eﬁ E-ds= 2. (3-24)

€y

Gauss's law asserts that the total outward flux of the E-field over any closed
surface in free space is equal to the total charge enclosed in the surface divided
by €. We note that the surface S can be any hypothetical (mathematical)
closed surface chosen for convenience; it does not have to be, and usually is
not, a physical surface.

Gauss’s law is particularly useful in determining the E-field of charge
distributions with some symmetry conditions, such that the normal com-
ponent of the electric field intensity is constant over an enclosed surface. In such
cases the surface integral on the left side of Eq. (3-24) would be very easy to
evaluate, and Gauss’s law would be a much more efficient way for finding the
electric field intensity than Egs. (3-16) through (3-18a).

On the other hand. when symmetry conditions do not exist, Gauss’s law
would not be of much help. The essence of applying Gauss’s law lies first in
the recognition of symmetry conditions and second in the suitable choice of a
surface over which the normal component of E resulting from a given charge
distribution is a constant. Such a surface is referred to as a Gaussian surface.
This basic principle was used to obtain Eq. (3-8) for a point charge that
possesses spherical symmetry; consequently, a proper Gaussian surface is the
surface of a sphere centered at the point charge.

Gauss’s law

Proper choice of
Gaussian surface

EXAMPLE3}-4 —— —7—— —— ——— 5 _———

Use Gauss's law to determine the electric field intensity of an infinitely long,
straight, line charge of a uniform density p, in air.

SOLUTION

This problem was solved in Example 3-3 by using Eq. (3-18). Since the line
charge is infinitely long, the resultant E field must be radial and per-
pendicular to the line charge (E = a, E,). and a component of E along the line
cannot exist. Taking advantage of cylindrical symmetry, we construct a
cylindrical Gaussian surface of a radius r and an arbitrary length L with the
line charge as its axis, as shown in Fig. 3-5. On this surface, E, is constant, and
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Cylindrical
Gaussian
surface

Infinitely long
uniform line
charge, p,

FIGURE 3-5 Applying Gauss’s law to an infinitely long line charge (Example 3-4).

ds=a,rdpdz. We have

L 2n
§ E-ds = j J‘ E,rd¢pdz = 2nrLE,.
b 0 0

There is no contribution from the top or the bottom face of the cylinder
because on the top face ds = a.rdrd¢ but E has no z-component there,
making E-ds = 0. Similarly for the bottom face. The total charge enclosed
in the cylinder is Q = p,L. Substitution into Eq. (3-24) gives us immediately

L
LR, o,
€0
or
R el o e
2me!

This result is the same as that given in Eq. (3-23), but we arrived at it here in a
much simpler way. Notice too that the length L of the cylindrical Gaussian
surface does not appear in the final expression, so we could have chosen a
cylinder of a unit length.

NotEe: The same cylindrical Gaussian surface does not work if the line charge

is of a finite length. Do you know why?
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EXAMPLE 3-5

Determine the electric field intensity of an infinite planar charge with a
uniform surface charge density p,.

SOLUTION

The E field caused by a charged sheet of an infinite extent is normal to the
sheet. Equation (3-17) could be used to find E, but this would involve a
double integration between infinite limits of a general expression of 1/R?.
Gauss’s law can be used to much advantage here.

We choose as the Gaussian surface a rectangular box with top and
bottom faces of an arbitrary area A equidistant from the planar charge, as
shown in Fig. 3-6. The sides of the box are perpendicular to the charged sheet.
If the charged sheet coincides with the xy-plane, then on the top face,

E-ds = (a_E,) (a.ds) = E.ds.

On the bottom face,

E-ds =(—a.E.):(—a_.ds) = E_ds.

Since there is no contribution from the side faces, we have

§ E-ds=2E:J ds= 2E_A.
S A

The total charge enclosed in the box is Q = p,A. Therefore,

2E.A="—,

FIGURE 3-6 Applying Gauss’s law to an infinite planar charge (Example 3-5).

Gapi I

AreaA™”
/ v
Infinite uniform
surface charge, p,
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Comparing lighting
schemes

EXAMPLE 3-6 —

from which we obtain

Ps 250, (3-25a)

KE=aF =a

and

2

2y

E=—akFE = —a; z<0. (3-25b)

The charged sheet does not always coincide with the xy-plane (so we do not
always speak in terms of “above” and “below” the plane), but the E field
always points away from the sheet if p, is positive. The Gaussian surface we
chose could have been a “pillbox™ of any shape, not necessarily rectangular
one.

Norte: No suitable Gaussian surface can be chosen in this Example if the
planar charge is not of infinite extent in both dimensions or is not flat. Can
you explain why?

The lighting scheme of an office or a classroom may consist of
incandescent bulbs, long fluorescent tubes, or ceiling panel lights. These
correspond roughly to point sources, line sources, and planar sources,
respectively. From Egs. (3-8), (3-23), and (3-25) we can estimate that light
intensity will fall off rapidly—as the square of the distance from the source—
in the case of incandescent bulbs, less rapidly—as the first power of the
distance—for long fluorescent tubes, and not at all for ceiling panel lights.

Determine the E field caused by a spherical cloud of electrons with a volume
charge density p, = —p, for 0 < R < b (both p, and b are positive) and p, =0
for R > b.

SOLUTION

First we recognize that the given source condition has spherical symmetry.
The appropriate Gaussian surfaces must therefore be concentric spherical
surfaces. We must find the E field in two regions, as shown in Fig. 3-7.

a) O<R<b
A hypothetical spherical Gaussian surface S; with R < b is constructed
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7> Electron
cloud

=
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FIGURE 3-7 Electric field intensity of a spherical electron cloud (Example 3-6).

within the electron cloud. On this surface, E is radial and has a constant

magnitude:
E:aRER. dS=2RdS

The total outward E flux is

fﬁ E-ds = ERJ ds = Ez4nR>.
) "

Si

The total charge enclosed within the Gaussian surface is

Q=J ppdv

4
= —p‘,J‘ dv = —p, — R
v 3

Substitution into Eq. (3-6) yields
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B EXERCISE 3.5
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We see that within the uniform electron cloud the E field is directed
toward the center and has a magnitude proportional to the distance
from the center.

b) R=b
For this case we construct a spherical Gaussian surface S, with R > b
outside the electron cloud. We obtain the same expression for g E - ds
as in case (a). The total charge enclosed is

.
Q= —p, T b*.
Consequently,
pob’
= — _— =>=D,
E ag 3e,R2 R=b

Notice that this relationship follows the inverse square law and could
have been obtained directly from Eq. (3-8). We sce that outside the
charged cloud, the E field is exactly the same as if the total charge has
been concentrated on a single point charge at the center. This result
holds, in general, for any spherically symmetrical charged region even
when p, is a function of R.

Given E = a,(20/r?) (mV/m) in [ree space, find p, at the point (3, —4, 1) (cm).

ANS. —1.42 (nC/m?).

A positive charge Q is uniformly distributed on a very thin spherical shell of radius b in
air. Find E everywhere. Plot |E| versus R.

ANS. 0 for 0 < R < b; ag(Q/4ne,R?) for R > b.

3-5 ELECTRIC POTENTIAL

Electrostatic field
intensity from
electric potential

Earlier, in connection with the null identity in Eq. (2-105), we noted that a
curl-free vector field could always be expressed as the gradient of a scalar
field. We can then define a scalar electric potential V from Eq. (3-4) such that

E=—VV (3-26)

because scalar quantities are easier to handle than vector quantities. If we can
determine V" more easily, then E can be found by a gradient operation, which
is a straightforward differentiation process. The reason for the inclusion of a
negative sign in Eq. (3-26) will be explained presently.
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Electrostatic
potential difference
between P, and P,
equals the work done
in moving a unit
charge from P, to P,

Electric potential does have physical significance. and it is related to
the work done in carrying a charge from one point to another. In Section 3-2
we defined the electric field intensity as the force acting on a unit test charge.
Therefore in moving a unit charge from point P, to point P, in an electric
field, work must be done against the field and is equal to

P
W _ _J E-d¢  (J/Cor V) (3-27)
P,

q
Many paths may be followed in going from P, to P,. Two such paths are
drawn in Fig. 3-8. Since the path between P, and P, is not specified in Eq.
(3-27), the question naturally arises: How does the work depend on the path
taken? A little thought will lead us to conclude that W/q in Eq. (3-27) should
not depend on the path; if it did, one would be able to go from P, to P, along
a path for which W is smaller and then to come back to P, along another
path, achieving a net gain in work or energy. This result would be contrary to
the principle of conservation of energy. We have already alluded to the path-
independent nature of the scalar line integral of the irrotational (conservative)
E field when we discussed Eq. (3-7).

Analogous to the concept of potential energy in mechanics, Eq. (3-27)
represents the difference in electric potential energy of a unit charge between
point P, and point P,. If we denote the electric potential energy per unit
charge by V (the electric potential) we have

P
Vz—Vlz—j E-d¢ (V) (3-28)

Py

What we have defined in Eq. (3-28) is a potential difference (electrostatic
voltage) between points P, and P,. We cannot talk about the absolute
potential of a point any more than we can talk about the absolute phase of a

FIGURE 3-8 Two paths leading from P, to P, in an electric field.

Path (D

Path @
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FIGURE 3-9 Relative directions of E and increasing V.

Choosing a reference
zero-potential point

Electric field lines
are perpendicular to
equipotential lines
and surfaces.

B EXERCISE 3.6

phasor or the absolute altitude of a geographical location. A reference zero-
potential point, a reference zero phase (usually at ¢t =0), or a reference zero
altitude (usually at sea level) must first be specified. In most (but not all) cases
the zero-potential point is taken at infinity. When the reference zero-potential
point is not at infinity (for example, when it is at “the ground™), it should be
specifically stated.

We make two more important observations here about Eq. (3-28). First,
the negative sign must be included in order to conform with the convention
that in going against the E field the electric potential V increases. For
instance, when a d-c battery of a voltage V, is connected between two parallel
conducting plates, as in Fig. 3-9, positive and negative charges accumulate on
the top and bottom plates, respectively. The E field is directed from positive
to negative charges, while the potential increases in the opposite direction.

Second, we know from Section 2-5, when we defined the gradient of a
scalar field, that the direction of VV is normal to the surfaces of constant V.
Hence if we use directed field lines or flux lines to indicate the direction of the
E field. they are everywhere perpendicular to equipotential lines and equipo-
tential surfaces.

Determine the work done by the electric field E=a x—a 2y (V/m) in moving a unit
positive charge from position P,(—2,0,0) to position P,(5, —1, 3). The distances are
in (m).

ANS. 9.5(J).

3-5.1 ELECTRIC POTENTIAL DUE TO A CHARGE DISTRIBUTION

The electric potential of a point at a distance R from a point charge g referred
to that at infinity can be obtained readily from Eq. (3-28):

8 q
V= —J‘y (aR W) (aRdR).
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Electrostatic
potential of a point
charge referred to

EXAMPLE 3-7 ——

which gives

q

= - V). 3-29
v 4nesR Sl ( )

This is a scalar quantity and depends on, besides ¢, only the distance R. The
potential difference between any two points P, and P, at distances R, and
R,, respectively, from ¢ is

Vg o W — W, i i <~ - —). (3-30)

The electric potential at R due to a system of n discrete charges q,,
43 ...,q, located at R}, RS, ... R, is, by superposition, the sum of the
potentials due to the individual charges:

1 ", qk
Lo
47!60 =1 R kl

V= (V). (3-31)

Since this is a scalar sum, it is, in general, easier to determine E by taking the
negative gradient of ¥ than from the vector sum in Eq. (3-14) directly.

An electric dipole consisting of equal and opposite point charges +¢g and —¢q
separated by a small distance d is shown in Fig. 3-10. Determine the potential
V and the electric intensity E at an arbitrary point P at a distance R > d from
the dipole.

FIGURE 3-10 An electric dipole.

FA 3
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Finding electrostatic
potential from
electric dipole
moment

SOLUTION

Let the distances from the charges + g and — ¢ to the field point P be R, and
R _ respectively.
The potential at P can be written directly from Eq. (3-31).

q 1 1
YV = e | -32
47e, (R+ R_) )
If d « R, we write
d
R. 22 (R =3 cos H) (3-33)
and
d
R_ (R + 5 cos 0). (3-34)
Substituting Egs. (3-33) and (3-34) in Eq. (3-32), we have
V- q 1 B 1
4re,

1 d
R—%cos() R+§c050

q d cos 0 _qdcos 0

. ~ . (3-35)
dme, B (ﬁ c0s20 4ne,R?
4
Equation (3-35) can be written as
P W) (3-36)

~ 47 R?

where p = gd is the electric dipole moment (SI unit: C-m). (The “approx-
imate” sign (~) has been dropped for simplicity.)

The E field can be obtained from —VV. In spherical coordinates we
have

% oV
E=—-VV= —aRﬁ—aerﬁo
- 4—7[—6—0F 1aR2 cos () + a, sin 0). (3-37)

Note that both V' and E are independent of ¢, as expected.
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B EXERCISE 3.7

Electric potential due
to continuous charge
distributions

An electric dipole at the origin has a dipole moment a,0.1 (nC+m). Find V and E at (a)
(0,0,5(m)), and (b) (Z(m), nr/3, =/8).

ANS. (a) 36 (mV), a.14.4 (mV/m); (b) 113 (mV), ag113+2a,97.4 (mV/m).

The electric potential due to a continuous distribution of charge
confined in a given region is obtained by integrating the contribution of an
element of charge over the charged region. We have, for a volume charge
distribution,

1 o
W= — dv' V). -
4re, J‘p R : V) (3-38)
For surface charge distribution,
L Pay vy 3-39
~47[60 s R ’ V3 ( & )
and for a line charge,
Pt beaer ) 3-40
- 47(60 ) Ay R ‘ ' ( i )

We note here again that the integrals in Egs. (3-38) and (3-39) represent
integrations in three and two dimensions, respectively.

EXAMPLE 3-8

Obtain a formula for the electric field intensity on the axis of a circular disk of
radius b that carries a uniform surface charge density p;.

SOLUTION

Although the disk has circular symmetry, we cannot visualize a surface
around it over which the normal component of E has a constant magnitude;
hence Gauss’s law is not useful for the solution of this problem. We use Eq.
(3-39). Working with the cylindrical coordinates indicated in Fig. 3-11, we
have

ds' =r'dr'd¢’
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<A

% 7(0,0.2)

FIGURE 3-11 A uniformly charged disk (Example 3-8).

and
R_—-\,- P

The electric potential at the point P(0, 0, z) referring to the point at infinity is

P 2n b r
v=>t [ LU ¥
dre, Lo _L (432 ¢

Pe [z 45212 — ], (3-41)
2¢,

where the absolute sign around z describes the fact that V' is the same whether
z is positive (a point above the disk) or z is negative (a point below the disk).
Therefore,
oV
E=—VV= —a,

a. ,pi [1—z(z2+b%)"Y3], 2z>0 (3-42a)
£€(
—a, 2[4 4b) 12 2 <0 (3-42b)

2¢,

REVIEW QUESTIONS
Q.3-1 Write the differential form of the fundamental postulates of electrostatics in free
space.

Q.3-2 Under what conditions will the electric field intensity be both solenoidal and
irrotational?
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REMARKS

|

I
|

Q.3-3 Write the integrai form of the fundamental postulates of electrostatics in free
space, and state their meaning in words.

Q.3-4 Explain why an irrotational field is also known as a conservative field.
Q.3-5 In what ways does the electric field intensity vary with distance for (a) a point
charge? (b) an electric dipole?

Q.3-6 State Coulomb’s law.

.3-7 State Gauss’s law. Under what conditions is Gauss’s law especially useful in
determining the electric field intensity of a charge distribution?

Q.3-8 Describe the ways in which the electric field intensity of an infinitely long,

straight line charge of uniform density varies with distance.

Q.3-9 If the electric potential at a point is zero, does it follow that the electrical field
intensity is also zero at that point? Explain.
Q.3-10 If the electric field intensity at a point is zero, does it follow that the electric
potential is also zero at that point? Explain.

1. In determining the electric field intensity, E, of a charge distribution, it
is simplest to apply Gauss’s law if a symmetrical Gaussian surface
enclosing the charges can be found over which the normal component
of the field is constant.

2. If a proper Gaussian surface cannot be found, then it is simpler to find
V (a scalar) first, and then obtain E from —VV.

3. Directed field lines (flux lines) are everywhere perpendicular to
equipotential lines and equipotential surfaces.

3-6 MATERIAL MEDIA IN STATIC ELECTRIC FIELD

Conductors,
semiconductors, and
dielectrics

So far we have discussed only the electric field of stationary charge
distributions in free space or air. We now examine the field behavior in
material media. In general, we classify materials according to their electrical
properties into three types: conductors, semiconductors, and insulators (or
dielectrics). In terms of the crude atomic model of an atom consisting of a
positively charged nucleus with orbiting electrons, the electrons in the
outermost shells of the atoms of conductors are very loosely held and migrate
casily from one atom to another. Most metals belong to this group. The
electrons in the atoms of insulators or dielectrics, however, are confined to
their orbits; they cannot be liberated in normal circumstances, even by the
application of an external electric field. The electrical properties of semicon-
ductors fall between those of conductors and insulators in that they possess a
relatively small number of freely movable charges.
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In terms of the band theory of solids we find that there are allowed
energy bands for electrons, each band consisting of many closely spaced,
discrete energy states. Between these energy bands there may be forbidden
regions or gaps where no electrons of the solid’s atom can reside. Conductors
have an upper energy band partially filled with electrons or an upper pair of
overlapping bands that are partiaily filled so that the electrons in these bands
can move from one to another with only a small change in energy. Insulators
or dielectrics are materials with a completely filled upper band. so conduction
could not normally occur because of the existence of a large energy gap to the
next higher band. If the energy gap of the forbidden region is relatively small,
small amounts of external energy may be sufficient to excite the electrons in
the filled upper band to jump into the next band. causing conduction. Such
materials are semiconductors. The macroscopic electrical property of a
material medium is characterized by a constitutive parameter called con-
ductivity, which we will define in Chapter 4.

3-6.1 CONDUCTORS IN STATIC ELECTRIC FIELD

In the interior of a
conductor under
static conditions,
both free charge and
electric field
intensity vanish.

Assume for the present that some positive (or negative) charges are intro-
duced in the interior of a good conductor. An electric field will be set up in the
conductor, the field exerting a force on the charges and making them move
away from one another. This movement will continue until all the charges
reach the conductor surface and redistribute themselves in such a way that
both the charge and the field inside vanish. Hence,

Inside a Conductor
(Under Static Conditions)

p,=0 (3-43)
E=0 (3-44)

When there are no free charges in the interior of a conductor (p, = 0}, E must
be zero because, according to Gauss's law, the total outward electric flux
through any closed surface constructed inside the conductor must vanish.
The charge distribution on the surface of a conductor depends on the
shape of the surface. Obviously. the charges would not be in a state of
equilibrium if there were a tangential component of the electric field intensity
that produces a tangential force and moves the charges. Therefore, under
static conditions the E field on a conductor surface is everywhere normal to the
surface. In other words, the surface of a conductor is an equipotential surface
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Free space

FIGURE 3-12 A conductor—free space interface.

under static conditions. As a matter of fact, since E =0 everywhere inside a
conductor, the whole conductor has the same electrostatic potential.

Figure 3-12 shows an interface between a conductor and free space.
Consider the contour abeda, which has width ab = ¢d = Aw and height
be = da = Ah. Sides ab and cd are parallel to the interface. Applying Eq. (3-7),
letting Ah— 0, and noting that E in a conductor is zero, we obtain
immediately

Eﬁ E-d¢ = E,Av =0
abcda

or
E, =0, (3-45)

which says that the tangential component of the E field on a conductor surface
is zero under static conditions. In order to find E,. the normal component of E
at the surface of the conductor, we construct a Gaussian surface in the form of
a thin pillbox with the top face in free space and the bottom face in the
conductor where E = 0. Using Eq. (3-6). we obtain

¢E ds = £ AS =285,
€q
or
E = (3-46)
€0

Hence. the normal component of the E field at a conductor~free space
boundary is equal to the surface charge density on the conductor divided by the
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On the surface of a
conductor under
static conditions, the
electric field is
perpendicular to the
surface, which is
equipotential.

EXAMPLE 3-9

permittivity of free space. Summarizing the boundary conditions at the
conductor surface, we have

Boundary Conditions
at a Conductor—Free Space Interface

E =0 (3-45)
B, (3-46)
€0

A positive point charge Q is at the center of a spherical conducting shell of an
inner radius R; and an outer radius R,. Determine E and V as functions of the
radial distance R.

SOLUTION

The geometry of the problem is shown in Fig. 3-13(a). Since there is spherical
symmetry, it is simplest to use Gauss’s law to determine E and then find V' by
integration. There are three distinct regions: (a) R > R,, (b) R; < R <R, and
(c) R < R,. Suitable spherical Gaussian surfaces will be constructed in these
regions. Symmetry requires that E =agEy in all three regions.

a) R > R, (Gaussian surface S,):

§ E-ds= EpdnR? =2,
.4 €g

or
Q
Ep1 = ——. 3-47
*1 ™ 47e,R? ( )

The E field is the same as that of a point charge Q without the presence
of the shell; this relationship was given in Eq. (3-8). The potential
referring to the point at infinity is

V ! Egi)dR v 3-4
1 —_J;(‘Rl){ —47'(6(,R1 (3-48)

which is the same as that given in Eq. (3-29).
b) R; < R < R, (Gaussian surface S,): Because of Eq. (3-44), we know that

ER?. = O. (3'49)

Since p, = 0 in the conducting shell and since the total charge enclosed



L

Conducting
shell

(b) (c)

FIGURE 3-13 Electric field intensity and potential variations of a point charge

+Q at

c)

the center of a conducting shell (Example 3-9).

in surface S, must be zero, an amount of negative charge equal to —Q
must be induced on the inner shell surface at R = R,. (This also means
that an amount of positive charge equal to + Q is induced on the outer
shell surface at R = R,.) The conducting shell is an equipotential body.
Hence,

, 0
Vo, =V = . 3-50
E o r, 4neyR, ( )

R < R; (Gaussian surface S;): Application of Gauss’s law yields the
same formula for Egy as Eg, in Eq. (3-47) for the first region:

o
Erz =—=. 3-51
B 4me,R” ( )
The potential in this region is
RSt g% N e
V= —| EgpsdR+K = + K,
negR
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where the integration constant K is determined by requiring V; at
R =R, to equal V; in Eq. (3-50). We have

. 0 1 1
K = L) 3.52
dme, \R, R, (3-52)
and
9 /1 1 1
V, = LWL 5 53
3= Ine, <R *& R,-) (3-53)

The variations of Ex and V' versus R in all three regions are plotted in
Figs. 3-13(b) and 3-13(c). Note that whereas the electric intensity has
discontinuous jumps, the potential remains continuous. A discontinuous
jump in potential would mean an infinite electric field intensity.

Potential is
continuous across
boundaries. —

B EXERCISE 3.8 Assume that a very long copper tube with an outer radius 3(cm) and inner radius
2(cm) surrounds a line charge of 60(pC/m) at its axis. Find

a) E at r = 1 (m), 2.5(cm), and 1.5(cm); and

b) the potential difference between the inner and outer tube surface.

ANS. (a) 1.08 (V/mj), 0, 0.72 (V/mj); (b} 3.89 (V).

3-6.2 DIELECTRICS IN STATIC ELECTRIC FIELD

All material media are composed of atoms with a positively charged nucleus
surrounded by negatively charged electrons. Although the molecules of
dielectrics are macroscopically neutral, the presence of an external electric
field causes a force to be exerted on cach charged particle and results in small
displacements of positive and negative charges in opposite directions. These
are bound charges. The displacements, though small in comparison to atomic
dimensions, nevertheless polarize a dielectric material and create electric
dipoles. The situation is depicted in Fig. 3-14. Inasmuch as electric dipoles do
have nonvanishing electric potential and electric field intensity (see Example
3-7), we expect that the induced electric dipoles will modify the electric field
both inside and outside the dielectric material.

The molecules of some dielectrics possess permanent dipole moments,
even in the absence of an external polarizing field. Such molecules usually
consist of two or more dissimilar atoms and are called polar molecules, in
contrast to nonpolar molecules, which do not have permanent dipole
moments. An example is the water molecule H,O, which consists of two
hydrogen atoms and one oxygen atom. The atoms do not arrange themselves
in a manner that makes the molecule have a zero dipole moment; that is, the
hydrogen atoms do not lie exactly on diametrically opposite sides of the
oxygen atom.
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External E

FIGURE 3-14 A cross section of a polarized dielectric medium.

Polarization vector is
the volume density
of electric dipole
moment.

Finding electrostatic
potential from
polarization vector

The dipole moments of polar molecules are of the order of 10 3°
(C-m). When there is no external field, the individual dipoles in a polar
dielectric are randomly oriented, producing no net dipole moment macro-
scopically. An applied electric field will exert a torque on the individual
dipoles and tend to align them with the field in a manner similar to that
shown in Fig. 3-14.

To analyze the macroscopic effect of induced dipoles we define a
polarization vector P as

nAr

Zpk

P = lim k_Alv (C/m?), (3-54)

Av—0

where n 1s the number of molecules per unit volume and the numerator
represents the vector sum of the induced dipole moments contained in a very
small volume Av. The vector P, a smoothed point function, is the volume
density of electric dipole moment. The dipole moment dp of an elemental
volume dv’ is dp = P dv’, which produces an electrostatic potential (see Eq.
3-36)

| ag
4ne,R?

dF = dv'. (3-55)

Integrating over the volume V' of the dielectric, we obtain the potential due
to the polarized dielectric.

1 J. P-aR dU', (3'56)
v

B 4re, R?

where R is the distance from the elemental volume dv' to a fixed field point.
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Equivalent
polarization surface
charge density

Equivalent
polarization volume
charge density

A more useful physical interpretation of the effects of the induced

electric dipoles can be had by observing the following surface and volume
effects of the polarization vector P.'

1.

Equivalent polarization surface charge density, p,,,.

From Fig. 3-14 we see that the molecules effectively contribute to a
distribution of positive surface charges on the right-hand boundary and
a distribution of negative surface charges on the left-hand boundary.
Since the surface charge density depends on the density of electric
dipoles that protrude beyond the dashed lines at a surface, we can see
that the equivalent polarization surface charge density is

Pps=P-a (C/m?). (3-57)

n

Equivalent polarization volume charge density, p,,.

For a surface S bounding a volume V, the net total charge flowing out of
V' as a result of polarization is obtained by integrating Eq. (3-57). The
net charge remaining within the volume V is the negative of this integral:

—§ P-4, ds
s (3-58)

j (=VP)dv = j P dv,
V vV

where we have applied divergence theorem to convert the closed surface
integral to a volume integral. We can define the equivalent polarization
volume charge density as

Q

Ppo=—V-P (C/m?). (3-59)

Therefore, where the divergence of P does not vanish, the polarized
dielectric appears to be charged. However, since we started with an
electrically neutral dielectric body, the total charge of the body after
polarization must remain zero. This fact can be readily verified by
noting that

Total charge = § Ppsds +J Ppedv
] Vv

=(§) P'a,,ds~J~ V:-Pdv =0,
Js v

for a dielectric body of an arbitrary shape.

'A more formal derivation can be found in D. K. Cheng, Field and Wave Electromagnetics,
Second Edition, Subsection 3-7.1, Addison-Wesley Publishing Co., Reading Mass., 1989.
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Polarization charge densities p,, and p,, may be used to determine the
potential and electric intensity fields due to a polarized dielectric:

1 Pps 1 Pso
= ps 1,’ e Ll A d w" 3-60
4re, ﬁ, R = +47re(, v+ R : ( ;

a relationship that is equivalent to Eq. (3-56). For electrostatic fields,
E=—-VV.

EXAMPLE 3-10

The polarization vector in a dielectric sphere of radius R, is P =a,P,,.
Determine

a) the equivalent polarization surface and volume charge densities, and
b) the total equivalent charge on the surface and inside of the sphere.
SOLUTION

a)  The polarization surface charge density on the surface (R=R,) of the
sphere is

Pps = Prag = Py(a, ag)

= P, sin @ cos ¢.
The polarization volume charge density is
Ppp= —VeP'= —Ve(a Po)=0.

b)  Total surface charge,
0, = Sﬁ Ppsds = J: Lz" P, sin 0 cos ¢ d¢p dO
={).
Total charge inside.
Q,= —[ Pppdv = 0.

Thus, total charge on the sphere, Q.+ Q, =0, as expected.

3-7 ELECTRIC FLUX DENSITY AND DIELECTRIC CONSTANT

Because a polarized dielectric gives rise to an equivalent volume charge
density p,.. we expect the electric field intensity due to a given source
distribution in a dielectric to be different from that in free space. In particular,
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Definition of electric
displacement D

Generalized Gauss's
law—applicable to

free space as waell as
to dielectric medium

the divergence postulated in Eq. (3-3) must be modified to include the effect of
Pp: that is,

1
V-E=—(p,+pp) (3-60)
€p
Using Eq. (3-59), we have
V:(eoE + P) = p,. (3-61)

We now define a new fundamental field quantity, the electric flux density, or
electric displacement, D, such that

D=¢E+P (C/m?). (3-62)

The use of the vector D enables us to write a divergence relation between the
electric field and the distribution of free charges in any medium without the
necessity of dealing explicitly with the polarization vector P or the polariza-
tion charge density p,,. Combining Egs,. (3-61) and (3-62) we obtain the new
equation

VeDi=p, (C/m?), (3-63)

where p, is the volume density of free charges. Equations (3-63) and (3-4) are
the two fundamental governing differential equations for electrostatics in any
medium. Note that the permittivity of free space, €, does not appear
explicitly in these two equations.

The corresponding integral form of Eq. (3-63) is obtained by taking the
volume integral of both sides. We have

j VD dv =f 0, dv, (3-64)
v v

or

§ D-ds=Q (). (3-65)
S

Equation (3-65), another form of Gauss’s law, states that the total outward flux
of the electric displacement (or, simply, the total outward electric flux) over
any closed surface is equal to the total free charge enclosed in the surface.
When the dielectric properties of the medium are linear and isotropic,
the polarization is directly proportional to the electric field intensity, and the
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Electric
susceptability

Definition of a linear
dielectric medium
and a homogeneous
dielectric medium

Dielectric constant
(relative
permittivity)

A simple medium

proportionality constant is independent of the direction of the field. We write
P =& 1.E (3-66)

where y, is a dimensionless quantity called electric susceptibility. A dielectric
medium is linear if y, is independent of E and homogeneous if y, is
independent of space coordinates. Substitution of Eq. (3-66) in Eq. (3-62)
yields

D =¢€o(1 + % )E
. 3-67
=€, E=€¢E (C/m?), ( )
where
=14y = 2 (3-68)

€p

is a dimensionless quantity known as the relative permittivity or the dielectric
constant of the medium. The coefficient € = €4¢€, is the absolute permittivity
(often called simply permittivity) of the medium and is measured in farads per
meter (F/m). Air has a dielectric constant of 1.00059; hence its permittivity is
usually taken as that of free space. The dielectric constants of some common
materials are included in Table 3-1 and in Appendix B-3.

Note that €, can be a function of space coordinates. If €, is independent
of position, the medium is said to be homogenous. A linear, homogeneous,
and isotropic medium is called a simple medium. The relative permittivity of a
simple medium is a constant. For anisetropic materials (such as crystals) the
dielectric constant is different for different directions of the electric field, and
D and E vectors have different directions.

TABLE 3-1  DIeLecTRIC CONSTANTS AND DIELECTRIC STRENGTHS OF SOME COMMON
MATERIALS

Dielectric
Material Constant Dielectric Strength (V/m)
Air (atmospheric pressure) 1.0 3 x 10°
Mineral oil 2.3 15; % 10°
Paper 2-4 15 % 108
Polystyrene 2.6 20 x 10°
Rubber 2.3-4.0 25 x 10°
Glass 4-10 30 x 108

Mica 6.0 200 x 10°
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3-71 DIELECTRIC STRENGTH

Dielectric strength

Dielectric strength
of air is 3 (kV/mm)

Principle of a
lightning arrester

Electric field
intensity at a
conductor surface is
higher at points of
larger curvature.

EXAMPLE 3-11 —

We have explained that an electric field causes small displacements of the
bound charges in a dielectric material, resulting in polarization. If the electric
field is very strong, it will pull electrons completely out of the molecules. The
electrons will accelerate under the influence of the electric field, collide
violently with the molecular lattice structure, and cause permanent disloca-
tions and damage in the material. Avalanche effect of ionization due to
collisions may occur. The material will become conducting, and large
currents may result. This phenomenon is called a dielectric breakdown. The
maximum electric field intensity that a dielectric material can withstand
without breakdown is the dielectric strength of the material. The approximate
dielectric strengths of some common substances are given in Table 3-1. The
dielectric strength of a material must not be confused with its dielectric
constant.

A convenient number to remember is that the dielectric strength of air
at the atmospheric pressure is 3(kV/mm). When the electric field intensity
exceeds this value, air breaks down. Massive ionization takes place, and
sparking (corona discharge) follows. Charge tends to concentrate at sharp
points. This is the principle upon which a lightning arrester with a sharp
metal lightning rod on top of tall buildings works. When a cloud containing
an abundance of electric charges approaches a tall building equipped with a
lightning rod connected to the ground, charges of an opposite sign are
attracted from the ground to the tip of the rod, where the electric field
intensity is the strongest. As the electric field intensity exceeds the dielectric
strength of the wet air, breakdown occurs, and the air near the tip is ionized
and becomes conducting. The electric charges in the cloud are then
discharged safely to the ground through the conducting path.

The fact that the electric field intensity tends to be higher at a point near
the surface of a charged conductor with a larger curvature is illustrated
quantitatively in the following example.

Consider two spherical conductors with radii b, and b, (b, > b,) that are
connected by a conducting wire. The distance of separation between the
conductors is assumed to be very large in comparison to b, so that the
charges on the spherical conductors may be considered as uniformly
distributed. A total charge Q is deposited on the spheres. Find

a) the charges on the two spheres, and

b) the electric field intensities at the sphere surfaces.
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FIGURE 3-15 Two connected conducting spheres (Example 3-11).

SOLUTION

a)

b)

Refer to Fig. 3-15. Since the spherical conductors are at the same
potential, we have

0, )

dneoh,  4megh,’

or
0, _b
0, b, .

Hence the charges on the spheres are directly proportional to their
radii. But, since

Ql 25 Q: = Y.
we find that

b, b,
Ql—i"+h2Q dnd Ql_bl+h2Q‘

The electric field intensities at the surfaces of the two conducting
spheres are

0, Q.
g = % and E 4 = %
" amegbl " 2 = 4neob
SO
E”:(ngi:m (3-69)
EZn hl QZ bl

The electric field intensities are therefore inversely proportional to the
radii, being higher at the surface of the smaller sphere which has a larger
curvature.
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EXAMPLE 3-12

When a coaxial cable is used to carry electric power, the radius of the inner
conductor is determined by the load current, and the overall size by the
voltage and the type of insulating material used. Assume that the radius of the
inner conductor is r; = 2(mm) and the insulating material is polystyrene,
determine the inner radius, r,, of the outer conductor so that the cable is to
work at a voltage rating of 10(kV). In order to avoid breakdown due to
voltage surges caused by lightning and other abnormal external conditions,
the maximum electric field intensity in the insulating material is not to exceed

25%, of its dielectric strength.

SOLUTION

From Table 3-1, we find the dielectric constant and dielectric strength of
polystyrene to be 2.6 and 20 x 10° (V/m), respectively. The electric intensity
due to a line charge p, is, from Eq. (3-23),

Ewdf =g
2neq €, r

r ¥

(3-70)

As the cable is to work at a potential difference of 10* (V) between the inner
and outer conductors, we set

0% = — ”Ed :__p/__[nﬁ,
J‘,“ ad 2men(2.6) 1,

or

5.2
lnﬁ=( ”%>xmf (3-71)
r Pr

In order to limit the maximum electric intensity to 25% of 20x 10°, we
require, from Eq. (3-70),

Pr

Max E, = 025 x (20 x 10°) = Stea 201
<€y (2.0)r;

or

Pr — (095 ) 6y 6 -3
——— ] =(0.25%x20x 10°%r; = (5§ x 10°) x (2 x 107 7)
S5.2ne,
= J0%,
Substituting the above value into Eq. (3-71), we obtain In(r,/r;) =1, or

Inr,=14+Inr=1+In2x107)

=1—62158= —5.215.
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Hence,

r, = 0.0054(m), or 5.4(mm).

W EXERCISE 3.9 If the polystyrene of the coaxial cable in Example 3-12 is replaced by air, what would
the maximum allowable working voltage of the cable be? (Maintain the restriction
that the maximum field intensity is not to exceed 25°% of the dielectric strength of the

insulating material.)

ANS. 1.5(kV).

B EXERCISE 3.10 If it is desired that the working voltage of an air-filled coaxial cable having a radius
r; = 2(mm) for the inner conductor is to remain at 10(kV) as in Example 3-9, what

should r, be?

ANs. 1.571 (m).

3-8 BOUNDARY CONDITIONS FOR ELECTROSTATIC FIELDS

Electromagnetic problems often involve media with different physical pro-
perties and require the knowledge of the relations of the field quantities at an
interface between two media. For instance, we may wish to determine how
the E and D vectors change in crossing an interface. We already know the
boundary conditions that must be satisfied at a conductor—free space
interface. These conditions have been given in Egs. (3-45) and (3-46). We now
consider an interface between two general media, shown in Fig. 3-16.

Let us construct a small path abcda with sides ab and ¢d in media 1 and
2, respectively, both being parallel to the interface and equal to Aw. Equation
(3-7) is applied to this path. If we let sides bc = da = Ah approach zero, their

FIGURE 3-16 An interlace between two media.
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Boundary condition
for tangential
component of E

Boundary cordition
for normal
component of D

contributions to the line integral of E around the path can be neglected. We
have

fﬁ E-d/ =E,-Aw+E,*(—Aw) = E,, Aw— E; Aw = 0.
abeda

Therefore

E,=E, (V/m), (3-72)

which states that the tangential component of an E field is continuous across an
interface. When media 1 and 2 are dielectrics with permittivities €, and e,.
respectively, we have

Dy _ Do (3-73)
€4 €
In order to find a relation between the normal components of the fields
at a boundary. we construct a small pillbox with its top face in medium 1 and
bottom face in medium 2, as illustrated in Fig. 3-16. The faces have an area
AS. and the height of the pillbox Ah is vanishingly small. Applying Gauss’s

law, Eq. (3-65) to the pillbox. we have
§ D:ds=(D,-a,, + D;-a,)AS
S
= A, .(Dl il DZ)AS
= p,AS, (3-74)

where we have used the relation a,, = —a,,. Unit vectors a,, and a,, are,
respectively, outward unit normals from media 1 and 2. From Eq. (3-74) we
obtain

a,," (D, —D,) = p,, (3-75a)

or

Dyy—Dy,=p, (C/m?), (3-75b)

where the reference unit normal is outward from medium 2.

Equation (3-75b) states that the normal component of D field is
discontinuous across an interface where a surface charge exists—the amount of
discontinuity being equal to the surface charge density. If medium 2 is a
conductor, D, =0 and Eq. (3-75b) becomes

Dln=€lEln=p(- (3-76)

which simplifies to Eq. (3-46) when medium 1 is free space.
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Boundary conditions
for electrostatic
fields

B EXERCISE 3.11

When two dielectrics are in contact with no free charges at the interface,
ps=0, we have

Dln = DZn (3-77)
or
ElElrl:eZEZn' (3‘78)

Recapitulating, we find that the boundary conditions that must be satisfied
for static electric fields are as follows:

Tangential components: E, =E, (3-79)
Normal components: a,,*(D,—D,) = p,. (3-80)

State and explain the boundary conditions that must be satisfied by the electric
potential at an interface between perfect dielectrics with dielectric constants €,, and

€2,

ANS. €4 i) V, ,'/lwn =€, 0 VZ /Iﬁ”. Vl = Vz.

EXAMPLE 3-13

A lucite sheet (e, = 3.2) is introduced perpendicularly in a uniform electric
field E, =a_E, in free space. Determine E;, D;, and P, inside the lucite.

SOLUTION

We assume that the introduction of the lucite sheet does not disturb the
original uniform electric field E,. The situation is depicted in Fig. 3-17. Since

FIGURE 3-17 A lucite sheet in a uniform electric field (Example 3-13).

.\.

Eu = ax Eo E.u -
| ——
Du = ate()Ea Dn
Free Free
Space Space




114

CHAPTER 3 STATIC ELECTRIC FIELDS

EXAMPLE 3-14

the interfaces are perpendicular to the electric field, only the normal field
components need be considered. No free charges exist.
Boundary condition Eq. (3-77) at the left interface gives

Di = axDi = axDo!
or
D.' = aXEOE".

There is no change in electric flux density across the interface. The electric
field intensity inside the lucite sheet is

1 | E
E=—D;= D. = £,
S i T T a"3.2

L A

Hence the effect of the lucite sheet is to reduce electric intensity. The
polarization vector is zero outside the lucite sheet (P, =0). Inside the sheet,

|
P;=D;—¢kK; = a.\'(‘ .. ﬁ)eot;o

= a,0.6875¢,E, (C/m?).

Clearly, a similar application of the boundary condition Eq. (3-77) on the
right interface will yield the original E, and D, in the free space on the right of
the lucite sheet.

Does the solution of this problem change if the original electric field is
not uniform; that is, if E, =a_E(y)?

Two dielectric media with permittivities €, and €, are separated by a charge-
free boundary as shown in Fig. 3-18. The electric field intensity in medium 1
at the point P, has a magnitude E, and makes an angle , with the normal.
Determine the magnitude and direction of the electric field intensity at point
P, in medium 2.

SOLUTION

Two equations are needed to solve for two unknowns E,, and E,,. After E,,
and E,, have been found, E, and «, will follow directly. Using Egs. (3-72) and
(3-77), we have

E, sina, = E; sin o (3-81)
and

€,E; cos o, = €, E, cos a,. (3-82)
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FIGURE 3-18 Boundary conditions at the interface between two dielectric media
(Example 3-14).

Division of Eq. (3-81) by Eq. (3-82) gives

tan o, €, (3-83)

tan o, €,

The magnitude of E, is

E, = /E% + E%, = \/(E, sin a,)* + (E; cos «,)*

2 ]1/2
- [(E, sin 2,)? +(:—1 E, cos al) ] :
2

€ 2 |1/2
E, = E; [sinzat1 + <—1 cos al) } . (3-84)
€

By examining Fig. 3-18, can you tell whether €, is larger or smaller than €,?

or

If medium 2 is a conductor, there can be no electric field in medium 2
under static conditions, and E, at the boundary has only a normal
component (%, =0). We have E, =a,E,,=a,D,,/e, =a,p,/€,, where p, is
the surface charge density and a, is the outward normal from the conductor
surface.

Assume that two homogeneous isotropic dielectric media with dielectric constants
€,=3 and ¢€,=2 are separated by the xy-plane. At a common point,
E,=a,—a5—a.4 Find E,, D,, «;, and «,.

ANs. D, = 2¢,E, = 2¢,(a,—a,5—2.6), 38.1°, 49.6°.
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REVIEW QUESTIONS
.3-11 Why are there no free charges in the interior of a good conductor under static
conditions?
Q.3-12 Define polarization vector. What is its SI unit?
.3-13 What are polarization charge densities? What are the SI units for P-a, and
V+<P?
Q.3-14 What do we mean by a simple medium?
Q.3-15 Define electric displacement vector. What is its SI unit?
Q.3-16 Define electric susceptibility. What is its unit?
Q.3-17 What is the difference between the dielectric constant and the dielectric
strength of a dielectric material?
().3-18 Explain the principle of operation of lightning arresters.

(Q.3-19 What are the general boundary conditions for E and D at an interface
between two different dielectric media with dielectric constants €,, and €,,?

.3-20 What are the boundary conditions for electrostatic fields at an interface
between a conductor and a dielectric with permittivity €?

().3-21 What is the boundary condition for electrostatic potential at an interface
between two different dielectric media?

REMARKS = S — —

1. Under static conditions the E field inside a conductor is zero.

2. Under static conditions the surface of a conductor is an equipotential
surface, and the E field there is everywhere normal to the surface. ‘

3. At an interface between two different dielectric media the electric
potential is continuous. \

‘ 4. Do not confuse the dielectric constant of a medium, €,, with its
permittivity, €. The former is dimensionless; the SI unit for the latter is )
L (F/m).

3-9 CAPACITANCES AND CAPACITORS — - S -

From Section 3-6 we understand that a conductor in a static electric field is
an equipotential body and that charges deposited on a conductor will
distribute themselves on its surface in such a way that the electric field inside
vanishes. Suppose the potential due to a charge Q is V. Increasing the total
charge by some factor k would merely increase the surface charge density p,
everywhere by the same factor without affecting the charge distribution,
because the conductor remains an equipotential body in a static situation.
We may conclude from Eq. (3-39) that the potential of an isolated conductor
is directly proportional to the total charge on it. This may also be seen from
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FIGURE 3-19 A two-conductor capacitor.

Definition of
capacitance

the fact that increasing V by a factor of k increases E = —VV by a factor of k.
But from Eq. (3-46). E = a, p,/€,: it follows that p,, and consequently the total
charge Q will also increase by a factor of k. The ratio Q/V therefore remains
unchanged. We write

Q=CV, (3-85)

where the constant of proportionality C is called the capacitance of the
isolated conducting body. Its SI unit is coulomb per volt, or farad (F).

Of considerable importance in practice is the capacitor (or condenser),
which consists of two conductors separated by free space or a dielectric
medium. The conductors may be of arbitrary shapes as in Fig. 3-19. When a
d-c voltage source is connected between the conductors, a charge transfer
occurs, resulting in a charge +Q on one conductor and —Q on the other.
Several electric field lines originating from positive charges and terminating
on negative charges are shown in Fig. 3-19. Note that the field lines are
perpendicular to the conductor surfaces, which are equipotential surfaces.
Equation (3-85) applies here if V' is taken to mean the potential difference
between the two conductors, V;,. That is,

c=2 @ (3-86)
iz

The capacitance of a capacitor is a physical property of the two-
conductor system. It depends on the geometry of the capacitor and on the
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Procedure for
determining C

EXAMPLE 3-15

permittivity of the medium. Capacitance C between two conductors can be
determined from Eq. (3-86) using the following procedure:

Choose an appropriate coordinate system for the given geometry.
Assume charges +Q and —Q on the conductors.
Find E from Q by Eq. (3-76), Gauss’s law, or other relations.

S R =

Find V,, by evaluating

1
Vll = —J\ E'd{

-

from the conductor carrying —Q to the other carrying + Q.
5. Find C by taking the ratio Q 'V;,.

A parallel-plate capacitor consists of two parallel conducting plates of area S
separated by a uniform distance d. The space between the plates is filled with
a dielectric of a constant permittivity €. Determine the capacitance.

SOLUTION

A cross section of the capacitor is shown in Fig. 3-20. The appropriate
coordinate system to use here is the Cartesian coordinate system. Following
the procedure outlined above, we put charges + Q and — Q on the upper and
lower conducting plates, respectively. The charges are assumed to be
uniformly distributed over the conducting plates with surface densities + p,
and — p,, where

FIGURE 3-20 Cross section of a parallel-plate capacitor (Example 3-15).

Va
Dielectric
+ (permittivity €) Aren S
{ 77277 Z 2 Z T2 777772Z.
‘+’r-m«'+2’-'+ 1+ 1+ 1+ +
2% Aty = e i
' : B
3 e oy Eligd
v i oD, SnOd) iadih, Lso ARk, Arctth, g
LLLL 2

D227 777777777 77777777,
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Capacitance of a
parallel-plate
capacitor

m EXERCISE 3.13

EXAMPLE 3-16

which is constant within the dielectric if the fringing of the electric field at the
edges of the plates is neglected. Now

y=d d Q . _g
Vi, = —J;:O E-df = “J‘o(—a}'2§> (a!’dy)—esd'

Therefore, for a parallel-plate capacitor,

(3-87)

a8

s

ngze
VIZ

which is independent of Q or V,,.

Determine the capacitance of the parallel-plate capacitor in Fig. 3-20 by starting with
an assumed potential difference V;, between the upper and lower plates, then finding
Q and taking the ratio Q/V,,.

A cylindrical capacitor, shown in Fig. 3.21, consists of an inner conductor of
radius a and an outer conductor whose inner radius is b. The space between
the conductors is filled with a dielectric of permittivity €, and the length of the
capacitor is L. Determine the capacitance of this capacitor.

SOLUTION

We use cylindrical coordinates for this problem. First we assume charges +Q

and —Q on the surface of the inner conductor and the inner surface of the
outer conductor, respectively. The E field in the dielectric can be obtained by

FIGURE 3-21 A cylindrical capacitor (Examples 3-16 and 3-19).

Diclectric, €
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Capacitance of a
cylindrical capacitor

B EXERCISE 3.14

applying Gauss’s law to a cylindrical Gaussian surface within the dielectric
a < r < b. Noting that p, = Q/L, we have, from Eq. (3-23),

Q

E= a,E,= ﬂ,m.

(3-88)

Again we neglect the fringing effect of the field near the edges of the con-
ductors. The potential difference between the inner and outer conductors is

o r=a ) - a L X
V== ‘[’_h Esdl = L (a, 2n:eLr> (a,dr)

3-89
= 0 In <é> ( )
2nel a

Therefore, for a cylindrical capacitor,

_9 _ :
C—Vab_ . (3-90)

Assume the Earth to be a large conducting sphere (radius =6.37 x 10®km) sur-
rounded by air. Find its capacitance referring to infinity.

ANS. 7.08 x 10™*(F).

3-10 ELECTROSTATIC ENERGY AND FORCES

In Section 3-5 we indicated that electric potential at a point in an electric field
is the work required to bring a unit positive charge from infinity (at reference
zero-potential) to that point. To bring a charge Q, (slowly, so that kinetic
energy and radiation effects may be neglected) from infinity against the field
of a charge Q, in free space to a distance R, ,, the amount of work required is
9,
W,=0,V,=0, ————. 3-91

y =0 =0, ane,R,, (3-91)
Because electrostatic fields are conservative, W, is independent of the path
followed by Q,. Another form of Eq. (3-91) is

Q.
W, = —_— = V. 3-92
2 Q'4neoR‘z oV ( )

This work is stored in the assembly of the two charges as potential energy.
Combining Egs. (3-91) and (3-92), we can write

W, = 30, V) + @, 1)) (3-93)
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Electric energy
stored in a system of
discrete point
charges

Relation between
joule and electron-
volit

B EXERCISE 3.15

Now suppose another charge Q4 is brought from infinity to a point that
is R;5 from Q, and R,; from Q,; an additional amount of work is required
that equals

(3-94)

AW = Q3V3 = Q3< Ql 4 QZ >

4negR,3  4megR,4
The sum of AW in Eq. (3-94) and W, in Eq. (3-91) is the potential energy, Wj,
stored in the assembly of the three charges Q,, Q,, and Q5. That is,

I (0.0, 0,05 0,0,
W = W, W= === 3-95
’ A 4”‘0( Ry, . Ris E R,; ( )

We can rewrite W; in the following form:
1
woollo (@ , & \.o( & . o
2 4ne R, 4meyR 4 4negR,, 4negR,,

ot s B Y]
4ne R,y  4meyR,,

= %(Ql Vi + 0.V, + Q3V3)- (3-96)

In Eq. (3-96), V,, the potential at the position of Q,, is caused by charges Q,
and Q; it is different from the V; in Eq. (3-92) in the two-charge case.
Similarly V; and V; are the potentials at 0, and Q, respectively, in the three-
charge assembly.

Extending this procedure of bringing in additional charges, we arrive at
the following general expression for the potential energy of a group of N
discrete point charges at rest. (The purpose of the subscript e on W, is to
denote that the energy is of an electric nature.) We have

1
W, =

b

N
k; Ve () (3-97)

where V,, the electric potential at Q,. is caused by all the other charges.
The SI unit for energy, joule (J), is too large a unit for work in physics of
elementary particles, where energy is more conveniently measured in terms of
a much smaller unit called electron-volt (eV). An electron-volt is the energy or
work required to move an electron against a potential difference of one volt.

1 (V) =(160x 10719 % 1 = 1.60 x 10~*° (J). (3-98)

Energy in (eV) is essentially that in (J) per unit electronic charge.

Convert the kinetic energy of 2 (TeV) of the proton beam of a very powerful high-
energy particle accelerator into joules.

ANs. 3.20 x 1077 (J).
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B EXERCISE 3.16

EXAMPLE 3-17

Determine the amount of energy needed to arrange three point charges —1 (uC), 2
(1C), and 3 (uC) at the corners of an equilateral triangle of sides 10 (cm) in free space.

ANS. 0.09 (J).

Find the energy required to assemble a uniform sphere of charge of radius b
and volume charge density p,.

SOLUTION

Because of symmetry, it is simplest to assume that the sphere of charge is
assembled by bringing up a succession of spherical layers of thickness dR. At
a radius R shown in Fig. 3-22 the potential is

Or

R = m.
where Qy is the total charge contained in a sphere of radius R:
Ok = p,37R°.
The differential charge in a spherical layer of thickness dR is
dQg = p,4nR*dR,

and the work or energy in bringing up dQp is
4n
dW = VRdQR . —pl R4dR

Hence the total work or energy required to assemble a uniform sphere of
charge of radius b and charge density p, is

4np2b’
i pv "RéqR = AP J). (3-99)
0 ]550

In terms of the total charge

Q pl a b3
we have
30°
. = 20me b (J). (3-100)

Equation (3-100) shows that the energy is directly proportional to the square
of the total charge. The sphere of charge in Fig. 3-22 could be a cloud of
electrons, for instance.
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Electric energy
stored in a
continuous
distribution of
charge

v

FIGURE 3-22 Assembling a uniform sphere of charge (Example 3-17).

For a continuous charge distribution of density p, the formula for W, in
Eq. (3-97) for discrete charges must be modified. Without going through a
separate proof, we replace Q, by p,dv and the summation by an integration
to obtain

W, =

e

B =

f p.Vdv (J). (3-101)
-

In Eq. (3-101), V is the potential at the point where the volume charge density
is p, and V' is the volume of the region where p, exists. Note that W, in Eq.
(3-101) includes the work (self-energy) required to assemble the distribution of
macroscopic charges, because it is the energy of interaction of every
infinitesimal charge element with all other infinitesimal charge elements.

3-10.1 ELECTROSTATIC ENERGY IN TERMS OF FIELD QUANTITIES

In Eq. (3-101) the expression of electrostatic energy of a charge distribution
contains the source charge density p, and the potential function V. We
frequently find it more convenient to have an expression of W, in terms of
field quantities E and/or D, without knowing p, explicitly. To this end, we
substitute V*D for p, in Eq. (3-101).

We=1j (V-D)Vdv. (3-102)
2 )y

Now, using the vector identity (from Problem P.2-25), Eq. (2-114),
V'(VD)=VV-D + D"-VV, (3-103)
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we can write Eq. (3-102) as

w;,=1 V-(VD)do— - | D-VVdy
2 v 2 v

§ VD'a,,ds+_l;J‘ D - Edv, (3-104)
S & v

P =

where the divergence theorem has been used to change the first volume
integral into a closed surface integral and E has been substituted for —VV in
the second volume integral. Since V' can be any volume that includes all the
charges, we may choose it to be a very large sphere with radius R. As we let
R — x, electric potential ¥ and the magnitude of electric displacement D fall
off at least as fast as 1/R and 1/R? respectively." The area of the bounding
surface S’ increases as R?. Hence the surface integral in Eq. (3-104) decreases
at least as fast as 1/R and will vanish as R — oo. We are then left with only the
second integral on the right side of Eq. (3-104):

Electric energy in 1

terms of E and D W, = 5 jlv D-Edv (J). (3-105)

Using the relation D = €E for a linear and isotrophic medium, we can write
W, in terms of E alone.

Electric energy in W = lj eE2 dv (). (3-106)
-

terms of E and ¢ e -

We can also define an electrostatic energy density w, such that its volume
integral equals the total electrostatic energy:

W, = f w, d, (3-107)
"

where

w, =3eE2  (J/m). (3-108)

EXAMPLE 3-18 — S—— Se— — . . -

In Fig. 3-23 a parallel-plate capacitor of area S and separation d is charged to
a voltage V. The permittivity of the dielectric is €. Find the stored electrostatic
energy.

"For point charges V oc 1/R and D o 1/R? for dipoles ¥ o 1/R* and D = 1/R>.
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FIGURE 3-23 A charged parallel-plate capacitor (Example 3-18).

SOLUTION

With the d-c source (batteries) connected as shown, the upper and lower
plates are charged positive and negative, respectively. If the fringing of the
field at the edges is neglected, the electric field in the dielectric is uniform (over
the plate) and constant (across the dielectric), and has a magnitude

E=-—.
d

Using Eq. (3-106), we have

L[ (Y, 1 (V. 1S\,
W‘,_EJ‘V'G(E> dl,_ie(g) i) = 3(<3)v2 (3-109

The quantity in the parentheses of the last expression, €S/d, is the capacitance
of the parallel-plate capacitor (see Eq. 3-87). So,

(ST

cv? (J). (3-110)

Electric energy VVe =
stored in a capacitor

The following example illustrates how Eq. (3-110) can be used in conjunction
with Eq. (3-106) to determine capacitances.

EXAMPLE 3-19 -

Use energy formulas (3-106) and (3-110) to find the capacitance of a
cylindrical capacitor having a length L, an inner conductor of radius a, an
outer conductor of inner radius b, and a dielectric of permittivity €, as shown
in Fig. 3-21.
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SOLUTION

By applying Gauss’s law, we know that

Q

—, a<r<b.
"2nelLr

E=aE =2

The electrostatic energy stored in the dielectric region is, from Eq. (3-106),

1 [i© g
W, = 3 J.a € (ZneLr) (L2nr dr)

2 2
.2 rer_ & (P (3-111)
4rel |o r 4dmel a

On the other hand, W, can also be expressed in terms of capacitance C. From
Egs. (3-110) and (3-111) we have

_‘C Q Z—QZ—_ QZ é
WE*E(E) -E_4neLln<a)'

Solving for C, we get

which is the same as that given in Eq. (3-90).

® EXERCISE 3.17 Two capacitors having capacitances 20 (¢F) and 40 (¢F) are connected in series across
a 60-(V) battery. Calculate the energy stored in each capacitor.

ANS. 16 (m]), 8 (mJ]).

3-10.2 ELECTROSTATIC FORCES

Coulomb’s law governs the force between two point charges. In a more
complex system of charged bodies, using Coulomb’s law to determine the
force on one of the bodies that is caused by the charges on other bodies would
be very tedious. This would be so even in the simple case of finding the force
between the plates of a charged parallel-plate capacitor. We now discuss a
method for calculating the force on an object in a charged system from the
electrostatic energy of the system. This method is based on the principle of
virtual displacement.

We consider an isolated system of charged conducting, as well as
dielectric, bodies separated from one another with no connection to the
outside world. The charges on the bodies are constant. Imagine that the
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Determining
electrostatic force
on charged bodies by
method of virtual
displacement

electric forces have displaced one of the bodies by a differential distance d¢ (a
virtual displacement). The mechanical work done by the system would be

dW = F,-d¢, (3-112)

where F is the total electric force acting on the body under the condition of
constant charges. Since we have an isolated system with no external supply of
energy, this mechanical work must be done at the expense of the stored
electrostatic energy; that is,

dW = —dW,=F,-d(. (3-113)
Noting from Eq. (2-51) in Section 2-5 that the differential change of a scalar

resulting from a position change d7 is the dot product of the gradient of the
scalar, and d¢, we write

AW, = (VW,)- d¢. (3-114)

Since df is arbitrary, comparison of Egs. (3-113) and (3-114) leads to the
following relation:

Fo=—-VW, (N). (3-115)

In a three-dimensional space, the vector equation (3-115) is actually
three equations. For instance, in Cartesian coordinates the force in the x-
direction is

ow,
ox

(Fg)e = (3-116)

Similarly for the other directions.

EXAMPLE 3-20

Determine the force on the conducting plates of a charged parallel-
plate capacitor, whose plates have an area S and are separated in air by a
distance x.

SOLUTION

Assuming fixed charges + Q on the plates, we write the stored electric energy
as, from Eq. (3-110),

W, =4icv? =10V (3-117)

If fringing effect is neglected, there exists a constant electric field intensity E
between the plates, where

B g e g 2 (3-118)
€ €05
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The potential difference V' between the upper and lower plates is

i Q
Vz—J E-a,dx =—x. (3-119)
Lower GOS
plate
Substituting V from Eq. (3-119) in Eq. (3-117) and using Eq. (3-116), we obtain
ov @
Foli= —=——=+— : 3-120
(Fo)- 2 ox Vs ( )

The negative sign in Eq. (3-120) indicates that the force is opposite to the
direction of increase of x.

REVIEW QUESTIONS

REMARKS

Q.3-22 Define capacitance and capacitor.

Q.3-23 Write the capacitance formula for a parallel-plate capacitor of area S whose
plates are separated by a medium of dielectric constant €, and thickness d.

Q.3-24 What is the definition of an electron-volt? How does it compare with a joule?
Q.3-25 Write the expression for electrostatic energy in terms of E.

Q.3-26 Discuss the meaning and use of the principle of virtual displacement.

1. The capacitance of a capacitor is independent of the charge on the
conductors or the potential difference between them.

2. The electrostatic energy stored in a system of discrete charges can be
either positive or negative.

3. Energy formula Eq. (3-105) holds for a general medium, but Eq.
(3-106) holds only for a linear and isotrophic medium.
4. It can be proved that the formula for stored electrostatic energy in Eq.

(3-110) holds not only for parallel-plate capacitors but also for any
two-conductor system.

3-11 SOLUTION OF ELECTROSTATIC BOUNDARY-VALUE PROBLEMS

Earlier in this chapter we dealt with techniques for determining the electric
field intensity, electric potential, and electric flux density for given charge
distributions. In many practical problems, however, the exact charge distri-
bution is not known everywhere, and the formulas we have developed so far
cannot be applied directly. For instance, if the charges at certain discrete
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points in space and the potentials of some conducting bodies are given, it is
rather difficult to find the distribution of surface charges on the conducting
bodies and/or the electric field intensity in space. In this section we discuss
certain methods of solution for problems where the conditions at
conductor/free space (or dielectric) boundaries are specified. These types of
problems are called boundary-value problems. First, we formulate the dif-
ferential equations that govern the electric potential in an electrostatic
situation.

3-11.1 POISSON'S AND LAPLACE'S EQUATIONS

Poisson’s equation in
operator form

In Section 3-7 we pointed out that Eqs. (3-63) and (3-4) are the two
fundamental governing differential equations for electrostatics in any
medium. These equations are repeated below for convenience.

Eq. (3-63): YD =p,. (3-121)
Eq. (3-4): N ix E=0Q (3-122)

The irrotational nature of E indicated by Eq. (3-122) enables us to define a
scalar electric potential V. as in Eq. (3-26).

Eq. (3-26): E=—VV. (3-123)
In a linear and isotropic medium D = €E, and Eq. (3-121) becomes

VeE = p,. (3-124)
Substitution of Eq. (3-123) in Eq. (3-124) yields

V-(eVV)= —p,. (3-125)

where € can be a function of position. For a simple medium—that is, for a
medium that is also homogeneous-— € is a constant and can then be taken out
of the divergence operation. We have

€

In Eq. (3-126) we have introduced a new operator, V*(delsquare), the
Laplacian operator, which stands for “the divergence of the gradient of,” or
V-V. Equation (3-126) is known as Poisson's equation. In Cartesian
coordinates,

7 i) 0 oV oV oV
V2V=V-VV=<axf—+a.f—+a £>'<a,;+a‘.t. +a.( )
X 'y X )

&y | ez
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and Eq. (3-126) becomes

: O i€ a2 217 a2
Poisson’s equation in il s ol 4 &V Pu
—— — o= 2
Cartesian A + a2 T = (V/m?). (3-127)
coordinates ) ¥ = €

Similarly, by using Egs. (2-70) and (2-57) we can verify the following
expressions for V2V in cylindrical and spherical coordinates.
Cylindrical coordinates:

a( av\ 18V v
—_—f P +-3 '+—"2“. (3-[28)

Spherical coordinates:

1 3 Vv 1 é av | Fidd 4
vww=— (R s~ aingl V4O
R aR< ("R) RZsin020\" """ 30 ) T R¥sin20 69

(3-129)

The solution of Poisson’s equation in three dimensions subject to prescribed
boundary conditions is, in general, not an easy task.

At points in a simple medium where there is no free charge, p, = 0 and
Eq. (3-126) reduces to

Laplace’s equation in ViV =0, (3-130)
operator form

which is known as Laplace’s equation. Laplace’s equation occupies a very
important position in electromagnetics. In Cartesian coordinates we have

M2y A2V A2/

ikl i b

Laplace’s equation in s o e e e = 0. (3-131)
cartesian X (&) 0z

coordinates

3-11.2 BOUNDARY-VALUE PROBLEMS IN CARTESIAN COORDINATES

The simplest situation is when V is a function of only one coordinate. We
illustrate this situation with an example.

EXAMPLE 3-21 = e
Two large parallel conducting plates are separated by a distance d and
maintained at potentials 0 and V,, as shown in Fig. 3-24. The region between
the plates is filled with a continuous distribution of electrons having a volume
density of charge p, = —p,y/d. Assuming negligible fringing effect at the
edges, determine
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FIGU

11

YA

1]

RE 3-24 A parallel-plate capacitor (Example 3-21).

0

a) the potential at any point between the plates, and
b)  the surface charge densities on the plates.
SOLUTION
a) Here the governing equation is Poisson’s equation (3-127), which
simplifies to
d*V(y) Po
= 3-132
B gl ( )
Integrating Eq. (3-132) twice, we have
Po 3
V(y) — _—y + Cly + Cz. (3'133)
6€,d
The boundary conditions on the two conducting plates are:
At y =0, V=0=C,
pod’ Vo pod
ty= V=V,=—~+Cd, Ci=———.
A ff weiy °7 6e, T4 7 d 6
Substituting the above values of C, and C, in Eq. (3-133), we obtain the
solution for Poisson’s equation (3-132).
Po 3 Vo  pod
Vit = . il iy (T 3-134
(y) 6eod’ +<d 6e0>" ( )
The electric field intensity is —VV.
id Po o pod
E(y)= —a,— = —a, 2 ———1 3-135
b=t = [2eod} N (d Beo B9
b)  The surface charge densities on the conducting plates can be found

from the boundary condition given in Eq. (3-46).
At the lower plate, y = 0.
€ Vo | pod
+ =,
d 6

a, = a,, Pyt = €()E’,/ = —
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B EXERCISE 3.18

At the upper plate, y = d.

€V d
a, = —a,, Psu = —GOE)‘u . (\dO p%

In this case, p,, # — py, and it no longer is meaningful to compute the
capacitance.

Show that the following potential functions satisfy two-dimensional Laplace’s
equation:

a) Ae * sin ky. and

B As (mr ) h[nn{ ’]
sin{ — x Jcosh| —(a — y) |,
b "Rl

where A, k, a. and b are constants.

3-11.3 BOUNDARY-VALUE PROBLEMS IN CYLINDRICAL COORDINATES

Laplace’s equation in
cylindrical
coordinates

B EXERCISE 3.19

Laplace’s equation for scalar electric potential V in cylindrical coordinates is,
from Eq. (3-128),
1 d ( ﬁV) 182y *V

or) rPagr " o

o =9, (3-136)
rér'\ or

A general solution of Eq. (3-136) is rather involved. In situations where there
is cylindrical symmetry (82V/d¢* = 0) and the lengthwise dimension is very
large in comparison to the radius (¢2V/dz? = 0), Eq. (3-136) reduces to

d [ dV
el P Yol T -137
dr (r dr> 0, > )
and V is a function of the radial dimension r only. Equation (3-137) can be
integrated twice to yield

Vir)=C,Inr + C,, (3-138)

where the integration constants C, and C, are to be determined by the
boundary conditions of the problems.

The radius of the inner conductor of a long coaxial cable is a. The inner radius of the
outer conductor is b. If the inner and outer conductors are kept at potentials V;, and 0
respectively, determine the electric potential and the electric field intensity in the
insulating material by solving Laplace’s equation.

ANs. V = V,In(b/r)/In(b/a), E = a,V,/r*In(b/a).

If the problem is such that electric potential changes only in the
circumferential direction and not in r- and z-directions, Eq. (3-136) reduces to
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1 9%V
r 0¢?

We illustrate this case with the following example.

= (3-139)

Two infinite insulated conducting planes maintained at potentials 0 and V;,
form a wedge-shaped configuration, as shown in Fig. 3-25. Determine the
potential distributions for the regions:

a) 0<¢<a and
b) a<¢<2m

SOLUTION

Here we have dV/dr = 0 and dV/éz = 0. Since the region at r = 0 is excluded,
Eq. (3-139) becomes

d*v

— =0. 3-140

e 0 ( )
V depends only on ¢, and can be obtained from Eq. (3-140) by integrating
twice.

V(p)= K ¢ + K,. (3-141)

The two integration constants K, and K, are to be determined from
boundary conditions.

a) For0<¢p<u

At o =0, F(0) =0=K,. (3-142a)
At ¢ =1, Vi) = Vo= Ko, K= Vp/a. (3-142b)
Therefore, from Eq. (3-141),

o
w@=f¢, 0<p<a (3-143)

FIGURE 3-25 Two infinite insulated conducting planes maintained at constant
potentials (Example 3-22).
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b) Foracx< ¢ <2m

At ¢ = a, V(x) = aK; + K,. (3-144a)
At ¢ =2n, V(2rn)=2nK, + K,. (3-144b)
Solving Egs. (3-144a) and (3-144b), we find
R, it om et (3-145a)
2r — o
and
2n¥,
Rl e (3-145b)

Finally, from Egq. (3-141), we obtain
Vig) =

Vo
zn_a(zn_¢)v 1S¢S27r (3-]46)

3-11.4 BOUNDARY-VALUE PROBLEMS IN SPHERICAL COORDINATES

EXAMPLE 3-23

Poisson’s and Laplace’s equations for scalar electric potential V in spherical
coordinates can be obtained by using Eq. (3-129). In the following example
we discuss a simplified, one-dimensional case.

The inner and outer radii of two concentric, thin, conducting, spherical shells
are R; and R, respectively. The space between the shells is filled with an
insulating material. The inner shell is maintained at a potential V; and the
outer shell at V,. Determine the potential distribution in the insulating
material by solving Laplace’s equation.

SOLUTION

Since the given situation as shown in Fig. 3-26 has spherical symmetry, the
electric potential is independent of 6 or ¢. Substitution of the simplified Eq.
(3-129) in Eq. (3-130) yields the following one-dimensional Laplace’s
equation.

d ,dv

E(R ﬁ) = 0. (3-147)
Integrating Eq. (3-147) with respect to R once, we have

av  C,

To —Hah 3-148
A second integration yields

(&)
Vim g 4G (3-149)

R
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FIGURE 3-26 Two concentric conducting shells maintained at constant potentials
(Example 3-23).

The two integration constants C, and C, are to be determined from the
boundary conditions at the two conducting shells.

At R = R,
V, = <5 + C,. (3-150a)
R;
AtR=R,,
V, = —% + C,. (3-150b)
The solution of Egs. (3-150a) and (3-150b) gives
_ RR(Vi = 1)
C, = R, — R, (3-151a)
and
_R)V; — R}V,
C,= R _R, (3-151b)

Therefore, the potential distribution between the two shells is, from Egs.
(3-149), (3-151a), and (3-151b),

1 [RiR,
e — R;[ & (Vi = V) + RV, — RiVl], R,<R<R,.
(3-152)

We note from Eq. (3-152) that V is independent of the dielectric constant of
the insulating material.
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B EXERCISE 3.20

Find the potential distribution in the region R > R, in Example 3-23.

ANS. V= R,V,/R.

3-11.5 METHOD OF IMAGES

Method of images
simplifies solution of
certain problems.

Uniqueness theorem

There is a class of electrostatic problems with boundary conditions that
appear to be difficult to satisfy if the governing Poisson’s or Laplace's
equation is to be solved directly, but the conditions on the bounding surfaces
in these problems can be set up by appropriate image charges, and the
potential distributions can then be determined in a straightforward manner.
This method of replacing bounding surfaces by appropriate image charges
instead of attempting a formal solution of a Poisson’s or Laplace’s equation is
called the method of images.

Before we discuss the method of images, it is important to know that a
solution of Poisson’s equation (of which Laplace’s equation is a special case)
that satisfies a given set of boundary conditions is a unique solution. This
statement is called the wuniqueness theorem. Because of the uniqueness
theorem, a solution of an electrostatic problem satisfying that set of boundary
conditions is the only possible solution, irrespective of the method by which
the solution is obtained. A solution obtained even by intelligent guessing is
the only correct solution. The uniqueness theorem can be proved formally,’
but we will just accept its verity.

In the following we will discuss several important applications of the
method of images.

A.  Point Charges Near Conducting Planes

We illustrate this type of problem with an example.

EXAMPLE 3-24

A positive point charge Q is located at a distance d above a large
grounded (zero-potential) conducting plane, as shown in Fig. 3-27(a).
Find (a) the potential at an arbitrary point P(x, y, z) in the y > 0 region,
and (b) the induced charge distribution on the surface of the conducting
plane.

SOLUTION

a) A formal procedure for solving this problem would require the
solution of Poisson’s equation in the y > 0 region subject to the
boundary condition that V= 0 at y = 0 and at infinity. The direct

*See, for instance, D. K. Cheng, Field and Wave Electromagnetics, Second Edition, pp. 158-159,
Addison-Wesley Publishing Co., Reading, Mass., 1989.
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construction of such a solution is difficult. On the other hand, if
Image of a point d th d : 12 and laceid it By an i
charge near a large we removed the conducting plane and replaced it by an image
conducting plane point charge —Q at y = —d, as shown in Fig. 3-27(b), neither the
situation in the y > 0 region nor the boundary conditions would
be changed. The potential at a point P(x,y,z) due to the two
charges can be written down by inspection.

1 1
V(Xs Vs :) s Q < - —>

4ne, \R, R_
0] 1
" ame, [\/F-F (y=dp + 22
- : v ] v=0; (3-153a)
X+ +d)? + 22
and
Vix, y,2)=0, y<0. (3-153b)

Since the given boundary conditions are satisfied, Egs. (3-153a)
and (3-153b) represent the correct solution by virtue of the
uniqueness theorem.

b)  Inorder to find the induced charge distribution on the conducting
surface, we first determine the electric field intensity. From Eq.
(3-153a) we have

E=-VV

_ 0 Jax+a(y—d)+az a +aly+d)+a.:
 dneg [[x* 4+ (p—dPF + 22177 [x® +(y +d)? + 223120
y=0. (3-154)

FIGURE 3-27 Point charge and grounded plane conductor (Example 3-24).

Plx,. 3,:2)

(0, d, 0)

Grounded
plane conductor

— <y =0plane

(a) Physical arrangement.

(Image charge)

(b) Image charge and field lines.
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m EXERCISE 3.21

Image line charge

The induced surface charge density is, from Egs. (3-46) and
(3-154),

Qd
= ™ = -— & 3'155
ps = &k, - 2r(x? + d? + 2232 ( .

It must be emphasized that the method of images can be used to
determine the fields only in the region where the image charges are not
located. Thus, in Example 3-24, the point charges + Q and — Q cannot
be used to calculate V or E in the y < 0 region. As a matter of fact, both
V and E vanish in the y < 0 region.

Find the total amount of charge induced on the surface of the infinite conducting
plane in Example 3-24.

ANS. —Q.

B.

Line Charge Near a Parallel Conducting Cylinder

We now consider the problem of a line charge p,(C/m) located at a
distance d from the axis of a parallel, conducting, circular cylinder of
radius a. Both the line charge and the conducting cylinder are assumed
to be infinitely long. Figure 3-28(a) shows a cross section of this
arrangement. Before we approach this problem by the method of
images, we note the following: (1) The image must be a parallel line
charge inside the cylinder in order to make the cylindrical surface at
r = a an equipotential surface. Let us call this image line charge p;. (2)
Because of symmetry with respect to the line OP, the image line charge
must lie somewhere along OP, say at point P,, which is at a distance d;
from the axis (Fig. 3-28b). We need to determine the two unknowns, p;
and d;.
As a first step, let us assume that

pl-= —p/_ (3‘156)

At this stage, Eq. (3-156) is just a trial solution (an intelligent guess), and
we are not sure that it will hold true. We proceed with this trial solution
until we find that it fails to satisfy the boundary conditions. However, if
Eq. (3-156) does lead to a solution that satisfies all boundary conditions,
then by the uniqueness theorem it is the only solution. Our next job will
be to see whether we can determine d;.

The electric potential at a distance r from a line charge of density
p¢ can be obtained by integrating the electric field intensity E given in
Eq. (3-23):
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(a) Line charge and parallel conducting cylinder. (b) Line charge and its image.

FIGURE 3-28 Cross section of line charge and its image in a parallel, conducting,
circular cylinder.

3 Pr o r
V=—| Edr=— J-dr= P 3. To 1
L T e In > (3-157)

Note that the reference point for zero potential, r,, cannot be at infinity
because setting r, = oo in Eq. (3-157) would make V infinite everywhere
else. Let us leave r, unspecified for the time being. The potential at a
point on or outside the cylindrical surface is obtained by adding the
contributions of p, and p;. In particular, at a point M on the cylindrical
surface shown in Fig. 3-28(b) we have

Pt jqTo_ P To _ Pe T (3-158)

V., =
M= =
2neq r 2mey r; 2me, r

In Eq. (3-158) we have chosen, for simplicity, a point equidistant from
p, and p; as the reference point for zero potential so that the Inr, terms
cancel. Otherwise, a constant term should be included in the right side
of Eq. (3-158), but it would not affect what follows. Equipotential
surfaces are specified by

% = Constant, (3-159)

If an equipotential surface is to coincide with the cylindrical surface
(OM = a), the point P; must be located in such a way as to make
triangles OM P, and OPM similar. These two triangles already have one
common angle, /. MOP,. Point P, should be chosen to make
L OMP;, = / OPM. We have

PM 0P, OM
PM OM OP'
or

L .- Constant. (3-160)
r a4
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From Eq. (3-160) we see that if

L (3-161)

the image line charge —p,, together with p,, will make the dashed
cylindrical surface in Fig. 3-28(b) equipotential. As the point M changes
its location on the dashed circle, both r; and r will change; but their
ratio remains a constant that equals a/d. Point P; is called the inverse
point of P with respect to a circle of radius a.

The image line charge p;, = —p, can then replace the cylindrical
conducting surface, and V and E at any point outside the surface can be
determined from the line charges p, and — p,. By symmetry we find that
the parallel cylindrical surface surrounding the original line charge p,
with radius a and its axis at a distance d; to the right of P is also an
equipotential surface. This observation enables us to calculate the
capacitance per unit length of an open-wire transmission line consisting
of two parallel conductors of circular cross section.

EXAMBEE 308 scame e e e o

Determine the capacitance per unit length between two long, parallel,
circular conducting wires of radius a. The axes of the wires are
separated by a distance D.

SOLUTION

Refer to the cross section of the two-wire transmission line shown in
Fig. 3-29. The equipotential surfaces of the two wires can be considered
to have been generated by a pair of line charges + p, and — p, separated
by a distance (D — 2d;) = d — d;. The potential difference between the
two wires is that between any two points on the respective wires. Let
subscripts 1 and 2 denote the wires surrounding the equivalent line
charges +p, and — p,, respectively. We have, from Egs. (3-158) and (3-
160),

Pe a
V,=——1In-
27 2ne, nd

and, similarly,

pe In E‘

V7 =
: 2ne, d
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d

s D 1

FIGURE 3-29 Cross section of two-wire transmission line and equivalent line
charges (Example 3-25).

We note that V) is a positive quantity, whereas V, is negative because
a < d. The capacitance per unit length is

_ P _  TE Y
C= Vi— Vv, inda)’ (3-162)
where

2
a
d=D—d;=D ——,
! d

from which we obtain’

d =4D + /D* — 4a?). (3-163)

Using Eg. (3-163) in Eq. (3-162), we have

Capacitance per unit T€q

C =
length of llel
. In[(D/2a) + \/(D/2a) — 1]
Since

In[x + ./x* — 1] = cosh™'x for x > 1,

Eq. (3-164) can be written alternatively as

(F/m). (3-164)

C= cosh~1(D/2a) (F/m). (3-165)

*The other solution.d = D — \/D?* — 4a?),is discarded because both D and d are usually much
larger than a.




142

CHAPTER 3 STATIC ELECTRIC FIELDS

B EXERCISE 3.22

When the diameter of the wires is very small in comparison with the
distance of separation, (D/2a) » 1, Eq. (3-164) simplifies to

ne
C= 2
In(D/a)

(F/m). (3-166)

A long power transmission line, 2 (cm) in radius, is parallel to and situated 10(m)
above the ground. Assuming the ground to be an infinite flat conducting plane, find
the capacitance per meter of the line with respect to the ground.

ANs. 8.04 (pF/m).

REVIEW QUESTIONS

REMARKS —————  — R—

Q.3-27 Write Poisson’s and Laplace’s equations in vector notation for a simple
medium.
Q.3-28 Write Poisson’s and Laplace’s equations in Cartesian coordinates for a simple
medium.
Q.3-29 If V2U = 0, why does it not follow that U is identically zero?
Q.3-30 A fixed voltage 1s connected across a parallel-plate capacitor.
a) Does the electric field intensity in the space between the plates depend on the
permittivity of the medium?
b) Does the electric flux density depend on the permittivity of the medium?
Explain.

.3-31 Assume that fixed charges +Q and —Q are deposited on the plates of an
isolated parallel-plate capacitor.
a) Does the electric field intensity in the space between the plates depend on the
permittivity of the medium?
b) Does the electric flux density depend on the permittivity of the medium?
Explain.
Q.3-32 State in words the uniqueness theorem of electrostatics.
Q.3-33 What is the image of a spherical cloud of electrons with respect to an infinite
conducting plane?
Q.3-34 What is the image of an infinitely long line charge of density p, with respect to
a parallel conducting circular cylinder?
Q.3-35 Where is the zero-potential surface of the two-wire transmission line in Fig.
3-29?

1. Poisson’s Eq. (3-126) and Laplace’s Eq. (3-130) do not hold if the
medium is nonlinear, inhomogeneous, or anisotropic. ‘

2. The method of images can be used to determine the fields only in the
region where the image charges are not located.



PROBLEMS

SUMMARY

PROBLEMS

This chapter deals with the static electric fields of charges that are at rest and
do not change with time. After having defined the clectric field intensity E as
the force per unit charge, we

e presented the two fundamental postulates of electrostatics in free space that
specify the divergence and the curl of E,

e derived Coulomb’s law and Gauss’s law, which enabled us to determine the
electric field due to discrete and continuous charge distributions,

e introduced the concept of the scalar electric potential,
e considered the effect of material media on static electric field,

s discussed the macroscopic effect of induced dipoles by finding the equiva-
lent polarization charge densities,

e defined electric flux density or electric displacement, D, and the dielectric
constant,

e discussed the boundary conditions for static electric fields,
e defined capacitance and explained the procedure for its determination,
e found the formulas for stored electrostatic energy,

¢ used the principle of virtual displacement to calculate the force on an object
in a charged system,

¢ introduced Poisson’s and Laplace’s equations and illustrated the method of
solution for simple problems, and

e explained the method of images for solving electrostatic boundary-value
problems.

P.3-1 The cathode-ray oscilloscope (CRO) shown in Fig. 3-2 is used to
measure the voltage applied to the parallel deflection plates.
a) Assuming no breakdown in insulation, what is the maximum voltage
that can be measured if the distance of separation between the plates
is h?
b) What is the restriction on L if the diameter of the screen is D?
¢) What can be done with a fixed geometry to double the CRO’s
maximum measurable voltage?

P.3-2 Three 2-(uC) point charges are located in air at the corners of an
equilateral triangle that is 10 (cm) on each side. Find the magnitude and
direction of the force experienced by each charge.

P.3-3 Two point charges, Q, and Q,, are located at (0, 5, — 1) and (0, —2, 6),
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respectively. Find the relation between Q, and Q, such that the total force on
a test charge at the point P(0, 2, 3) will have

a) no y-component, and

b) no z-component.
P.3-4 Three point charges Q, = —9 (uC), Q, =4 (uC), and Q3 = —36 (uC)
are arranged on a straight line. The distance between @, and Q@ is 9 (cm). It is
claimed that a location can be selected for Q, such that each charge will
experience a zero force. Find this location.

P.3-5 [In Example 3-8 determine the position of the point P on the z-axis
beyond which the disk may be regarded as a point charge if the error in the
calculation of E is not more than 1%,.

P.3-6 A line charge of uniform charge density p, forms a circle of radius b that
lies in the xy-plane in air with its center at the origin.
a) Find the electric field intensity E at the point (0, 0, h).

b) At what value of h will E in part (a) be a maximum? What is this
maximum?

¢) Explain why E has a maximum at that location.
P.3-7 A line charge of uniform density p, forms a semicircle of radius b in the
upper half xy-plane. Determine the magnitude and direction of the electric
field intensity at the center of the semicircle.
P.3-8 A spherical distribution of charge p = p,[1 — (R?/b?)] exists in the
region 0 < R < b. This charge distribution is concentrically surrounded by a
conducting shell with inner radius R;(>>b) and outer radius R,. Determine E
everywhere.

P.3-9 Two infinitely long coaxial cylindrical surfaces, r = aand r = b (b > a),
carry surface charge densities p,, and p,,, respectively.

a) Determine E everywhere.

b) What must be the relation between a and b in order that E vanishes for

r>b?

P.3-10 Determine the work done in carrying a +5(uC) charge from
Py(1,2, —4) to P5(—2,8, —4)in the field E=a,y + a,x

a) along the parabola y = 2x?, and

b) along the straight line joining P, and P,.
P.3-11 Repeat problem P.3-10 if the field is E=a,y —a x.
P.3-12 A finite line charge of length L carrying uniform line charge density p,
is coincident with the x-axis.

a) Determine V in the plane bisecting the line charge.

b) Determine E from p, directly by applying Coulomb’s law.

¢) Check the answer in part (b) with —VV.
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P.3-13 The polarization in a dielectric cube of side L centered at the origin is
given by P = Pyla,x +a,y + a_2).

a) Determine the surface and volume bound-charge densities.

b) Show that the total bound charge is zero.

P.3-14 The polarization vector in a dielectric sphere of radius b is P = a P,
a) Determine the surface and volume charge densities.
b) Show that the total bound charge is zero.

P.3-15 The axis of a long dielectric tube of inner radius r; and outer radius r,
coincides with the z-axis. A polarization vector P = Py(a, 3x + a 4y) exists in
the dielectric.

a) Determine the surface and volume charge densities.

b) Show that the total bound charge is zero.
P.3-16 A positive point charge Q is at the center of a spherical dielectric shell
of an inner radius R, and an outer radius R,. The dielectric constant of the
shell is €,. Determine E. V. D. and P as functions of the radial distance R.

P.3-17 Solve the following problems:

a) Find the breakdown voltage of a parallel-plate capacitor, assuming that
the conducting plates are 50 (mm) apart and the medium between them
1s air.

b) Find the breakdown voltage if the entire space between the conducting
plates is filled with plexiglass, which has a dielectric constant 3 and a
dielectric strength 20 (kV/mm).

¢) If a 10-(mm) thick plexiglass is inserted between the plates, what is the
maximum voltage that can be applied to the plates without a
breakdown?

P.3-18 Assume that the z = 0 plane separates two lossless dielectric regions
with €, =2 and ¢, =3. If we know that E; in region | is a2y
—a,3x + a.(5 + z), what do we also know about E, and D, in region 2? Can
we determine E, and D, at any point in region 2? Explain.

P.3-19 Dielectric lenses can be used to collimate electromagnetic fields. In
Fig. 3-30 the left surface of the lens is that of a circular cylinder, and the right
surface is a plane. If E; at point P(r,, 45, z) in region 1 is a,5 — a,3, what
must be the dielectric constant of the lens in order that E; in region 3 is
parallel to the x-axis?

P.3-20 The space between a parallel-plate capacitor of area S is filled with a
dielectric whose permittivity varies linearly from €, at one plate (y = 0) to €,
at the other plate (y = d). Neglecting fringing effect. find the capacitance.

P.3-21 Assume that the outer conductor of the cylindrical capacitor in
Example 3-16 is grounded and that the inner conductor is maintained at a
potential V5,
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FIGURE 3-30 A dielectric lens (Problem P.3-19).

a) Find the electric field intensity, E(a), at the surface of the inner
conductor.

b) With the inner radius, b, of the outer conductor fixed, find a so that E(a)
is minimized.

¢) Find this minimum E{(a).

d) Determine the capacitance under the conditions of part (b).

P.3-22 The radius of the core and the inner radius of the outer conductor of a
very long coaxial transmission line are r; and r,, respectively. The space
between the conductors is filled with two coaxial layers of dielectrics. The
dielectric constants of the dielectrics are €,, for r; <r<¥b and €, for
b < r < r,. Determine its capacitance per unit length.

P.3-23 A spherical capacitor consists of an inner conducting sphere of radius
R; and an outer conductor with a spherical inner wall of radius R,. The space
in between is filled with a dielectric of permittivity e. Determine the
capacitance.

P.3-24 Three capacitors 1 (uF), 2 (uF), and 3 (uF) are connected as shown in
Fig. 3-31 across a 120-volt source. Calculate the electric energy stored in each
capacitor.
P.3-25 Calculate the energy expended in moving a point charge 500 (pC)
from P,(2,7/3, —1) to P,(4, —n/2, —1) in an electric field E = a,6r sin ¢
+ a,3rcos ¢ (V/m) by

a) first moving from ¢ = n/3 to —n/2 at r = 2, then from r = 2 to 4 at

¢ = —n/2, and
b) first moving from r = 2 to 4 at ¢ = n/3, then from ¢ = n/3 to — /2 at
r =4,

P.3-26 For a coaxial capacitor of length L, use the method of virtual
displacement to find the force between the inner conductor (radius a) and the
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1 (uF)
|
2 (uF) !
| | 3 (uF)
|
’ [
. A

120 (V)
FIGURE 3-31 Capacitors across a battery (Problem P.3-24).

outer one (radius b) that carry charges +Q and —Q, respectively. The
permittivity of the insulating material is €.

HinT: First assume the inner and outer radii to be a and a + r, respectively:
then differentiate with respect to r.

P.3-27 A parallel-plate capacitor of width w, length L, and separation d has a
solid dielectric slab of permittivity € in the space between the plates. The
capacitor is charged to a voltage ¥, by a battery, as indicated in Fig. 3-32.
Assuming that the dielectric slab is withdrawn to the position shown and the
switch is opened, determine the force acting on the slab.

Switch
o
T_— —— O \ji
d € ! -_ Y
1 ]

]

FIGURE 3-32 A partially filled parallel-plate capacitor (Problem P.3-27).

P.3-28 The upper and lower conducting plates of a large parallel-plate
capacitor are separated by a distance d and maintained at potentials V;, and 0,
respectively. A dielectric slab of dielectric constant 6.0 and uniform thickness
0.8d is placed over the lower plate. Assuming negligible fringing effect,
determine the following by solving Laplace’s equation:

a) the potential and electric field distribution in the dielectric slab,

b) the potential and electric field distribution in the air space between the

dielectric slab and the upper plate, and
¢) the surface charge densities on the upper and lower plates.
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P.3-29 Assume that the space between the inner and outer conductors of a
long coaxial cylindrical structure is filled with an electron cloud having a
volume density of charge p, = A/r for a < r < b, where a and b are, the radii
of the inner and outer conductors, respectively. The inner conductor is
maintained at a potential ¥, and the outer conductor is grounded.
Determine the potential distribution in the region a <r < b by solving
Poisson’s equation.

P.3-30 If the space between the inner and outer conductors of the coaxial
structure in problem P.3-29 is free space, find the expression for ¥(r} in the
region a < r < b by solving Laplace’s equation. From V(r), obtain the surface
charge densities on the conductors and the capacitance per unit length of the
structure. Compare your result with Eq. (3-90).

P.3-31 An infinite conducting cone of half-angle  is maintained at potential
Vo and insulated from a grounded conducting plane, as illustrated in Fig.
3-33. Determine

a) the potential distribution V(#) in the region o < # < /2,

b) the electric field intensity in the region x < # < n/2, and

¢) the charge densities on the cone surface and on the grounded plane.

| " v v v > 4

FIGURE 3-33 An infinite conducting cone and a grounded conducting plane
(Problem P.3-31).

P.3-32 For a positive point charge Q located at a distance d from each of two
grounded perpendicular conducting half-planes shown in Fig. 3-34, find the
expressions for
a) the potential and the electric field intensity at an arbitrary point P(x, y),
and
b) the surface charge densities induced on the two half-planes.
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Q(d, d)

—d
P(x, ¥)
‘il £

ol 1

FIGURE 3-34. A point charge Q equidistant from two grounded perpendicular
conducting half-planes (Problem P.3-32).

P.3-33 Determine the systems of image charges that will replace the conduct-
ing boundaries that are maintained at zero potential for
a) a point charge Q located between two large, grounded, parallel
conducting planes as shown in Fig. 3-35(a), and
b) an infinite line charge p, located midway between two large, intersect-

ing conducting planes forming a 60-degree angle, as shown in Fig.
3-35(b).

7T Z 2ZZZ 77 Z /l

| 0é T

1
1

(a) Point charge between (b) Line charge between
grounded parallel planes. grounded intersecting plane.
FIGURE 3-35 Diagrams for Problem P.3-33.

P.3-34 An infinite line charge of 50 (nC/m) lies 3 (m) above the ground, which
is at zero potential. Choosing the ground as the xy-plane and the line charge
as parallel to the x-axis, find by the method of images the following:

a) E at (0, 4, 3), and

b) E and p, at (0, 4, 0).
P.3-35 The axis of a long two-wire parallel transmission line are 2 (cm) apart.
The wires have a radius 3 (mm) and are maintained at potentials + 100 (V)
and —100 (V). Find

a) the location of the equivalent line charges relative to the wire axes,

b) the equivalent line charge density of each wire, and

¢) the electric field intensity at a point midway between the wires.
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4-1 OVERVIEW In Chapter 3 we dealt with electrostatic prob-
lems, field problems associated with electric charges at rest. We will now consider
charges in motion that constitute current flow. From d-c circuit theory you are
familiar with problems of current flow in a conductive medium such as a metal
wire. The governing relation in such cases is Qhm's law, which states that the
voltage across two terminals equals the product of the current and the resistance
between the terminals. If the voltage is applied across a good insulator, little
current will flow because of a very high resistance. How then do we explain the
fact that current flows in a cathode-ray tube (such as that shown in Fig. 3-2),
where the medium is a vacuum, an open circuit? Apparently Ohm’s law does not
apply in this case.

There are two types of electric current caused by the motion of free charges:
convection currents and conduction currents. Convection currents are due to the
motion of positively or negatively charged particles in a vacuum or rarefied gas.
Familiar examples are electron beams in a cathode-ray tube and the violent
motions of charged particles in a thunderstorm. Convection currents, the result of
hydrodynamic motion involving a mass transport, are not governed by Ohm’s
law.

The mechanism of conduction currents is different from that of convection
currents. In their normal state the atoms of a conductor occupy regular positions
in a crystalline structure. The atoms consist of positively charged nuclei
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surrounded by electrons in a shell-like arrangement. The electrons in the inner
shells are tightly bound to the nuclei and are not free to move away. The electrons
in the outermost shells of a conductor atom do not completely fill the shells; they
are valence or conduction electrons and are only very loosely bound to the nuclei.
These latter electrons may wander from one atom to another in a random
manner. The atoms, on the average, remain electrically neutral, and there is no net
drift motion of electrons. When an external electric field is applied on a
conductor, an organized motion of the conduction electrons will result, producing
an electric current. The average drift velocity of the electrons is very low (on the
order of 10~ % or 10 * m/s) even for very good conductors because they collide
with the atoms in the course of their motion, dissipating part of their kinetic
energy as heat. This phenomenon manifests itself as a damping force, or
resistance, to current flow. The relation between conduction current density and
electric intensity gives us a point form of Ohm’s law. Both types of currents will be
discussed in this chapter.

DENSITY AND OHM'S LAW ———

A) Convection current
Consider the steady motion of one kind of charge carriers, each of
charge g (which is negative for electrons), across an element of surface
As with a velocity u, as shown in Fig. 4-1. If N is the number of charge

151
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FIGURE 4-1 Conduction current due to drift motion of charge carriers across a
surface.

Definition of current
density

carriers per unit volume, then in time At each charge carrier moves a
distance uAr. and the amount of charge passing through the surface As
1S

AQ = Nqu-a,AsAt (C). (4-1)
Since current is the time rate of change of charge, we have
A
Al = -A% = Nqu-a,As = Nqu-As  (A). (4-2)

In Eq. (4-2) we have written As = a,As as a vector quantity. It is
convenient to define a vector point function, volume current density, or
simply current density, J, in amperes per square meter,

J = Nqu (A/m?), (4-3)
so that Eqg. {(4-2) can be written as
Al = J- As. (4-4)

The total current I flowing through an arbitrary surface § is then the
flux of the J vector through S:

I = J- J-ds (A). (4-5)
s

Relation between
convection current
density and velocity
of charge carrier

The product Ng is, in fact, free charge per unit volume, so we may
rewrite Eq. (4-3) as

J=pm (A/m?), (4-6)

which is the relation between the convection current density and the
velocity of the charge carrier.
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EXAMPLE 4-1
Assume a free charge density of —0.3 (nC/mm?) in a vacuum tube. For
a current density of —a.2.4(A/mm?), find (a) the total current passing
through a hemispherical cap specified by R=5(mm), 0 <6 < n/2,
0 < ¢ < 2x; and (b) the velocity of the free charges.
SOLUTION
Given:
p, = —0.3 (nC/mm?),
J= —a_24 (A/mm?),
R =5 (mm).
a) I= f Jrdsi= —J 2.4 (a_-ag)ds
2= n/2
= J. J —2.4 (cos 0)(5% sin 0d0d¢)
o Jo
n/2
= -27:[ 60 sin 6 d(sin 6)
0
3 20 n/2
= —120n <Sm ) = —60n = —188.5(A).
2 Jo
J —24 o
b w= =% —gyxigs %8 X 10 s
= a_8 (Mm/s).
B) Conduction current

In the case of conduction currents there may be more than one kind of
charge carriers (electrons, holes, and ions) drifting with different
velocities. Equation (4-3) should be generalized to read

J=3) Nigw;  (A/m?). (4-7)

As indicated in Section 4-1, conduction currents are the result of the
drift motion of charge carriers under the influence of an applied electric
field. The atoms remain neutral (p, = 0). It can be justified analytically
that, for most conducting materials, the average drift velocity is directly
proportional to the electric field intensity. For metallic conductors we
write

u = —uk (m/s), (4-8)

where p, is the electron mobility measured in (m?/V +s). The electron
mobility for copper is 3.2 x 10~ *(m?/V +s). It is 1.4 x 10~ * (m?/V -s) for
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aluminum and 5.2 x 10 *(m?/V -s) for silver. From Egs. (4-3} and (4-8)

we have
J=—p,uE, (4-9)
where p, = — Ne is the charge density of the drifting electrons and is a

negative quantity. Equation (4-9) can be rewritten as

J=0cE (A/m?), (4-10)

where the proportionality constant, 6 = —p,u,. 1S 4@ macroscopic
constitutive parameter of the medium called conductivity. Equation
(4-10) is the point form of Ohm’s law.

For semiconductors, conductivity depends on the concentration
and mobility of both electrons and holes:

0= —Pl+ Pl (4-11)

where the subscript i denotes hole. In general, i, # w,. For germanium,
typical values are p,=0.38, pu,=0.18: for silicon, p,=0.12,
= 0.03(m?/V -s).

Equation (4-10) is a constitutive relation of a conducting medium.
The unit for ¢ is ampere per volt-meter (A/V *m) or siemens per meter
(S/m). Copper, the most commonly used conductor, has a conductivity
5.80 x 107 (S/m). On the other hand, the conductivity of germanium is
around 2.2(S/m), and that of silicon is 1.6 x 10 *(S/m). The conductiv-
ity of semiconductors is highly dependent on (increases with) temper-
ature. Hard rubber, a good insulator, has a conductivity of only
10 '5(S/m). Appendix B-4 lists the conductivities of some other
frequently used materials. The reciprocal of conductivity is called
resistivity, in ohm-meters (2 -m). We prefer to use conductivity; there is
really no compelling need to use both conductivity and resistivity.

For a current density of 7(A/mm?) in copper. find

a}  the electric intensity. and
b) the electron drift velocity.

ANS. (2) 0.121(V/m), (b) 3.57 x 10~ *(m/s).

We recall Ohm’s law from circuit theory that the voltage V), across a
resistance R. in which a current I flows from point 1 to point 2, is equal to RI;
that is,

Viz = RI. (4-12)

Here R is usually a piece of conducting material of a given length; V,, is the
voltage between two terminals 1 and 2; and I is the total current flowing from
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terminal 1 to terminal 2 through a finite cross section. Equation (4-12) is not a
point relation.

We now use the point form of Ohm’s law, Eq. (4-10), to derive the
voltage—current relationship of a piece of homogeneous material of con-
ductivity o, length 7. and uniform cross section S, as shown in Fig. 4-2.
Within the conducting material, J = ¢E, where both J and E are in the
direction of current flow. The potential difference or voltage between
terminals 1 and 2 is

1/12 = E[q
or
Vis
B a2 4-13
Yy ( )
The total current is
= J J-ds=JS,
S
or
I "
J=—. 4-14
3 ( )
Using Egs. (4-13) and (4-14) in Eg. (4-10), we obtain
S b 0 / L]
or
/
V,Z=(~)1=R1. (4-15)
oS

FIGURE 4-2 Homogeneous conductor with a constant cross section.
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which is the same as Eq. (4-12). From Eq. (4-15) we have the formula for the
resistance of a straight piece of homogeneous material of a uniform cross
section for steady current (d.c.):

R = - (€). (4-16)

a) Determine the d-c resistance of 1 (km) of copper wire having a 1-(mm)
radius.

b) If an aluminium wire of the same length is to have the same resistance.
what should its radius be?

SOLUTION

Since we are dealing with conductors of a uniform cross section, Eq. (4-16)
applies.
a) For copper wire, 6., = 5.80x 107 (S/m):

/=10(m), S, =mn(10 32 =10 ®z (m?).

We have

N A 103
T 6uS  5.80x107x 10" °n

R =549. (£2).

b) For aluminum wire, g, = 3.54 x 107 (S/m):

R.o= 4 R
“ OuSa S
o. 5.80
S = JS B e ] b = 2.
@ = g S 3'54( 0 °n) =nr

r=128x10 *(m), or 1.28 (mm).

The conductance, G, or the reciprocal of resistance, is useful in
combining resistances in parallel. The unit for conductance is (Q '), or
siemens (S).

~| ©

(S). (4-17)

=0

1
=R

Three resistors having resistances 1(MQ), 2(MQ), and 4(MQ) are connected in
parallel. Calculate the overall conductance and resistance.

ANS. 1.75 (uS), 0.571 (MQ).
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REVIEW QUESTIONS

REMARKS e

4-3 EQUATION OF CONTINUITY AND KIRCHHOFF'S CURRENT LAW —

Q.4-1 Explain the difference between conduction current and convection current.
Q.4-2 What is the relation between convection current density and the velocity of
charge carriers?

Q.4-3 Define mobility of the electron in a conductor. What is its SI unit?

Q.4-4 What is the point form for Ohm’s law?

Q.4-5 Define conductivity. What is its SI unit?

Q.4-6 How does the resistance of a round conducting wire change if its radius is
doubled?

1. Conduction currents are governed by Ohm’s law; but convection
currents are not.

2. Conductivity is not conductance, and resistivity is not resistance.

3. Resistance formula in Eq. (4-16) applies only to straight homogeneous
material of a uniform cross section.

Principle of
conservation of
charges

The principle of conservation of charge is one of the fundamental postulates of
physics. Electric charges may not be created or destroyed; all charges either at
rest or in motion must be accounted for at all times. Consider an arbitrary
volume V bounded by surface S. A net charge Q exists within this region. If a
net current I flows across the surface out of this region, the charge in the
volume must decrease at a rate that equals the current. Conversely, if a net
current flows across the surface into the region, the charge in the volume must
increase at a rate equal to the current. The current leaving the region is the
total outward flux of the current density vector through the surface S. We
have

dQ d
I= ﬁJ ds= — y 2abu-4 8 p,dv. (4-18)

Divergence theorem, Eq. (2-69), may be invoked to convert the surface
integral of J to the volume integral of V+J. We obtain, for a stationary
volume,

J- V-Jddo= — J %o gy, (4-19)
v v Ct

In moving the time derivative of p, inside the volume integral, it is necessary
to use partial differentiation because p, may be a function of time as well as of
space coordinates. Since Eq. (4-19) must hold regardless of the choice of V, the
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integrands must be equal. Thus we have

VveIl=-2  (amd (4-20)

-~

at

This point relationship derived from the principle of conservation of charge is
called the equation of continuity.

For steady currents, charge density does not vary with time, ¢p, /¢t = 0.
Equation (4-20) becomes

V:J=0 (4-21)

Thus, steady electric currents are divergenceless or solenoidal. Equation
(4-21) is a point relationship and holds also at points where p, =0 (no flow
source). It means that the field lines or streamlines of steady currents close
upon themselves, unlike those of electrostatic field intensity that originate
and end on charges. Over any enclosed surface, Eq. (4-21) leads to the
following integral form:

#J-ds=0, (4-22)
S

which can be written as

YIi=0 (A) (4-23)
J

Equation (4-23) is an expression of Kirchhoff's current law. It states that the
algebraic sum of all the currents flowing out of a junction in an electric circuit is
zero.

In Subsection 3-6.1 we stated that charges introduced in the interior of
a conductor will move to the conductor surface and redistribute themselves
in such a way as to make p, =0 and E = 0 inside under equilibrium
conditions. We are now in a position to prove this statement and to calculate
the time it takes to reach an equilibrium. Combining Ohm’s law, Eq. (4-10).
with the equation of continuity and assuming a constant o, we have

ap,

oV'E=——. (4-24)
ct

In a simple medium, V-E = p, /€, and Eq. (4-24) becomes
T +~p,=0. (4-25)
€

The solution of Eq. (4-25) is
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p. = poe” 7" (C/m?), (4-26)

where p, is the initial charge density at t = 0. Both p, and p, can be functions
of the space coordinates, and Eq. (4-26) says that the charge density at a given
location will decrease with time exponentially. An initial charge density p,
will decay to 1/e or 36.8%, of its value in a time equal to

(s). (4-27)

T=~—
¢
The time constant 7 is called the relaxation time. For a good conductor such
as copper—o = 5.80 x 107 (S/m), € = €, = 8.85 x 1072 (F/m)—1 equals
1.53 x 107 '9(s), a very short time indeed.

Given that the dielectric constant and conductivity of rubber to be 3.0 and
1013 (S/m) respectively, find

a) the relaxation time, and
b) the time required for a charge density to decay to 1% of its initial value.

ANS. (a) 7.38 hrs., (b) I day 10 hrs.

4-4 POWER DISSIPATION AND JOULE'S LAW =

We indicated earlier that under the influence of an electric field, conduction
electrons in a conductor undergo a drift motion macroscopically. Micro-
scopically, these electrons collide with atoms on lattice sites. Energy is thus
transmitted from the electric field to the atoms in thermal vibration. The
work Aw done by an electric field E in moving a charge ¢ a distance AZ is
qE - (A¢), which corresponds to a power

. Aw
p= g:rjxo i gE-u, (4-28)

where u is the drift velocity. The total power delivered to all the charge
carriers in a volume dv is

dpP = ZP.‘ = E(Z N;‘Ii“.‘) dv,
which, by virtue of Eq. (4-7), is

dP =E-Jdy,
or

dP

= =E~J (W/m?). (4-29)
dv
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Thus the point function E-J is a power density under steady-current con-
ditions. For a given volume V the total electric power converted into heat is

Joule's law P = f E-Jdo (W). (4-30)
v

This is known as Joule's law. (Note that the SI unit for P is watt, not joule,
which is the unit for energy or work.) Equation (4-29) is the corresponding
point relationship.

In a conductor of a constant cross section, dv = ds d/, with d/ measured
in the direction J. Equation (4-30) can be written as

P:J. Ed(f]ds: VI,
L s

where [ is the current in the conductor. Since V = RI, we have

P=IR (W) (4-31)

Equation (4-31) is, of course, the familiar expression for ohmic power,
representing the heat dissipated in resistance R per unit time.

4-5 GOVERNING EQUATIONS FOR STEADY CURRENT DENSITY

As we see, the current density vector J is a basic quantity in the study of
steady electric currents. According to Helmholtz’s theorem the description of
J requires the specification of its divergence and its curl. For steady currents,
V-J = 0, asin Eq. (4-21). The curl equation is obtained by combining Ohm’s
law (J = cE)with V x E = 0; that is, V x (J/g) = 0. The differential form and
the corresponding integral form of the governing equations for steady current
density are given below.

Governing Equations for Steady Current Density

Differential Form Integral Form

V-J=0 §J'ds=0 (4-32)
s

J
V x <—) =0 § l Jdt=0 (4-33)
g co
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Boundary condition
for normal
component of
current density

Boundary condition
for tangential
component of
current density

®m EXERCISE 4.4

We recall from Section 3-8 that at an interface between two different
media: (i) a divergenceless field has a continuous normal component (see Eq.
3-77); and (i1) a curl- free field has a continuous tangential component (see Eq.
3-72). The consequence of (i) and Eq. (4-32) is

Jin=J2  (A/m?). (4-34)

At the boundary of two ohmic media with conductivities o, and o,, the
consequence of (ii) and Eq. (4-33) is

"’lt ‘]Zl‘

0y G,

s

or

Y oD (4-35)

Jy 0,

Two blocks of conducting material are in contact at the z =0 plane. At a point P in
the interface, the current density is J, = 10(8y3+a,4)(A/m2) in medium 1 (con-
ductivity g,). Determine J, at P in medium 2 if o, = 20,.

ANs. 20(a,3 +a.2) (A/m?).

REVIEW QUESTIONS

REMARRS s

\

i 3. Steady current density J is not conservative in inhomogeneous media.

Q.4-7 What is the physical significance of the equation of continuity?

Q.4-8 State Kirchhoff’s current law in words.

Q.4-9 Define relaxation time. What is the order of magnitude of the relaxation time in
copper?

Q.4-10 State Joule’s law. Express the power dissipated in a volume (a) in terms of E
and o, and (b) in terms of J and o.

Q.4-11 What are the boundary conditions of the normal and tangential components
of steady current at the interface of two media with different conductivities?

1. Equations (4-24) and (4-26) hold only for simple media.
2. Steady current J is solenoidal.
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4-6 RESISTANCE CALCULATIONS ——

In Section 3-9 we discussed the procedure for finding the capacitance between
two conductors separated by a dielectric medium. These conductors may be
of arbitrary shapes, as was shown in Fig. 3-19, which is reproduced here as
Fig. 4-3. In terms of electric field quantities the basic formula for capacitance
can be written as

§D-ds §6E°ds
> =45 (4-36)

—J. E-d¢ —J. E-d/
L L

where the surface integral in the numerator is carried out over a surface
enclosing the positive conductor and the line integral in the denominator is
from the negative (lower-potential) conductor to the positive (higher-
potential) conductor.

When the dielectric medium is lossy (having a small but nonzero
conductivity), a current will flow from the positive to the negative conductor,
and a current-density field will be established in the medium. Ohm’s law,
J =oE, ensures that the streamlines for J and E will be the same in an
isotropic medium. The resistance between the conductors is

—j. E-d¢ —jE'd(
R=K= L _

§J'ds §0E'ds
s S

=

C=

3 (4-37)

FIGURE 4-3 Two conductors in a lossy dielectric medium.
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Relation connecting
C and R (or G)
between two
conductors

where the line and surface integrals are taken over the same L and S as those
in Eq. (4-36). Comparison of Egs. (4-36) and (4-37) shows the following
interesting relationship:

RC =

Qln

=5, (4-38)
a

Equation (4-38) holds if € and ¢ of the medium have the same space
dependence or if the medium is homogeneous (independent of space coor-
dinates). In these cases, if the capacitance between two conductors is known,
the resistance (or conductance) can be obtained directly from the €/ ratio
without recomputation.

EXAMPLE 4-3

Find the leakage resistance per unit length

a) between the inner and outer conductors of a coaxial cable that has an
inner conductor of radius a, an outer conductor of inner radius b, and a
medium with conductivity ¢, and

b) of a parallel-wire transmission line consisting of wires of radius a
separated by a distance D in a medium with conductivity a.

SOLUTION
a)  The capacitance per unit length of a coaxial cable has been obtained as
Eq. (3-90) in Example 3-16:

2me

e

Hence the leakage resistance per unit length is, from Eq. (4-38),

e[ 1 1 b
=—|— ] = — — * ). 4'39
Ry a (C1> 2no i <a> ke ( )

The conductance per unit length is G, = 1/K,.
b) For the parallel-wire transmission line, Eq. (3-165) in Example 3-25
gives the capacitance per unit length:

e

——
g~ =
cosh ( 2(1)

Therefore if we use the relationship in Eq. (4-38), the leakage resistance

€y = (F/m).



164

CHAPTER 4 STEADY ELECTRIC CURRENTS

EXAMPLE 4-4

per unit length is quickly found to be

. ef1 I (D
Rl —; (C;) = E’ cosh (20)

=i In 2 $ 2 -_.1 (Q-m). (4.40)
no 2a 2a

The conductance per unit length is G} = 1/R).

In certain situations, electrostatic and steady current problems are not
exactly analogous, even when the geometrical configurations are the same.
This is because current flow can be confined strictly within a conductor
(which has a very large ¢ in comparison to that of the surrounding medium),
whereas electric flux usually cannot be contained within a dielectric slab of
finite dimensions. The range of the dielectric constant of available materials is
very limited (see Appendix B-3), and the flux-fringing around conductor
edges makes the computation of capacitance less accurate.

The procedure for computing the resistance of a piece of conducting
material between specified equipotential surfaces (or terminals) is as follows:

1.  Choose an appropriate coordinate system for the given geometry.

2 Assume a potential difference ¥, between conductor terminals.

3.  Find electric field intensity E within the conductor. (If the material is
homogeneous, having a constant conductivity, the general method is to
solve Laplace’s equation V¥V =0 for V in the chosen coordinate
system, and then obtain E= —VV))

4. Find the total current

I=J‘ J'ds=J cE-ds,
s s

where S is the cross-sectional area over which I flows.

5.  Find resistance R by taking the ratio V,,/I.

A conducting material of uniform thickness h and conductivity ¢ has the
shape of a quarter of a flat circular washer, with inner radius a and outer
radius b, as shown in Fig. 4-4. Determine the resistance between the end
faces.

SOLUTION

Obviously, the appropriate coordinate system to use for this problem is the
cylindrical coordinate system. Following the foregoing procedure, we first
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1

b—a

e

FIGURE 4-4 A quarter of a flat conducting circular washer (Example 4-4).

assume a potential difference V|, between the end faces, say V' = 0 on the end
faceat y = 0(¢ =0)and V = ¥, on the end face at x = 0 (¢ = n/2). We are to
solve Laplace’s equation in V subject to the following boundary conditions:

Y =0 at ¢ =0, (4-41a)

V=V at ¢ = n/2. (4-41b)
Since potential V is a function of ¢ only, Laplace’s equation in cylindrical
coordinates simplifies to

KZ_V

d¢?
The general solution of Eq. (4-42) is

=0. (4-42)

V=cd+c,

which, upon using the boundary conditions in Eqs. (4-41a) and (4-41b),
becomes

y=2V, (4-43)
14

The current density is

J=0cE=—0aVV

av 20V, (4-44)
= — g— = — *
%o ré¢ % nr

The total current I can be found by integrating J over the ¢ = n/2 surface at
which ds = —a hdr. We have

v b
I=fJ-ds=2a°h i
S T

= In-. (4-45)
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m EXERCISE 4.5

Therefore,

Vo n
=— = -46
. I 2chin(b/a) Fe-4%)

When the given geometry is such that J can be determined easily from a
total current I, we may start the solution by assuming an /. From I, J and
E = J/o are found. Then the potential difference V;, is determined from the
relation

e —[ E-df.

where the integration is from the low-potential terminal to the high-potential
terminal. The resistance R = V,,/I is independent of the assumed I, which will
be canceled in the process.

The radii of the inner and outer conductors of a coaxial cable are a and b respectively.
and the medium in-between has a conductivity o. Find the leakage resistance between
the conductors per unit length by first assuming a leakage current [ from the inner to
the outer conductor, then determining J, E, V;, and R, = V1. Check your result with
Eq. (4-39).

REVIEW QUESTIONS

Q.4-12 What is the relation between the conductance and the capacitance formed by
two conductors immersed in a lossy dielectric medium that has permittivity € and
conductivity ¢?
Q.4-13 What is the refation between the resistance and the capacitance formed by
two conductors immersed in a lossy dielectric that has dielectric constant €, and
conductivity a?

REMARKE — ————— ———————

The total leakage resistance between two parallel conductors of length /#
is equal to the leakage resistance per unit length divided by (not
multiplied by) 7.

In this chapter we
e considered two types of steady electric currents: convection currents (not
governed by Ohm'’s law) and conduction currents,

e defined conductivity that led to the point form of Ohm'’s law,
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PROBLEMS

introduced the equation of continuity and the concept of relaxation time,

® studied Joule’s law and power dissipation,

obtained the governing equations for steady current density,
® examined the boundary conditions for current density, and

® discussed methods for resistance calculations.

P.4-1 A d-c voltage of 6 (V) applied to the ends of 1 (km) of a conducting wire
of 0.5(mm) radius results in a current of 1/6(A). Find

a) the conductivity of the wire,
b) the electric field intensity in the wire,
¢) the power dissipated in the wire,
d) the electron drift velocity, assuming electron mobility in the wire to be
1.4x 1073 (m?/V +s).
P.4-2 A long, round wire of radius a and conductivity ¢ is coated with a
material of conductivity 0.10.
a) What must be the thickness of the coating so that the resistance per unit
length of the uncoated wire is reduced by 50%,?
b) Assuming a total current / in the coated wire, find J and E in both the
core and the coating material.
P.4-3 Lightning strikes a lossy dielectric sphere—e = 1.2¢€4, 6 = 10(S/m)—
of radius 0.1 (m) at time t = 0, depositing uniformly in the sphere a total
charge 1 (mC). Determine, for all r,

a) the electric field intensity both inside and outside the sphere,
b) the current density in the sphere.

P.4-4 Refer to Problem P.4-3.
a) Calculate the time it takes for the charge density in the sphere to
diminish to 1%, of its initial value.
b) Calculate the change in the electrostatic energy stored in the sphere as
the charge density diminishes from the initial value to 1% of its value.
What happens to this energy?

¢) Determine the electrostatic energy stored in the space outside the
sphere. Does this energy change with time?

P.4-5 Find the current and the heat dissipated in each of the five resistors in
the network shown in Fig. 4-5 if

R,=4Q). R,=20(Q), R,=30(Q), R,=8(Q), Rs=10(Q),

and if the source is an ideal d-c voltage generator of 0.7 (V) with its positive
polarity at terminal 1. What is the total resistance seen by the source at
terminal pair 1-2?
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FIGURE 4-5 A network problem (Problem P.4-5).

P.4-6 Two lossy homogeneous dielectric media with dielectric constants
€,, =2, €,, = 3 and conductivities ¢, = 15(mS). 6, = 10(ms) are in contact at
the z=0 plane. In the z >0 region (medium 1) a uniform electric field
E, =a,20- a_50 (V/m) exists. Find (a) E, in medium 2. (b) J, and J.. (¢) the
angles that J, and J, make with the z =0 plane, and (d) the surface charge
density at the interface.
P.4-7 The space between two parallel conducting plates each having an area
S is filled with an inhomogeneous ohmic medium whose conductivity varies
linearly from o, at one plate (y = 0) to o, at the other plate (y =d). A d-c
voltage V, is applied across the plates. Determine

a) the total resistance between the plates, and

b) the surface charge densities on the plates.
P.4-8 A d-c voltage V;, is applied across a parallel-plate capacitor of area S.
The space between the conducting plates is filled with two different lossy
dielectrics of thicknesses d, and d,, permittivities €, and €,, and conductivi-
ties o, and a,, respectively, as shown in Fig. 4-6. Determine

a) the current density between the plates,

b) the electric field intensities in both dielectrics, and

¢) the equivalent R-C circuit between terminals a and b.

o

T e
‘/()
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FIGURE 4-6  Parallel-plate capacitor with two lossy dielectrics (Problem P.4-8).

P.4-9 A d-c voltage V,, is applied across a cylindrical capacitor of length L.
The radii of the inner and outer conductors are a and b. respectively. The
space between the conductors is filled with two different lossy dielectrics
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having. respectively, permittivity €, and conductivity o, in the region
a <r < ¢, and permittivity €, and conductivity o, in the region ¢ < r < b.
Determine
a) the equivalent R-C circuit between the inner and outer conductors, and
b) the current density in each region.
HINT: Use the results in Example 4-3(a).

P.4-10 Refer to the flat conducting quarter-circular washer in Example 4-4
and Fig. 4-4. Find the resistance between the top and bottom flat faces.

P.4-11 Refer to the flat conducting quarter-circular washer in Example 4-4
and Fig. 4-4. Find the resistance between the curved sides.

P.4-12 Find the resistance between two concentric spherical surfaces of radii
R, and R, (R, < R,) if the space between the surfaces is filled with a
homogeneous and isotropic material having a conductivity a.
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5-1 OV ERVI|EW Earlier we discussed the interaction between
electric charges at rest by introducing the concept of electric field. We saw in
Chapter 3 that electric field intensity E is the only fundamental vector ficld
quantity required for the study of electrostatics in free space. In a material
medium it is convenient to define a second vector field quantity, the electric flux
density (or electric displacement) D, to account for the effect of polarization. The
following two equations form the basis of the electrostatic model:

V'D=prv (5'1)

The electrical property of the medium determines the relation between D and E. If
the medium is linear and isotropic, we have the simple constitutive relation
D = €E, where the permittivity € is a scalar.

The phenomenon of magnetism was discovered when pieces of magnetic
lodestone were found to exhibit a mysterious attractive power. Since the
lodestone pieces were found near the ancient Greek city called Magnesia, the
derived terms magnet, magnetism, magnetization, and magnetron have come into
use. We study magnetism by introducing the concept of magnetic field. A magnetic
field can be caused by a permanent magnet (like the magnetized lodstone). by
moving charges, or by a current flow.
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Static

Electric intensity
defined in terms
of force on a
stationary charge

Magnetic flux
density defined in
terms of force
experienced by a
moving charge

Sl unit for B

Laorentz’s force
equation

Magnetic Fields

When a small test charge ¢ is placed in an electric field E, it experiences an
electric force F,, which is a function of the position of g.

F,=qE (N).

(5-3)

When the test charge is in motion in a magnetic field characterized by a magnetic

flux density B," experiments show that charge g also experiences a magnetic force
F, given by

F,=quxB (N),

(5-4)

where u(m/s) is the velocity of the moving charge, and B is measured in webers per

square meter (Wb/m?) or teslas (T).* The total electromagnetic force on a charge ¢
is, then, F = F, + F,,; that is,

F=gE+uxB) (N, (5-5)

*Magnetic flux density is also called magnetic induction, mainly in physics texts.
:One weber per square meter or one tesla equals 10* gauss in CGS units. The earth’s magnetic
field is about § gauss or 0.5 x 107*T, (A weber is the same as a volt-second.)

171
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which is called Lorentz’s force equation. Its validity has been unquestionably
established by experiments. We may consider F,/q for a small g as the
definition for electric field intensity E (as we did in Eq. 3-1),and F,,/g=ux B
as the defining relation for magnetic flux density B. Alternatively, we may
consider Lorentz's force equation as a fundamental postulate of our
electromagnetic model; it cannot be derived from other postulates.

Charges in motion produce a current that, in turn, creates a magnetic
field. Steady currents are accompanied by static magnetic fields, which are the
subject of study of this chapter. We begin the study of static magnetic fields in
free space by two postulates specifying the divergence and the curl of B. From
the solenoidal character of B a vector magnetic potential is defined, which is
shown to obey a vector Poisson’s equation. Next we derive the Biot-Savart
law, which can be used to determine the magnetic field of a current-carrying
circuit. The postulated curl relation leads directly to Ampére’s circuital law,
which is particularly useful when symmetry exists.

The macroscopic effect of magnetic materials in a magnetic field can be
studied by defining a magnetization vector. Here we introduce another vector
field quantity, the magnetic field intensity H. From the relation between B
and H we define the permeability of the material, and discuss the behavior of
magnetic materials. We then examine the boundary conditions of B and H at
the interface of two different magnetic media; define self- and mutual
inductances; and discuss magnetic energy, forces, and torques.

5-2 FUNDAMENTAL POSTULATES OF MAGNETOSTATICS IN FREE SPACE

Divergence of B
vanishes

Curl of static B in
nonmagnetic media

To study magnetostatics (steady magnetic fields) in free space or in non-
magnetic material," we need only consider the magnetic flux density vector,
B. The two fundamental postulates of magnetostatics that specify the divergence
and the curl of B in nonmagnetic media are

V:B=0, (5-6)

and

Y % B=,d. (in nonmagnetic media) (5-7)

"Except for ferromagnetic materials (nickel, cobalt, iron, or their alloys), the permeability of
substances is very close (within 0.01°,) to g, for free space. (See table in Appendix B-5.) In this
book, for simplicity, when we deal with magnetic fields in nonferromagnetic materials such as air,
water, copper, and aluminum, we will consider them to be in free space.
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There are no
magnetic flow
sources (no isolated
magnetic charges).

Net magnetic flux
flowing out of any
closed surface is
zero.

In Eq. (5-7) p is the permeability of free space:
po =4n x 1077 (H/m)

(see Eq. 1-9), and J is the current density (A/m?). Since the divergence of the
curl of any vector field is zero, we obtain from Eq. (5-7)

V-3=0, (5-8)

which is consistent with Eq. (4-21) for steady currents.
Taking the volume integral of Eq. (5-6) and applying the divergence
theorem, we have

fﬁ B-ds =0, (5-9)
by

where the surface integral is carried out over the bounding surface of an
arbitrary volume. Comparison of Eq. (5-9) with Eq. (3-6) leads us to conclude
that there is no magnetic analogue for electric charges. There are no magnetic
flow sources, and the magnetic flux lines always close upon themselves.
Equation (5-9) is also referred to as an expression for the law of conservation
of magnetic flux because it states that the total outward magnetic flux
through any closed surface is zero.

The traditional designation of north and south poles in a permanent
bar magnet does not imply that an isolated positive magnetic charge exists at
the north pole and a corresponding amount of isolated negative magnetic
charge exists at the south pole. Consider the bar magnet with north and south
poles in Fig. 5-1(a). If this magnet is cut into two segments, new south and

FIGURE 5-1 Successive division of a bar magnet.
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North and south
magnetic poles
cannot be isolated.

Ampére’s circuital
law in nonmagnetic
media

north poles appear, and we have two shorter magnets as in Fig. 5-1(b). If each
of the two shorter magnets is cut again into two segments, we have four
magnets, each with a north pole and a south pole as in Fig. 5-1(c). This
process could be continued until the magnets are of atomic dimensions; but
each infinitesimally small magnet would still have a north pole and a south
pole. Obviously, then, magnetic poles cannot be isolated. The magnetic flux
lines follow closed paths from one end of a magnet to the other end outside
the magnet and then continue inside the magnet back to the first end. The
designation of north and south poles is in accordance with the fact that the
respective ends of a bar magnet freely suspended in the earth’s magnetic field
will seek the north and south directions."

The integral form of the curl relation in Eq. (5-7) can be obtained by
integrating both sides over an open surface and applying Stokes’s theorem.
We have

f (V x B)*ds = j J-ds,
S S

or

§ B-df = pol, (in nonmagnetic media) (5-10)
C

where the path C for the line integral is the contour bounding the surface S,
and I is the total current through S. The sense of tracing C and the direction
of current flow follow the right-hand rule. Note that Eq. (5-10) is a derived
relation from the curl postulate for B, It is a form of Ampére’s circuital law,
which states that the circulation of the magnetic flux density in a nonmagnetic
medium around any closed path is equal to p, times the total current flowing
through the surface bounded by the path. Ampére’s circuital law is very useful
in determining the magnetic flux density B caused by a current / when there is
a closed path C around the current such that the magnitude of B is constant
over the path.

The following is a summary of the two fundamental postulates of
magnetostatics in free space:

'We note here parenthetically that examination of some prehistoric rock formations has led to
the belief that there have been dramatic reversals of the earth’s magnetic field every ten million
years or so. The earth’s magnetic field is thought to be produced by the rolling motions of the
molten iron in the earth’s outer core, but the exact reasons for the field reversals are still not well
understood. The next such reversal is predicted to be only about 2000 years from now. One
cannot conjecture all the dire consequences of such a reversal, but among them would be
disruptions in global navigation and drastic changes in the migratory patterns of birds.
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Two fundamental
postulates of
magnetostatics in
nonmagnetic media

EXAMPLE 5-1

Postulates of Magnetostatics in
nonmagnetic media

Differential Form Integral Form

V:B=0 %B'dS:O
s

V X B = #OJ § B.d[ :110’
C

An infinitely long, straight, solid, nonmagnetic conductor with a circular
cross section of radius b carries a steady current /. Determine the magnetic
flux density both inside and outside the conductor.

SOLUTION

First we note that this is a problem with cylindrical symmetry and that
Ampere’s circuital law can be used to advantage. If we align the conductor
along the z-axis, the magnetic flux density B will be ¢-directed and will be
constant along any circular path around the z-axis. Figure 5-2(a) shows a
cross section of the conductor and the two circular paths of integration, C,
and C,, inside and outside, respectively, the current-carrying conductor. Note
again that the directions of C, and C, and the direction of I follow the right-
hand rule. {When the fingers of the right hand follow the directions of C, and
C,, the thumb of the right hand points to the direction of I.)

a) Inside the conductor:
B, =a,B,,, df = ayr, d¢

2=
§ Bx‘dfzf By,rid¢ = 2nr By,.
C, 0

The current through the area enclosed by C, is

2 2
ry ry
VU ab? (b >
Therefore, from Ampere’s circuital law,

ryd
Blza¢B¢l=a¢%, rISb‘ (5']])
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FIGURE 5-2 Magnetic flux density of an infinitely long circular conductor
carrying a current I out of paper (Example 5-1),

b)  Outside the conductor:
BZ = a¢B¢2’ d¢ = a¢r2 d¢

§ Bz'd{= 27"‘23¢2.
Ca
Path C, outside the conductor encloses the total current I. Hence

pol
B, =a,B,, =a,—, > b. 5-12
2 =840, a¢27rr2 r,=b ( )
Examination of Egs. (5-11) and (5-12) reveals that the magnitude
of B increases linearly with r, from O until r, = b, after which it decreases

inversely with r,. The variation of B, versus r is sketched in Fig. 5-2(b).

B EXERCISE 5.1 An infinitely long, very thin cylindrical conducting tube of radius b carries a uniform
surface current J; = a,J,(A/m). Find B everywhere.

ANS. 0 for r < b, aypueJb/r for r > b.
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EXAMPLE 5-2

B EXERCISE 5.2

Determine the magnetic flux density inside a closely wound toroidal coil with
an air core having N turns of coil and carrying a current I. The toroid has a
mean radius b, and the radius of each turn is a.

SOLUTION

Figure 5-3 depicts the geometry of this problem. Cylindrical symmetry
ensures that B has only a ¢-component and is constant along any circular
path about the axis of the toroid. We construct a circular contour C with
radius r as shown. For (b—a) <r <b+a, Eq. (5-10) leads directly to

B-d¢ = 2nrB, = poNI,

where we have assumed that the toroid has an air core with permeability .
Therefore,
NI
B=a¢B,,,=a,,,"§T, (b—a) < r < (b+a). (5-13)

B =0forr <(b—a)and r > (b+ a), because the net total current enclosed by a
contour constructed in these two regions is zero.

Find the magnetic flux density inside a very long cylindrical solenoid with an air core
having n turns per meter and carrying a current /.

ANS. ﬂonl.

FIGURE 5-3 A current-carrying toroidal coil (Example 5-2).
/§
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REVIEW QUESTIONS

Q.5-1 What is the expression for the force on a test charge g that moves with velocity
u in a magnetic field of flux density B?

Q.5-2 Verify that tesla (T), the unit for magnetic flux density, is the same as volt-
second per square meter (V*s/m?).

Q.5-3 Write Lorentz’s force equation.

Q.5-4 What are the two fundamental postulates of magnetostatics?

Q.5-5 Which postulate of magnetostatics denies the existence of isolated magnetic
charges?

Q.5-6 State the law of conservation of magnetic flux.

Q.5-7 State Ampere’s circuital law.

(Q.5-8 In what manner does the B-field of an infinitely long straight filament carrying
a direct current [ vary with distance?

REMARKS

1. The magnetic force on charge ¢ moving with a velocity u in a magnetic
field B is perpendicular to both u and B; there is no force on g if u is |
parallel to B. f

2. There are no isolated magnetic charges.

3. Magnetic field is solenoidal, and magnetic flux lines always close upon
themselves. )

5-3 VECTOR MAGNETIC POTENTIAL : — e

Partial definition of
vector magnetic
potential A

Sl unit for A

The divergence-free postulate of B in Eq. (5-6), VB = 0, assures that B is
solenoidal. As a consequence, B can be expressed as the curl of another vector
field, say A, such that

B=VxA (T). (5-14)

The vector field 4 so defined is called the vector magnetic potential. Its SI unit
is weber per meter (Wb 'm). Thus if we can find A of a current distribution, B
can be obtained from A by a differential (curl) operation. This is quite similar
to the introduction of the scalar electric potential V for the curl-free E in
electrostatics (Section 3-5) and the obtaining of E from the relation E= —VV.
However, the definition of a vector requires the specification of both its curl
and its divergence. Hence Eq. (5-14) alone is not sufficient to define A; we
must still specify its divergence.

How do we choose V - A? Before we answer this question, let us take the
curl of B in Eq. (5-14) and substitute it in Eq. (5-7). We have
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VxVxA=yuyd (5-15)
Here we digress to introduce a formula for the curl curl of a vector.'

VxVxA=V(V-A)-—V?A, (5-16a)
or

VIZA=V(V-A)—V x V x A (5-16b)

Equations (5-16a) or (5-16b) can be regarded as the definition of V?A, the
Laplacian of A. For Cartesian coordinates it can also be verified by direct
substitution that

VA =a V24, +a/ V4, +a, VA4, (5-17)

Thus, for Cartesian coordinates the Laplacian of a vector field A is another
vector field whose components are the Laplacian (the divergence of the
gradient) of the corresponding components of A. This, however, is not true
for other coordinate systems.

B EXERCISE 5.3 Verify Eq. (5-17) in Cartesian coordinates.

We now expand V x V x A in Eq. (5-15) according to Eq. (5-16a) and

obtain
V(V:A)—V2A = p,d. (5-18)
With the purpose of simplifying Eq. (5-18) to the greatest extent possible we
choose
Coulomb condition V-A = 0, (5. 1 9:)
for divergence of A

and Eq. (5-18) becomes

Operator form of VA = —p,l. (5-20)
vector Poisson’s
equation

This is a vector Poisson’s equation. In Cartesian coordinates, Eq. (5-20) is
equivalent to three scalar Poisson’s equations:

VA, = —upd,, (5-21a)
V2A, = —pol,, (5-21b)
VA, = —jod,. (5-21¢)

"This formula can be readily verified in Cartesian coordinates by direct substitution.
*This relation is called Coulomb condition or Coulomb gauge.
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Each of these three equations is mathematically the same as the scalar
Poisson’s equation, Eq. (3-126) in electrostatics. In free space the equation

VP s
€g

has a particular solution (see Eq. 3-38),

¥ = 1 Po v
477.'6() v R :

Hence the solution for Eq. (5-21a) is

/‘0 J.x'
=P | 235,
A= L™

We can write similar solutions for 4, and A.. Combining the three
components, we have the solution for Eq. (5-20):

Ko J
A="— — dv' Wb/m). =29
4n Jv' R # ( b‘ m) (5 )

Equation (5-22) enables us to find the vector magnetic potential A from the
volume current density J. The magnetic flux density B can then be obtained
from V x A by differentiation.

Vector potential A relates to the magnetic flux ® through a given area S
that is bounded by contour C in a simple way:

(D=j B-ds.
5

The SI unit for magnetic flux is weber (Wb), which is equivalent to tesla-
square meter (T -m?), Using Eq. (5-14) and Stokes’s theorem, we have

(5-23)

(D=J. (VxA)'ds=§ A-df (Wh). (5-24)
S e

Thus, vector magnetic potential A does have physical significance in that its
line integral around any closed path equals the total magnetic flux passing
through the area enclosed by the path.

5-4 THE BIOT-SAVART LAW AND APPLICATIONS — e vy

In many applications we are interested in determining the magnetic field due
to a current-carrying circuit. For a thin wire with cross-sectional area S, dv’
equals S d7', and the current flow is entirely along the wire. We have

Jdv=JSd&'=1dl’, (5-25)



Finding vector
magnetic potential
from current in a
closed circuit

5-4 THE BIOT-SAVART LAW AND APPLICATIONS 181

and Eq. (5-22) becomes

ol [ d¢’
A="0 — (Wb/m), -26
bR (Wb/m) (5-26)

where a circle has been put on the integral sign because the current I must
flow in a closed path," which is designated C'. The magnetic flux density is

then
B=VxA=Vx[—u°I§ di]
47 ¢ R

ol dt’
=— A% — . 5-27
3. Y ¥ < 3 ) (5-27)

It is very important to note in Eq. (5-27) that the unprimed curl operation
implies differentiations with respect to the space coordinates of the field
point, and that the integral operation is with respect to the primed source
coordinates. The integrand in Eq. (5-27) can be expanded into two terms by
using the following identity (see Eq. 2-115):

Vx(fG)=fV x G+ (Vf) xG. (5-28)
We have, with f = 1/R and G = d¢’,

ol 1 ' 1
=— —= Y V— i [ -29
B vl 8 |:R x df +< R) X d{] (5-29)

Now, since the unprimed and primed coordinates are independent, V x d¢’
equals 0, and the first term on the right side of Eq. (5-29) vanishes. The
distance R is measured from d¢’ at (x', y', ') to the field point at (x, y, z). Thus
we have

1 2 2 "2 /2
—=[(x—xP+(—y)+(z—-2)] V%

R
a d 71 i d (1 N d (1
*dx \R > dy \R 2z \R

_a(x—x)+a(y—y)+a.(z—2)
[ —xP* +lp—yP + =P 1"
R 1

= — oy = Ak (5-30)

<
Y
x| -
N
1

i

"We are now dealing with direct (non-time-varying) currents that give rise to steady magnetic
fields. Circuits containing time-varying sources may send time-varying currents along an open
wire and deposit charges at its ends. Antennas are examples.
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Biot-Savart law for
finding magnetic flux
density from current
in a closed circuit

where ag is the unit vector directed from the source point to the field point.
Substituting Eq. (5-30) in Eq. (5-29), we get

5 1 dt’ X ag

: T). 5-31
ek B (T) (5-31)

Equation (5-31) is known as Biot-Savart law. 1t is a formula for determining B
caused by a current / in a closed path C’, and was derived from the divergence
postulate for B. Many books use Biot-Savart law as the starting point for
developing magnetostatics, but it is difficult to see the experimental pro-
cedure used to establish such a precise and complicated relation as Eq. (5-31).
We prefer to derive both Ampére’s circuital law and Biot-Savart law from our
simple divergence and curl postulates for B.
Sometimes it is convenient to write Eq. (5-31) in two steps:

B= § dB (T), (5-32a)
"
with
_ Mol (dl x ag 5
dB:= i < R ) (T), (5-32b)

which is the magnetic flux density due to a current clement /d/f’. An
alternative and sometimes more convenient form for Eq. (5-32b) is

Wl (df" x R
=l (C2R)

(5-32¢)

EXAMPLE 5-3

A direct current / flows in a straight wire of length 2L. Find the magnetic flux
density B at a point located at a distance r from the wire in the bisecting
plane: (a) by determining the vector magnetic potential A first, and (b) by
applying Biot-Savart law.

SOLUTION

Direct currents exist only in closed circuits. Hence the wire in the present
problem must be a part of a current-carrying closed loop. Since we do not
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o S

0 P(r.0,0)

FIGURE 5-4 A current-carrying straight wire (Example 5-3).

know the rest of the circuit, Ampére’s circuital law cannot be used to
advantage. Refer to Fig. 5-4. The current-carrying line segment is aligned
with the z-axis. A typical element on the wire is

¢’ = a_dz'

The cylindrical coordinates of the field point P are (r, 0, 0).

a)

By finding B from V x A. Substituting R = . /z'? +r? into Eq. (5-26) we
have

>
Il
®

2 A -L \/W

l L
a, % [n(z' + /22 +r?)]

;toll JLA+r*+L
n

"l LR T (5-33)
Therefore,
1 0A, " 0A.
r 0¢ o
Cylindrical symmetry around the wire assures that ¢A4,/d¢ = 0. Thus,
T
i 2 [mol | JLE+r+L
or|4n " J4r—-L
- HolL

=8, —
® dar L4172 (5-34)

B=VxA=Vx(aAd)=a,
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EXAMPLE 5-4

b)

When r « L, Eq. (5-34) reduces to

) {
B, =1, %, (5-35)

which is the expression for B at a point located at a distance r from an
infinitely long, straight wire carrying current I, as given in Eq. (5-12).
By applying Biot-Savart law. From Fig. 5-4 we see that the distance
vector from the source element dz' to the field point P is

R=ar—arz
d¢' x R=a,dz’ x (a,r—a.z2)=a,rdz.

Substitution in Eq. (5-32c¢) gives

wl [t rdz
B = j dB = a¢ H j~L (Z:2+r2)352

polL
34, e e ————— i
2nr /L*+r?
which is the same as Eq. (5-34).

Find the magnetic flux density at the center of a planar square loop, with side
w carrying a direct current I.

SOLUTION

Assume that the loop lies in the xy-plane, as shown in Fig. 5-5. The magnetic
flux density at the center of the square loop is equal to four times that caused
by a single side of length w. We have, by setting L = r = w/2 in Eq. (5-34),

I 2
=a, “_0 x4=a:————\/§”01.
w

z (5-36)
2w

FIGURE 5-5 A square loop carrying current I (Example 5-4).
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8 EXERCISE 5.4

EXAMPLE 5-5

where the direction of B and that of the current in the loop follow the right-
hand rule.

An 8{cm) x 6{cm) rectangular conducting loop lies in the xy-plane. A direct current of
5(A) flows in a clockwise direction viewing from the top. Find B at the center of the
loop.

ANS. —a_83.3(uT).

Find the magnetic flux density at a point on the axis of a circular loop of
radius b that carries a direct current /.

SOLUTION
We apply Biot-Savart law to the circular loop shown in Fig. 5-6:
dt’ = a,bd¢/,
R=a,z—a,b,
R = (22+b?%)'72,
Again it is important to remember that R is the vector from the source
element d¢’ to the field point P. We have
d¢" x R =a,bd¢’ x (a.z—a,b)
=a,bzd¢ +a.b*dg'.

Because of cylindrical symmetry, it is easy to see that the a,-component is
canceled by the contribution of the element located diametrically opposite to
d¢’, so we need only consider the a_-component of this cross product.

FIGURE 5-6 A circular loop carrying current / (Example 5-5).

P(0, 0,2
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B EXERCISE 5.5

We write, from Egs. (5-32a) and (5-32¢),

1 2n 2 ’
B e #L az _bé(b_ -
4n 1, (2 b3)P2

or

Holb?

Bzazmi—

(L) (5-37)

Refer to Fig. 5-6. Find B:

a) at the center of a circular loop of radius S(cm) carrying a direct current 2(A),
and

b)  at the center of a semi-circular loop<ns1:XMLFault xmlns:ns1="http://cxf.apache.org/bindings/xformat"><ns1:faultstring xmlns:ns1="http://cxf.apache.org/bindings/xformat">java.lang.OutOfMemoryError: Java heap space</ns1:faultstring></ns1:XMLFault>